


THE TIMOSHENKO MEDAL 


To honor Professor Stephen P. Timoshenko amd to 
commemorate his contributions to Applied Mechanics, 
as author teacher, The American Society of 
Mechanical Engineers has established the Timoshenko 
Medal Award 


Through his fourteen books, his inspiring lectures, his 


and 


essential role in the establishment of the Society s Ap- 
plied Mechanics Division and Journal of Applied 
Mechanics, Professor Timoshenko has stimulated a 
prodigious evolution and development of his scientific 
field, especially in America but also throughout the 
world. His books are used in every engineering school. 
His former students and their students have become 
distinguished members of the faculties of universities 
and institutes of technology or occupy important posi- 
tions in industry. His teachings have influenced the 
design of every type of modern machine, instrument, 
and vehicle. 

There has been no lack of international recognition of 
Professor Timoshenko’s achievements. He was elected 
a member of the Ukrainian Academy of Sciences, Kiev,in 
1918, and the American National Academy of Science in 
1941; Corresponding Member of the Russian Academy 
of Sciences, Moscow, in 1928, the Polish Academy of 
Sciences, Warsaw, in 1935, and the French Academy 
of Sciences, Paris, in 1939; Foreign Member of the 
Royal Society, London, in 1944, and the National 
Academy of Sciences, Rome, in 1948. He holds honor- 
ary doctoral degrees from Lehigh University, 1936, the 
University of Michigan, 1938, the Technische Hoch- 
schule in Ziirich, 1947, the Technische Hochschule in 
Munich, 1949, and the University of Glasgow, 1951. 


1911, by the 


Russian Institute of Engineers of Ways of Communica- 


He was awarded the Jourawski Medal, in 


tion for his famous paper on the stability of elastic sys- 
tems; the Salow prize, in 1915, by the Russian Depart- 
ment of Transportation for his work on stresses in rails; 
the Worcester Reed Warner Medal of The American 
Mechanical Engineers, in 1935, for his 
achievements in mechanics; the Lamme Medal of the 
American Society for Engineering Education, in 1939, 
for his contribution to the 
Levery Medal of the Franklin Institute, in 1939, for his 
paper on suspension bridges: the Grande Médaille of 
the Association des Ingénieurs-Docteurs de France, in 
1946; the James Watt International Medal of The In- 


and, in 


Ss wiety of 


engineering education; 


stitution of Mechanical Engineers, in 1947; 
1948, the Gustave Trasenster Medal of the Association 
des Ingénieurs Sortis de |’Feole de Liége. 

To this notable list of honors, the ASME Applied 
Mechanics Div ision was MoV ed to add one other w hich, 
by its unique character, would perpetuate the esteem in 
which Professor Timoshenko is held by his followers 
Some four hundred members of the Division joined in 
deeding to the Society a fund which assures the possibil- 
ity of an annual award of the Timoshenko Medal, il- 
lustrated above. The striking likeness, even to the 
cherished twinkle in the eye, is cast in bold relief from a 
specially commissioned sculpture by the noted artist 
Elisabeth Gordon. The first award is, of course, to 
Professor Timoshenko himself, and is to be presented at 
the Banquet of the Applied Mechanics Division, on 
December 3, 1957, during the Annual Meeting of The 
American Society of Mechanical Engineers. 





The Effect of Lubricant Inertia in 
Journal-Bearing Lubrication 


By J. F. OSTERLE,* Y. T. CHOU,? ano E. A. SAIBEL,* PITTSBURGH, PA. 


The Reynolds equation of hydrodynamic theory, modi- 
fied to take lubricant inertia into approximate account, is 
applied to the steady-state operation of journal bearings 
to determine the effect of lubricant inertia on the pressure 
developed in the lubricant. A simple relationship re- 
sults, relating this “inertial” pressure to the Reynolds 
number of the flow. It is found that the inertia effect can 
be significant in the laminar regime. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


radial clearance 
= eccentricity 


P, 
— a function of n and @ 


6P, 

film thickness 

ah 

dz 

film thickness at which right-hand side of Equation [3] 
vanishes 

corresponding value of H for flow without inertia cor- 
rection 

a component of H defined by Equation [11] 

e/c, eccentricity ratio of bearing 

lubricant pressure 

nondimensional pressure defined by Equation [8] 

corresponding value of P for flow without inertia correc- 
tion 

a component of P defined by Equation [10] 

journal radius (in Appendix, r signifies radial co-ordinate) 

Reynolds number based on radial clearance 

lubricant velocity along film 

journal surface velocity 

lubricant velocity across film 

co-ordinate along film 

co-ordinate across film 

polar angle 

constant defined by Equation [9] 

lubricant viscosity 

= lubricant density 
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INTRODUCTION 


In most hydrodynamic bearings the lubricant flow is laminar 
and as such is governed by a differential equation which relates 
the pressure and viscous forces acting on a particle of the lubri- 
cant to the lubricant inertia in accordance with Newton’s second 
law of motion. The importance of the inertia term (relative 
to the viscous term) in this equation can be characterized by a 
Reynolds number which increases as the inertia effect increases 
In the operation of most present-day bearings the Reynolds num- 
bers are small enough so that the inertia effect can be ignored 
safely, reducing the governing relationship to the familiar Reyn- 
olds equation. with the trend in ma- 
chine design to higher and higher speeds, the question of how 


However, continuing 


important inertia will be at high Reynolds numbers in the lami- 
nar regime is of growing interest (6). Of course, if the Reyn- 
olds number becomes too high, turbulence will develop in the 
flow and the governing equation will apply 
no longer even with the inertia term included 

Recent work by the authors (1) has shown that for slider 
teyn- 


this 


afore-mentioned 


bearings the inertia effect does become significant at high 
olds numbers in the laminar regime. It is the 
paper to extend our work on slider bearings to the case of journal 


purpose ol 


bearings 
THEORY 


It is shown in the Appendix that the differential equation 
which governs steady-state laminar hydrodynamic lubrication 
without side flow is 

O*u dp 
+p u 


a = 


oy? dz oz 


where 


z = direction along film 
y = direction across film 
P(x) 
im lubricant viscosity 


lubricant pressure (measured above inlet value) 


p = lubricant density 
u(z, y) lubricant velocity in z-direction 


w(z, y) = lubricant velocity in y-direction 


In this paper the lubricant viscosity and density will be as- 
sumed constant. The first term in Equation [1] represents the 
viscous force, the second term the pressure force, and the third 
term the lubricant inertia. 

In addition to Equation [1], the lubricant also must satisfy the 
continuity equation which, for an incompressible fluid, is 

Ou Ot 
- + =0 


Ox oy 
and the usual no-slip boundary conditions on the velocity as well 
as boundary conditions on the pressure. 
An exact solution to Equations [1] and [2] for the lubricant 
pressure subject to the proper boundary conditions is extremely 
‘ Numbers in parentheses refer to the Bibliography at the end 
of the pap?r. 
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difficult to obtain. However, owing to the relative smallness of with H = H, + AH, 


the inertia term, an approximate solution would seem to be jus- , 
. : : nn . . where th ond terms 7 { ac uat 
tifiable Slezkin and Targ (2 suggest averaging the inertia over es , ond ms on the ve me , h Ta ey 
: . sorrections ft account Io ir t Ss stituting A 
the film thickne f this is done, Equation 1 | becomes er pp 7 eee ee pa _— a. ing | ‘ 
10} and [11) into Equation [7] and neglecting small quant 
Du we obtain 
dy \d 


4 


with the right-hand side a function of z only Equations [2] and 
i 


3] together with the no-slip boundary conditions are then readil; - 
° " | 
solvable for the pressure gradient vielding : ; - ft + | 
a 2 J 
pUth’[  ( H\? 5 
4 - ) ) 4 l ‘ \12) integrates he classical Sommer 
OA L h : 
‘ (: journal bearing 
where U is the journal surface velocity and H is the film thick- 
- . - . . nm Sin 
ness at which right-hand side of Equation [3] vanishes 
The prime indicates differentiation with respect to z. Equation 
4) is derived in som t more detail by the authors in reference 
(1) where it is applied t of slider bearings 


For the journal-bearir roblem Equation [4] becomes 


14) expresses the pressur istribution obtain 
neglecting the inertia 
Treating Eq tation (13) th 
Sommerfeld substitutioz 


in reference (3), we obtain 


c 
. . 1 . 2 n* n-+ cos 0 
see Fig. | IELquatio J written dimensioniess form - cos ( . 

" 14 


where c is t radial clearance and eccentricity ratio ¢€ 


4s 


n cos 6 
on cos 6 


ncos 0)* 


BEARING 
CENTER 


expresses the pressure distribution which wher 
A) must be added to P, in accordance with Equa- 


*t for inertia 


SSIONS 


nal operating witl 
0.20. For this c yuations [16 


> 
P, for vari 


6 (deg f P,* 
0 0 
30 0.0041 
60 0.0055 0.007 
90 0.0030 0.004 
120 —0. 0035 —0.004 
with Re the Reynolds number based on the radial clearance. 150 - 0.0082 —0.010 
With the Reynolds number set equal to zero, Equation [7 180 ° ° 


is 1 ‘ 
reduces to the familiar Reynolds equation (which neglects inertia bI , ; el 
} > . é > are e& inertia corrections ’-* computed by ahlert 
as we would expect If we let Py be the solution to this reduced = ue are the inerua & _ i} y Kahk } 
: . ¢ for the same eccentricity ratio Kahlert also used an approx}- 
equation and H,, be the corre sponding value ot H, we can write A Vv} 
. ‘ ” mation method to calculate the inertia effect, but his was sub- 
for the solution of Equation [7 , 
stantially different from the procedure employed in this paper 


[10] and requires considerably more labor. He calculated the ve- 
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locities which would exist in the film if there were no inertia, sub- 
stituted them into the inertia term (second on the right) of 
Equation [1], and proceeded to integrate along the film for the 
pressure correction. The agreement between the two methods is 
reasonably good. 
The effect of inertia on the pressure can be seen more clearly 

by considering Equation [10] written as follows 

P P; 

— 1+A P, 


By Equations [8] and [9] this can be written as 


ool t+sRe 


Po 
where 
P, 
f => 6P, **-. 


and is a function of n and @ only. For an eccentricity ratio of 


0.20, f is given in Table 2 for various values of 9. 
TaBLe 2 Vatves orf 


6 (deg) 
30 
60 
90 
120 
150 


Now, the theory for the inertia effect given in this paper is 
valid throughout the laminar regime; i.e., for Reynolds numbers 
smaller than a certain critical value. This critical Reynolds 
number value was given by Taylor (5) for lightly loaded journal 
bearings as 

(Re), = 41.1 (r/c)'” [20] 
Therefore, based on this criterion the greatest pressure correction 
possible in the laminar regime is 


Poa + ALN (e/r)'” 
Po 


In the example treated here, at an angle of 150 deg and for a 
c/r ratio of 0.01, this amounts to approximately a 4 per cent cor- 
rection. 

Thus it appears that for journal bearings as well as slider 
bearings the inertia effect can be significant in the laminar re- 
gime. 
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Appendix 


If laminar, the flow in a lubricating film is governed by the 
Navier-Stokes (momentum) equations and the continuity prin- 
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ciple. These relationships, written in polar co-ordinate form 
since in general the film may be curved, can be expressed as 
follows: : 

Navier-Stokes equations: 
(i) across the film 


ov u ow u? 
»o—+-—- — 
or r 06 r 


(ii) along the film 


Ou 


1 Op 


p 


)= 


ie 
vx — 


where 


Continuity equation 
ov 
or 


v 
- 


Since in all cases the laminar lubricating film is quite thin we 
may assume the pressure constant across the film and disregard 
the Navier-Stokes equation across the film. Furthermore, in 
virtually all cases the film thickness is much smaller than the 
radius of curvature of the film making it possible to neglect cer- 
tain terms in Equations [la] and [2a]. In detail: 
Equation [la 


Equation [2a| 


A further consequence of the thinness of lubricating films is 
the smallness of velocity gradients along the film in comparison 
with velocity gradients across the film. Thus 
0*u 


1 O*u 


= 062 or? 
We also note that 
ov O*u 


=< 


Neglecting these terms reduces Equation [la] to the form 


op p Otu 
p Or? 


and Equation [2a] to the form 


ov 1 Ow 
—+_- — — = () 


or oor: (8 


Writing dy for dr and dz for rd@, these become Equations [1] 
and [2] as used in this paper. These are also the starting point 
of Kahlert’s treatment (4). 





A Method for Solving Problems of 


Irrotationual Gas 


Flow by Means 


of High-speed Digital Computers 


3y TOYOKI KOGA,' PASADENA, CALIF 


A numerical procedure is propese« for solution of certain 
problems in steady gas flow where subsonic, sonic, and su- 
personic regions appear simultaneously. The difficulties 
that occur in analytical methods for taking into account 
the differences of the type of the fundamental equation 
(elliptic, parabolic, hyperbolic) are avoided. Given a 
streamline and the state of the gas along that streamline, 
the co-ordinates of the neighboring streamline and the 
state of the gas along it can be computed. The procedure 
can be applied successively to cover a flow field. The 
method is described in detail for two-dimensional, steady, 
irrotational flow (without shocks) of a perfect gas, and 
an example is given. 


NOMENCLATURE 


The following ‘lature is used in the paper: 
= densit 

press 
= rectang 

velocit 


» 8 
= ¥ 


temperatur 
+ at 


= specific heat at constant volume 


(specific heat at constant pressure)/(specific heat at 
constant volume 

local rectangular co-ordinates 

iit Diis tata te ] 

velocity components referred to local co-ordinates £, 7 

radius of curvature of streamline 


distance between two streamlines 


Mach number 
INTRODUCTION 


As is well known, it is difficult to solve problems of gas flow 
where subsonic, sonic, and supersonic regions appear simultane- 
ously. Where the entire flow is subsonic, there are several meth- 
ods of approximation starting from the solution for incompres- 
Where the entire flow is supersonic the method of 
characteristics can be used. These methods are of quite differ- 
ent character and are extremely difficult to apply if the flow is of 
Some 10 years ago the author devised a graphical 


sible flow. 


mixed type. 
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method for solution of such problems,* but the nature of the tech- 
nique made it difficult to improve accuracy by successive approxi- 
mations. Recently the author employed a high-speed digital 
computer to carry out numerical calculations based on the same 
principle. The accuracy is much better than is practical with a 
purely graphical procedure. In a sense, the method can be said 
to be quite general since programming and coding is required 
only once for a particular class of problems. All problems of this 
class differ only in initial conditions. For the present, the method 
is restricted to steady two-dimensional flow of a perfect gas 


Tue FunDAMENTAL EquaTIons 


It is assumed that the gas is thermally and calorically perfect 
and that the stagnation temperature is constant over the entire 
field. The basic equations for two-dimensional steady flow are 


(m 


The flow is assumed irrotationa! 


Or 


= 


Oy 


Hence‘ Equation [4] can be written as 
pp” = cons [4a 
119 


With these conditions Equations [1] and [2 
to the form 


can be integrated 


3= : bs 2 
q’ =v, T ®, = 


(y¥—1) 
a7_ 41 -(2)" oak [6] 


f 


Y—1 pm It Pe 


where the subscript 0 denotes the state where q = 0; i.e., at a 
stagnation point. 


?“‘A Graphical Solution of Two-Dimensional Euler's Equation,”’ 
by T. Koga. Journal of the Society of Aeronautical Sciences of Japan 
vol. ll, no. 107, 1044, Pp. 175. 

+ The principle of the method is applicable where the fundamental 
assumptions are somewhat less restricted than considered here. For 
instance, a continuous distribution of vorticity might be assumed 

‘Elements of Aerodynamics of Supersonic Flows,” by A. Ferri, 
The Macmillan Company, New York, N. Y., first edition, 1949, p. 5 
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Fie.1 r>0, Wen Direction or Raprus From Center or Curva- 
TURE To Grven Potrnt Makes an Acute ANGLE Wits y-Ax1s 


Consider a flow field with streamlines as shown in Fig. 1. At 
some reference point m on a stream tube let the velocity, pres- 
sure, and density be g,,, p,, and p,,, respectively, and let the 
width of the stream tube be S,,. These quantities change to 
q, Pp, p, and S at a general point on the same streamline. Let 
r be the radius of curvature of the streamline at a general point 
and &, 7 a local co-ordinate system with origin at that point, 
with the axis of — tangent to the streamline and 7 normal to the 
In this co-ordinate system Equation [2] becomes 


( Ove ; Ove ) Op 
ve— +» —-js-— 
Pp \ ve de ” on 


on 
where at the origin 


streamline. 


and hence 


r 4 on 
The continuity Equation [3] becomes 
PGS = Pn Imm - 
and Equation [4] is rewritten as 
PP~* = PnPm ” 
Applying Equation [5], an alternative to Equation [7] is 


dq 
Z. [10] 


Given the boundary conditions along one streamline, the flow 
field can be calculated with Equations [6], [7], [8], and [9]. 

The general procedure for solution given, say, the pressure 
distribution along a streamline denoted by I, is as follows: 


(a) The density along I is determined from Equation [9]. 

(b) The velocity q along I is determined from Equation [6]. 
(c) The radius of curvature along I is estimated. 

(d) The value of dp/dn along I is determined from Equation 


mr) 


lé 


(e) The value of S along I is determined from Equation [8]; 
the streamline IT can then be drawn. 

(f) The pressure distribution along II is obtained from the 
original pressure along I plus the values of (Op/0n)S at corre- 
sponding points. 


The procedure is then repeated to work outward to streamlines 
ITI, IV, and so on 

The major difficulty with the procedure as outlined is the 
determination of the radius of curvature r of a streamline with 
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This difficulty results, of course, from that 
The advantage 


sufficient accuracy. 
fact that curvature involves a second derivative. 
of the computer is that accuracy can be obtained in a routine 
manner. 
Let K — 1, K, and K + 1 denote three points along a stream- 
An, Yo 


4 


line as shown in Fig. 2; the co-ordinates of these points are 


TK-1, UK ZK, Yk; x+y Vx+ 


An approximate value of the curvature at K may be obtained 
from a curve of the second degree drawn through the three 
points.’ The equation of the curve may be taken in the form 


y zr z \2 
— = de +a, — +a, 1] 
8 Ss s. 


™ mn” 


where do, a;, a2 are determined by the conditions 


Ya la La \* 
2s@ TG — T Gs > » a 
S,, s. s 


and S,, is the reference stream-tube width as in Fig. 1 
dius of curvature at the point K is given by 
(1 + (dy/dz)x*)”* 


(d*y dr? Kn 


The closer the spacing of the three points K , K, and K +1 
the better the approximation to the true streamline curvature 

Given streamline I and the values of one of the state variables 
say p, along its length, the neighboring streamline II and the 
values of p along it can be found in terms of the notation of the 
previous paragraph. The equation of the straight line normal to 
the streamline at K is 


- -(Z), - -[»+™(&),] 


m/ +t 


z=— Zi 
7. 


where z1, y1 are co-ordinates of the point K on streamline | 
S is the distance along the normal to streamline IT 


(=) - 


Since zu, yu lie on the line given by 


8, 5. VI1 + (a: + 2asts/S,)? 
These equations give the position of streamline II when ao, a;, 
a2, and S are known at each point of streamline I. 

From Equations [6], [8], and [9] one obtains S in terms of the 
reference value S,, and the pressure along 1; i.e 

‘If the line has an inflection, more than three points and an ap- 
proximate curve of third degree or higher may be required 
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2+ 1;- 


| — P/Pe 


position 
to IT is, 


where M,, is the Mach number at the reference 


corresponding to S The pressure differential from I 


according to Equation {7 | 
p 


#7 


p/p 
where A( p/po) is giver yuation 
EXAMPLE 


consider 


To ilh 


the flow of air where the initial 


strate the proce rf ior a specihic probiem 
streamline I is a straight line with 
The prescribed pres- 
The reference point 

1, the sonic point 


the pressure prescribed along its length 
ywn in Fig. 3(6 
nt at which M,. = 
1.405 Forty equally spaced 
the points numbered from 


sure distribution is that sl 
for streamline I is the poi 


For air, p,,/po = 0.527 and y = 


points for computatio are nosen, 
1 to 40. The radi f curvat 
its length. The 

by the compute " 


ire of streamline I is infinite along 
ligital number that could be pro- 
10* the 
were re placed by arbitranly chosen small 


duced Datatron) was Hence* 


values of y/S 


although very large, values of the radius 


alk uijation. \ series 
to replace an 
an be employed. 


*A similar difficult ight occ in routine « 


branc! 


of curvature r. The streamline at point K is approximated by 
a quadratic in terms of ap, a;, 
K —1,K, and K + 
1 and 40, however, 
1, 2, 3 and 38, 39, 40, respectively 
The computing sequence is 
of z/S,,, y/S,,; 


and a; determined by the points 
je the streamlins approximation at points 
are determined from the quadratic through 

The numerical values 
the 


and P/Po on stored in 


memory 


as well as the constants 1/(1 — 4 27 and so 


1)M,,?/2 + 1 


Y - 


on. The calculation began with eval iation of do, a), and a; irom 
11 12}. 16), [17], [18], and 


20] the second streamline and state variables along its length 


Equations and From Equations 


‘ 


were obtained The entire procedure requires about 500.000 


The programming called 
for printing the results for each streamline 


commands and takes about 15 min 


4s well as 


storing 


them in the memory preparatory to calculation of the next 


streamiuine. In practice i 18 Of course necessary to check the 


correctness Ol the programming by 
The final 
those calculated by the 


The 


calculating a simple exampk 
plotted in Fig. 


resuits are 3 and compared with 


method of characteristics for the super- 


lf 


sonic region agreement is qu factory 


}OUNDARY CONDITIONS AND ApPpLi 


ATIONS 


The analysis and example of the preceding sections concerne: 
t £ [ neer 


probiems where a streamiine and state variabies were prescribed 


The method is readily modified to accommodate a problem whe 


an equipotentiai line and, say, the variation of Op / Oy along it are 


prescribed. The radius of curvature at 


the 


any point can be 


leter- 
and 


mined from | quation 7 listance between streamlines 


from Equation [8 A second equipotential line is determined 


and the process repe uted 


“HAM K A 
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Fields of fluid flow may be determined by conventional meth- 
ods of analysis where a streamline of the flow and the state at 
infinity are given. As an example, we may calculate the flow 
field about an airfoil of known shape if we also are given the 
stream velocity at infinity. Boundary conditions of this kind 
may be referred to as A. In contrast to conventional analysis, 
however, the present method requires the specification of the 
boundary conditions in another fashion; the pressure distribu- 
tion, instead of the condition at infinity, must be given along either 
a specified streamline or a specified equipotential line. The 
boundary conditions may be referred to as B. Either type A or 
type B constitutes a set of necessary and sufficient boundary 
conditions for the determination of the field of flow and they are 
mathematically equivalent. The relative utility of the two 
methods of approach can be determined only by a consideration 
of what is most conveniently specified and what is the objective 
of the calculation. For the usual wing theory it is convenient 
and appropriate to use the A-conditions, while in the design of 
nozzles or diffusers where the shapes of walls must be deter- 
mined from a specification of the desired pressure distribution 
along an arbitrary line, the use of the B-conditions is clearly 
indicated. 

The greatest strength of the method developed here lies in its 
application to problems of mixed flow which otherwise would 
remain intractable. The method, however, is weak in that it 
would seem to be applicable only to problems with boundary 
conditions of type B. Even this objection may disappear if we 
are permitted to employ iteration procedures and high-speed 
computing techniques. Thus the application of the present 
method to problems with type A boundary conditions might 
proceed along the following lines: 


An arbitrary pressure distribution is assumed on a given 


streamline. On the basis of this assumption we calculate the 
state of the field including the condition at infinity. This then 
is compared with the desired condition at infinity. A change is 
now made in the initial pressure distribution and again the con- 
dition at infinity is compared. After a number of trials, easily 
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accomplished by high-speed computers, we may obtain a suitable 
approximation to the desired boundary condition. However, it 
is essential for systematic progress to know in some measure the 
response of the flow field to modification of the initial values. 
It would be desirable to have a systematic procedure for evalu- 
ating the feedback to assure rapid convergence. How this may 
be known in a particular case or in general is a question beyond 
the scope of the present paper. 


CONCLUSIONS 


Certain classes of boundary-value problems of gas flow with 
mixed subsonic and supersonic regions can be solved readily by 
numerical techniques. Adequate accuracy is obtainable with a 
high-speed digital computer. The problems discussed are two- 
dimensional but, on extension to problems where there is an 
axis of rotational symmetry, are quite straightforward. One 
simply replaces Equation [8], the continuity relation, by 


2rRpgS = const 


where # is the distance of a point from the axis. 

The method of calculation involves determination of the radii 
of curvature of the streamlines. If the radius of curvature be- 
comes so large as to exceed the capacity of the machine, precau- 
tions must be taken in programming to avoid “overflow.” 
Stagnation points in the flow field also will cause difficulty. The 
author does not feel that he has a satisfactory method for treat- 
ing the region of a stagnation point at the present time. 
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Response of Nonlinearly Supported 
Spherical Boundaries 


to Shock Waves 


By M. L. BARON,? NEW YORK, N. Y. 


An integral transform technique is used to solve a 
boundary-value problem in which the partial differential 
equation is linear but the associated boundary condition is 
nonlinear. A spherical cavity in an infinite acoustic me- 
dium has an elastically supported boundary such that the 
pressure-displacement relation on the boundary is non- 
linear. The response of the boundary to a plane shock 
wave which progresses across the cavity and envelops it is 
obtained by solving two auxiliary boundary-value prob- 
Using influence 


lems with linear boundary conditions. 
coefficients obtained from these solutions, a nonlinear 
integral equation for the response of the actual boundary 


is obtained. The integral equation is solved numerically 


for a set of parameters, and curves for the pressure-time 
and displacement-time responses of the boundary are 


presented. 
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INTRODUCTION 

The use of integral transforms is a powerful technique for the 
solution of linear boundary-value problems. However, these 
methods are not applicable if the partial differential equation 
and/or the associated boundary conditions are nonlinear. This 
paper considers the possibility of extending the applicatior of 
transform techniques to problems in which the governing partial 
differential equation is linear, but the boundary condition is 
nonlinear. The method will be illustrated by the solution of a 
specific problem: the response of a nonlinearly supported spheri- 
cal cavity to a plane shock wave. 
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A spherical cavity in an infinite acoustic fluid, i.e., one whose 
motions conform te the linear theory of waves of expansion, has 
an elastically supported boundary with a nonlinear pressure-dis- 
placement relation, Pg = f(u). A linearly decaying plane shock 
wave progresses across the boundary and envelops it. The 
problem of the determination of the response of the boundary to the 
shock wave is solved in two steps. First, the response to the shock 
wave of a cavity with a linear pressure-displacement boundary 
condition Pg = Ku is obtained. The next step is a modification 
which introduces the effect of the actual nonlinear boundary con- 
dition. Using influence coefficients obtained by solving an 
auxiliary problem, a nonlinear integral equation for the response 
of the actual boundary is obtained. The integral equation can 
only be solved numerically. This is done for a particular set of 
parameters, and curves for the pressure and displacement re- 
sponses of the boundary are presented. 


Response or Bounpary or SpHericat Cavity 


Response of Boundary of a Spherical Cavity With a Linear 
Pressure-Displacement Relation to a Decaying Shock Wave. Con- 
sider, first, the response of the boundary of a cavity with a linear 
pressure-displacement relation to a step shock wave, Fig. 1. Let 





SHOCK WAVE 
VELOCITY «Cc 


x 


lz 


Fic. 1 Grometrry or Proptem—Spuetricar Cavity 


w be the radial displacement of the boundary and Z the pressure 

on it, both positive inward. The pressure-displacement relation 

is 

Z(8, t) 

w(8,t) = — 
K 


where K is a constant of proportionality. Let 


w( 6, ij= > Im( OP, (cos 6) 


m=O 


Z(0,t) = >> Qu(t)Pn (cos 8) 


m=0 


The pressure on the boundary is due to the shock wave and to 
waves reflected and radiated by the boundary 


Z = p(8, t) + pea, 8, t)....... .- [4] 


where (6, r,t), the velocity potential of the acoustic medium, is 
given by 


8, 7,t) = >> Yalt, OP» (cos 8) (5) 


m=0 
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For a step shock wave 


pO, t) = 
. . : 
p(6,t1) =p t> (after full envelopment 
c 
-~<clia 


a(t) = cos™' (1 


and the particle velocity at r = a is 


—_ (6,1 cos 6 
(0,1) = s 
pe 


The radial velocity of a point on the boundary of the cavity 
must equal the radial components of the particie velocities of the 
step wave and the diffracted waves 

oO, tr 
Or _ 


pev(§, t) = >> V,()P,, (cos 6 


m=O 


pO, t a oa F.(OP,, cos 6 
m=O 


substitution into Equations [1], [4], and [9] yields 


l : 
Quit) = > | F,,(t) + py,,(a, t 
Gm!) K [ ) py | 


1 o 
Gm(t) - ox V(t) . | -s vn ‘, | 
pe or —_ 
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w(O, 1) = v(8, t) + 


Letting 


The velocity potential ¢ is governed by the wave equation 


Pet) 2 2 1 ° Pa "a 
ie a ~ S1nD 9 
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or, substituting Equation [5] 


d*y,, 2 dy. m(m + 1) 
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A transform with respect to time is applied 


. 1 ” 
I Lf 6, Q) = fi r. 6, tye ~ a 
2r Jo 


" ey > A 
f(r, 0,1) = (r, 8, De™dQ... 


—o—iy 
This is essentially the usual Laplace transform except that the 
variable s is replaced by 72. 
Equation [16] becomes 
2 nf 2 f, 
om , 2 We ,  _ om{m + 'I)\ . 
or? r Or c? r? 


and the solution for divergent waves is 


Vnlr, Q) = C,, 
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The constant C is determined by transforming Equations [12] 


and [13] and substituting Equation [20 


which upon Equations [20 becomes 
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*“*Response of an Elastic Cylindrical Shell to a Transverse Step 


Shock Wave,” by R. D. Mindlin and H. H. Bleich, Jovnnat or Ap- 
PLIED Mecnanics, Trans. ASME, vol. 75, 1953, p. 189. 
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Auxruary ProspLem 


Response of Boundary of a Spherical Cavity With a Linear 


Pressure-Displace ment Relation to a Sudden ly Applied Radially 
Symmetric Unit Step Pressure The second step in the determina- 
tion of the response of the spherical cavity with the nonlinear 
pressure-displacement boundary relationship is a modification 
which introduces the effect of the nonlinearity of the boundary 
condition. This requires the use of influence coefficients u,(t), 
which are obtained by solving the auxiliary problem of this sec- 
tion 

The procedure for obtaining the response of the linear boundary 
to a suddenly applied radially symmetrical unit step pressure fol- 
lows that of the preceding section. The pressure on the boundary 


is independent of 6 and is given by 


Wt) = -~U(t) + py a, i 135] 


The response of the boundary is 





u(t) = = fpvola, t) — Ult)}........... [36] 


and the boundary condition corresponding to Equation [9] be- 
comes 


u(t) = 2 ya, t) 


Proceeding as in the preceding section, the transform @,(A) is 
given by 


«2 / iA +1 | 
Ke 2mi LMA? — eA — €) 


ai,(A) ax 


and u(t) is obtained from the inversion integral 
(1 + r)e™*/4dp 
“es MA? — eA — €) 


1 maty 





u(t) = 


K — . [39] 
Tt 


The integrand contains the three poles given by Equation [29] 
and the integral is evaluated by the residue theorem. The in- 
fluence coefficient u(t) becomes 


1 2 i c 
u(t) = —- > E —e¢ % (cos Be t 
a 


K 
28 . fie ) | 
_ - sin t 
4—€ a 


where § and ¢ are defined in the preceding section. 


RESPONSE OF A SPHERICAL CavITY 


Response of a Spherical Cavity With a Nonlinear Pressure- 
Displacement Boundary Relation to a Decaying Shock Wave. Let 
the nonlinear pressure-displacement relation at the boundary 
of the cavity be 


Ps = f(u).... {41} 


The displacement-time response u(t) of the cavity to the decay- 
ing shock wave can be evaluated by means of the previously de- 
termined functions wo(t) and u(t). Let uo(t) and the correspond- 
ing pressure Kup be the response of a linearly supported boundary 
to the shock wave, where the coefficient K is the initial tangent 
of the pressure-displacement equation, Equation [41] 


r #2) _ Yu) 
du lee du 


The difference between the actual pressure P, and the pres- 
sure Ku is at any time é 


P, = Py — Kw = f(u) — Ku 


where ue and u are the corresponding values of the responses of the 
linear and nonlinear cavities, respectively, at the time ¢. The 
effect of the pressure P, can be considered as a corrective re- 
sponse, u,(¢), which is subtracted from u(t) in order to obtain the 
response of the actual cavity, u(t) 


u(t) = u(t) — u(t) 


To determine u,, consider the pressure P, = P,(£) and advance 
along the time axis in steps of Af, Fig. 3. The action of the pres- 
sure P, is taken as an application of steps AP, at small intervals 
of Ag. Thus 


t t 


ut) = D7 AP(Euit - &) = >> 


E= At &=At 


ae u(t — E)AE... [45] 
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t 
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2 Pressure-DispLacemMeENt RELATION ON BOUNDARY OF 


Cavity 


where the influence coefficient u, Equation [40] 


du . 


Taking the limits as Af — 0, the response u 


t dP ,(t) 
uit) = . it 4;(e 
0 eS 


or, as /, is given as a function of 


is given by 
with 


(47) 


Substitution of Equations [47] into [44] gives the response of the 
cavity 


* dP alulé a 
u(t) = u(t) — “ , dg 
0 dg 


Equation [48] is a nonlinear integral equation for the response 
u(t). It may be solved numerically once u(t) and u(t) have 
been evaluated. This requires the specification of the geometry 
of the cavity, the nonlinear pressure-displacement boundary rela- 
tion, and the shock loading. 


[48] 


So.ution or InreGRAL EquaTIon For A PARTICULAR CasE 

The integral equation, Equation [48], was solved numerically 
for a spherical cavity in an acoustic fluid with the pressure-dis- 
placement boundary relation‘ shown in Fig. 2. 

The response of the cavity u(t) to a linearly decaying plane 


* This relation is of the form 
Pz, = S(u) = [Cru - C3] + [(Cru — €:)? + Cuu]'/* 
where all the constants C; are positive. 
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DETERMINATION OF te 


was obtained by a forward integration of 
Equation [48] in steps of time. The derivative (dP,)/(dé 
a four-point backward difference formula with 
an error of order (h*), and the numerical integration for each step 
was periormed by the use of Simpson’s rulé with an error of 
where A is the spacing of the time steps.‘ 


shock wave, Fig. 4 
Was 


approximated b 


order (h*), 

The strong nonlinearity of the pressure-displacement relation 
ise of eamall time steps in the forward inte- 
For the major portion of the range 


of F ig. 2 requlre d the 


gration of Equation [48]. 


considered, time steps of magnitude ct/a = 0.05 were used. As 
ach nth s ep re red the determination of the corrective re- 


arate integration involving n 1 terms, the 
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became exceedingly long and cumbersome. In 


sponse u 
numerical work 
the very steeply rising portion of the response curve shown in Fig 
4,420 s c/a 


’ 41.50, time steps of a magnitude smaller 
0.05 would have been required for numerical ac- 


than ci/a = 
curacy. For this range, 


steps were taken as the variable was used. This procedure is very 


an inverse procedure in which pressure 


complex and was o1 ised for this range of the curve 


The resulting pressure-time history at the boundary of the 
spherical cavity is shown in Fig. 4, along with the input pressure 


of the linearly decavi: g shock wave. It is convenient to discuss 


this curve in terms of the transit time of the shock wave across 
: 2a F 

the cavity, ¢, . The points of interest here are the peak 

e 

value of the pressure on the boundary and the extremely rapid 

rise to this peak fter a delay of nearly 2i,, the pressure rises 

in less than one transit time to more than twice the maximum 


pressure of the incoming shock wave. A less rapid decay brings 


the pressure down to the incoming wave pressure in the range 


***Numerical Methods in Engineering Problems,” by M. G. Sal- 
vadori and M. L. Baron, Prentice-Hall, Inc., New York, N. Y.., first 
edition, second printing, 1955, Chapters II-IV. 
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Fic.5 Disptacement-Time Response or SrHericat Cavity 


Fig. 5 shows the displacement-time response 
The ratio u/u* . 


shown in the figure. 
of the boundary of the cavity. 
is the static response of the nonlinearly supported cavity to the 


is given where u 


peak shock pressure po. 





Thermal Drift of Floated Gyroscopes 


By L. E. GOODMAN? anv A. R. ROBINSON,? MINNEAPOLIS, MINN 


When a floated gyroscope is subjected to a temperature 
distribution which is not symmetrical about a plane 
parallel to the gravitational force, convection currents 
tend to rotate the gimbal. The rebalance torque and the 
free drift rate due to thermal effects are first determined 
for the case of an exactly centered gimbal. It is then 
shown that moderate gimbal eccentricity has little in- 
fluence on thermal drift, and, in fact, reduces thermal 


rebalance torque. 


INTRODUCTION 


HE SINGLE-AXIS gyroscope is essentially a high-speed 

spin motor mounted inside a cylindrical gimbal, the axis of 

rotation of the spin motor (SRA) being at right angles to 
the axis of symmetry (OA) of the gimbal. Rotation about a so- 
called “input axis’’ (1A) at right angles to OA and SRA will tend 
to produce rotation of the gimbal. In the floated gyroscope this 
rotation is resisted by a highly viscous liquid (fluorolube) in which 
the gimbal floats. The advantages of floated designs, whose de- 
velopment has been led by C. 8. Draper,‘ include (a) high sensi- 
tivity and (b) an angular output proportional to the angular 
input, whence the name “integrating’’ gyro. 

The requirements of modern inertial guidance systems include 
freedom from drift or spurious changes in rebalance torque, as 
well as high sensitivity. Since the density of the fluorolube is 
temperature dependent, any steady temperature distribution 
which is not symmetrical about the vertical will produce convec- 
tion currents tending to rotate the gimbal, even though the mean 
temperature is maintained at the correct value for flotation. 
Such temperature variations may arise as a result of ambient 
temperature gradient and nonuniform heating by heating coils or 
spin motor. In this paper we evaluate the rebalance torque neces- 
sary to prevent rotation of the gimbal in the presence of a thermal 
gradient and also the drift rate which may be expected t@occur in 
the absence of a restoring torque, for the case in which the gimbal 
is perfectly centered. The former result is of greater technical in- 
terest since, in normal! operation, the gyro is an element in a servo 
system and is maintained in a null position by rebalance torque. 
In an actual gyro, the gimbal, of course, cannot be exactly cen- 
tered in the case; some variation in thickness of the fluid gap 

1 These results are part of an investigation of the sources of gyro- 
scope drift undertaken by the Gyro Section, Design and Develop- 
ment Department, Aeronautical Division, Minneapolis-Honeywell 
Regulator Co., under supervision of J. W. Lower, Section Chief. 

2 Professor of Mechanics, Department of Mechanics and Materials, 
University of Minnesota. Mem. ASME. 

3 Research Associate, Department of Mechanics and Materials, 
University of Minnesota. Assoc. Mem. ASME. 

‘The Floating Integrating Gyro and Its Application to Geometri- 
cal Stabilization Problems on Moving Bases,’ by C.S. Draper, W. 
Wrigley, and L. R. Grohe, Aeronautical Engineering Review, vol. 15, 
June, 1956, pp. 46-62. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tae American Society or 
MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, August 27, 1956. Paper No. 57—APM-31. 


around the gimbal is unavoidable. The influence of such ec- 
centricity also must be investigated if a good estimate of thermal 
effects on a real gyro is to be attained. It will be shown that 
eccentricity reduces thermal drift torques somewhat. 

The fundamental physical nature of the effect under considera- 
tion can be exposed by taking advantage of the fact that, in ap- 
plication, the (variable) thickness of the fluid gap, A = A(@), is 
much smaller than the gimbal radius R. The Reynolds number 
of the flow is less than unity. Under these circumstances flow in 
the gap is essentially laminar. The type of instability of viscous 
flow described by Taylor’ does not occur here. Taking OA 
horizontal, the most unfavorable orientation, and neglecting axia! 
flow, we have a two-dimensional problem. Conservation of mass 
requires that at any time ¢ 


tiph = const, say = C(t) {1} 


Here &@ = «6, t) is the mean circumferential component of 
velocity at any radial section. The circumstance that the tem- 
perature 7 = T(@) and that the velocity is small permits taking 
the fluid density p as a function of 6 only. The shear stresses 
acting on the surfacesr = Randr = R +h are: p[du(R, 6, t 
or); wlou(R + h, 8, t)/dr), respectively. The symbol u denotes 
the absolute coefficient of viscosity and u(r, 8, t) is the circum- 
ferential component of fluid velocity. For convenience of nota- 
tion we write 


du(R, 0, t)/Or = kat/h; du(R + h, 0, t)/Or = —keti/h [2 


The dimensionless quantities k; and k, defined by Equation 
[2] will be independent of 6 if the velocity distribution is similar 
at all cross sections. They will be independent of time when the 
flow is steady. The equation of motion, in a circumferential 
direction, for the fluid included between two nearby radii and of 
unit thickness along OA (see Fig. 1) takes the form 
—1 Oo _ oRhp cos 0 — R(k, + k, yu — = Rhp me 

A 


06 
= Rhp ( ou , 4 27 ) 
ot R 6 


§ “Modern Developments in Fluid Dynamics,” edited by 8. Gold- 
stein, Oxford University Press, London, England, 1938, pp. 196-197, 
322, 385-390. 
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The mean pressure p(@, t), which is of little engineering interest 
in this problem, can be eliminated by dividing each term of 
Equation [3] by A and then integratin ; each term with respect to 
@ between the limits 0 and 2x. The first term falls out by virtue 
of the periodicity of pin 8. Consequently 
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Case I—ConcENTRIC 

In this case the flow is steady so that the first term on the right- 
hand side of Equation [4] vanishes. If h is constant (concentric 
gimbal) the remaining term on the right-hand side of Equation 
[4] also disappears in view of the equation of conservation of 
mass, Equation [1], and the periodicity of 7. The torque L ex- 
erted on the gimbal! by the fluid is given by the expression 


ua 16... 


If the flow pattern is similar 
Since 


where ! is the length of the gimbal. 
at all cross sections, k; and k, are numerical constants. 
both boundaries are at rest and (h/R)<1,k; = k,. Substituting 

4] and remembering that the right-hand side 
is zero for this case, we have at once the desired 


Equation [5] in 
of Equation [4] 
result 


] Qe 2 
~ = gthR* [ p(@) cos 640 
as { 


~0 


ly = 


It should be noted that the torque is independent of the viscosity 
and, moreover, of any temperature-induced variations in the 
viscosity. This implies that a fluid of low viscosity circulates 
more rapidly than a highly viscous one, but both give the same 
total drag. As one would expect, uniform temperature distribu- 
tion, or, indeed, any temperature distribution which results in a 
density symmetrical about the vertical axis, produces no torque. 

Some feeling for the magnitudes of the quantities involved may 
be obtained by considering a temperature variation of 1 deg C 
across the gimbal. Taking 7 = T; + (0.5) cos 6 and p = p, + 
1.5(10-*)(T, — T') it follows that 


- ye p(@) cos 9d = 2.4(10-*) gm per ce 


For 1 = 6.0 cm, R = 3.0 em, and A = 0.015 cm, the rebalance 
torque predicted by Equation [6] is 0.95 dyne-cm. In practice, 
some of the fluid will be short-circuited around the ends of the 
gimbal. Such axial flow will result in a torque slightly smaller 
than the calculated value. The fact that 1 dyne-cm is by no 
means a negligible torque in the applications contemplated pro- 
vides an indication of the extent to which temperature control is 
necessary in the design of sensitive drift-free gyros. The effect is 
proportional to the fourth power of the linear dimensions of the 
gyro. 
Case II—Free Drirt or Concentric GimBaL 

If the rebalance torque is released the gimbal will rotate under 
convection currents. Take the radial dis- 
Then 


the influence of the 
tribution of velocity to be quadratic 


« ie a (“=*)’ (a-s (3 
u= (6a dU, h a — 4u,)  : + Ui, 


R<r<R+A 
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where u,; = u(R, 6,1). One easily finds that k; = 6 — 4(u,/d) and 
k, = 6 — 2u,/a). Since A is constant the last term in Equation 
[4] vanishes as in Case I. Substituting the values of k; and k 
just obtained into Equations [4] and [5] and eliminating the in- 
tegral involving ui between them, we arrive at the equation of 
motion of the fluid in the form 


2L 2R 2s 
wa 9 i ud 
h ~~ U 


IR 
° 2 
= Rh [ p - dé 


9 


— Rh { p cos 640 — 


. 


ot 


. 


The term on the right represents the inertia of the entrained mass 
of fluid. Since the total mass of fluid is much smaller than the 
mass of the gimbal, the term in question will be neglected for the 
time being, leaving 


1 2s R?l 2. 
_ one f p cos 6d8 — u,; , I dé [8 
© 0 0 


The equation of rotational motion of the gimbal about the axis 
OA through the pivots is 


L = (loa R (du, dt) 


L= 


The differential equation which results from eliminating L 


between Equation [8] and Equation [9] has the solution 


where 
ghRYU 


Qlon 


RY f 
B= = 16 
hloa 0 ? 
if the gimbal is accelerated from rest. The angular velocity of the 
gimbal u,/R approaches a limiting value; viz. 


2 
gh? f, p cos 6d6 
5 =O 
2R f, ud@ 


Flow corresponding to this drift rate exactly satisfies Equations 
[7] and [9], justifying the temporary neglect of the accelerative 
term in Equation [7]. The only effect of this approximation is an 
overestimate of the time constant B. For a gyro of the typ« 
under consideration, B is greater than 2 
steady state is reached in a small fraction of a second 

For a 1 deg C temperature drop across a gyroscope of the di- 
mensions given in Case I, and a mean fluorolube viscosity of 600 
centipoises, the maximum drift rate predicted by Equation [11 
is 0.48 deg per hr. Asin the previous case, any axial flow that may 
be present will operate to reduce this drift rate. 


A= 


% p cos 6 dé 


Maximum drift rate = — 


10* per sec, and the 


Case IlI—Eccentric Gorpat Hetp Fixep sy ReBALANCE 


Torque 


If the gimbal is mounted eccentrically the thickness h may be 
approximated very closely by h = hy + e cos (@ — a), where h 
is the mean thickness, e( <A) the eccentricity, and a gives the 
direction along which the center of the gimbal is displaced from 
the center of the case. Since the gimbal is held fixed, @ is not a 
function of time, and Equation [4] reduces to 
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25 2s > 
- of f pcos 010 — R f (ky + kyu aan dé 
0 Mew 0 h 


22 


The torque L is given by Equation [5] with h = h(@). Replacing 
the mean circumferential velocity d@ by C/ph in accordance with 
Equation [1], we see from Equations [12] and [5] that 
2n 1 aph) , 2e m 
2 — ——d§ — C. k k,) — d6 
of Se 2 CR Se 


Qn 
- of f p cos 6d0 = 0 [12a] 
0 


id , 
P=cir | —“ a0...... Ba] 
L cure ff ss [5a 


Here, as in Case I, k,; and k, will be equal constants, k; = k, = k. 
Equation [12a] is a quadratic equation in C, whose solution is 


2 
Re [ rr a 
is \1-[1+ 00 f pcos 0d8 X 
2° 1 d(ph) a t a 
9 ph? dé 


2s "4 d(ph) 40 (ne ef” “ i?) “| 5 | 
a ph dé Jo ph f 


The negative sign has been chosen in front of the radical in order 
that C be zero when p is constant. 


C= 


(13] 


Since p, u, and A are positive, and (dp/d@) < p 


2 1 d(ph 3he (-?* 
1 8) ng  & [ Ed; 
Mmina J 9 ph? 


2s 
f iP) > 
0 ph 


Applying these results to the second term under the radical in 
Equation [13], it is easy to show that this term is smaller than 
10~* for a gyroscope with constants given under Cases I and II. 
The square root may then be approximated by the first two terms 
in its binomial expansion, leaving 


f p cos 6d6 
g J0 


tenn “Epa nee .. [14] 
* — d0 
0 
This value of C might have been obtained by dropping the term 
in C* in Equation [12a]; i:e., the term which arose from substitut- 
ing for a(da/d@). As is expected when dealing with small veloci- 
ties, this nonlinear term in @ is much smaller than the other two 


terms. 
The rebalance torque, Equation [5a], becomes finally 


Mmin 


Qn Si 
L= - 5 an f pcos 646 — 
: 0 


0 


JOURNAL OF APPLIED MECHANICS 


where Ly is the rebalance torque with a concentric gimbal, Case I. 
Even for an eccentric gimbal, thermal drift will occur only if there 
is a thermal gradient at right angles to the gravitational field. 
Since up does not change by more than a few per cent for moder- 
ate temperature gradients, the inequalities 


if 
L MmaxPmax 0 


min hy Z 
Mmin Pm < 
Siesta Peate f on ‘de 

0 


Be od 
MmaxPmax rt de as 
0 


h3 3 


. 


lead to the approximation 


1 22 dé 
L et. h? 
as ws ("2 : 

Jo h 


Note that the integrals involved are independent of a, for 


2e dé *2s dé 
Jo lhe + e cos (0 — a)} ia f he + € cos 0)" 


These definite integrals may easily be evaiuated by complex inte- 
gration around the unit circle, or by noting their relation to 
Jacobi’s integral* for the Legendre functions 

. d6 


Jo le + (z* — 1) 


Pz) = 


st cos Oy * 


We have 


L ‘hi P,(8) 
IL,  8PX8) 


where 
8 os f 


The effect of eccentricity is to reduce the rebalance torque be- 
low the value which it would have were the gimbal perfectly 
centered. For small eccentricity ratios ¢/he the reduction is 
slight. Furthermore it seems not unlikely that the temperature 
gradients will be more severe for an eccentric The maxi- 
mum eccentricity ratio of unity, gimbal 
rubbing on the case and cutting off the circulation altogether, re- 
sults in zerotorque. Of course, Awe eccentricities are undesirable 
for other reasons. 

The principal conclusions to be drawn from Case III are that 
Equations [6] and [11] provide close upper bounds for thermal! 
drift torque and free thermal drift rate even when the gimbal is 
eccentric. 


gimbal. 
corresponding to the 


T. Whittaker and G. N 
London, England, second 


" by E. 
Press, 


* “Course of Modern Analysis, 
Watson, Cambridge University 
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A Photoelastic Study of Maximum Tensile 


Stresses in Simply Supported Short 


Beams Under Central Transverse Impact 


By A. A. BETSER' 


Simply supported short Castolite beams of uniform 
rectangular cross section were subjected to central trans- 
verse impact by a heavy mass. Photoelastic streak photo- 
graphs were taken of the transverse section of symmetry 
for a wide range of spans, widths, and impact velocities at 
exposures of less than 1 microsec. The maximum tensile 
stresses were determined. Comparison with the elemen- 
tary theory for long beams shows that while this theory is 
satisfactory for long beams, it does not agree with the re- 
sults from short beams. An approximate theory for short 
beams under central impact is developed which gives 
satisfactory agreement. The duration of impact also was 
determined and the appearance of isotropic points is dis- 


cussed. 
INTRODUCTION 


N RECENT years 
loading have 


stresses produced by impact anc shock 
been the subject of considerable research by 
Because of the mathe- 


theoreticians and experimentalists. 


matical complications, relatively few impact problems have thus 
the 


usable even in such simple cases as the 


far been solved theoretically. Also, more exact solutions 
available are not readil) 
compression bar 


Most practica 


becomes im 


oblems cannot be solved theoretically and it 
perative to look for a solution through an experi- 
1)? have 


toelastic method employing streak photog- 


mental method 
that 
raphy holds mu 


recent paper, Frocht and Flynn | 
shown 
ymise for the solution of impact problems 
By means of this method it is now possible to determine boundary 
stresses and ma m shears in two-dimensional problems 

A streak photograph is obtained by masking the whole model 
except for a narr rectangular zone or line element through 
which the light is allowed to pass. The image of this line element 
is adjusted on a strip of moving film so that it is perpendicular 
to the direction of motion. The stress pattern thus obtai:zed 
gives a continu time record of the changing birefringence on 
the chosen line 

This paper deals with the application of streak photography 
1 Resear Officer 
Haifa, Israel; former 
Technology Chi ago 

* Research Pr 
Analysis, [lin 


Scientific Department, Ministry of Defense 

Graduate Assistant, Illinois Institute of 
Til 
fessor of Mechanics, Director of Experimental 
Stress vis Institute of Technology, Chicago, Il. Mem 
ASME 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper 

Presented at the Applied Mechanics Division Summer Conference, 
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Discussion of this paper shoyld be addressed to the Secretary, 
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Division, October 9, 1956. Paper No. 57—APM-36. 


anp M. M. FROCHT? 


to the determination of the maximum tensile stresses in simp 
supported short beams under central impact. An approxin 
theory is developed for the maximum tension in such be 
which agrees satisfactorily with the experimental results 
addition, the duration of impact is discussed and some observa- 
tions are made on the fluctuation of the isotropic points. 

In 1935 some work on beams was done by Tuzi and Nisida 
(2) who also employed photoelastic streak photography. How- 
ever, their time of exposure was of the order of 20 microsec as 
compared with less than 1 microsec for the present investigation 
Tuzi and Nisida investigated the maximum fiber stresses on a 
close to the load. In the present study, the 
was determined the transverse t 


secu0n 


transverse line 


maximum tension on 


directly through the line of impact. The only beam dimension 
varied by Tuzi and Nisida was the span. In the present work 
the scope was extended to include variations in the depth of the 
beam. Also, our range of spans was considerably greater tl 
that employed by Tuzi and Nisida. 

The photoelastic study of the stresses in beams rests on the 
assumption that the dynamic stress-optic law is linear with re- 
spect to the thickness /, and the difference of the principal stresses 
P—@ 
established for Castolite for the one-dimensional case by 


Flynn, and Betser (3, 4, 5 


This has been 


Frocht 


ie., that the fringe value is a constant 


EQUIPMENT AND Scope or INVESTIGATION 


The photoelastic equipment and techniques used in the 


prese 


r 
investigation are, with minor changes, the same as those employed 
by P. D. Flynn in his dynamic studies and described in previous 
papers (1, 6, 7). The beam was supported on a heavy anv 
Fig. 1, and struck by a hammer which formed the lower part of 
pendulum consisting of a 48.2-in. arm of thin-walled tubing, and 
stee] hammer weighing 10.19 |b 
Fig. 2 

I 


whi 


shows a typical streak-type dynamic stress patter 


provides quantitative source data for the maximum t« 


prrerzrerrgrei | 


eas | 


Siupty Scurrporrep Beam Unper Centrat Impact 
(A) Hammer (D) Point of interest 

(B) Castolite beam (E) Rubber bands 

(C) Line of interest (F) Anvil 
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Fie. 2 Dynamic Puoroe.astic Stress Patrern FoR Simpy 
Suprortep CasTouite Beam Unper Centra Impact 


Transverse slit through point of impact 
Span of beam, L = 5.0 in. 

Depth of beam, d = 0.94 in. 
Thickness of beam, t = 0.213 in. 
Impact velocity, »0 = 14.4 ips 
Duration of impact, T; = 8.42 millisec 


sile stress and the duration of impact during the entire period of 
impact. 

Castolite beams were subjected to impact velocities vp, ranging 
from 9.6 ips to 28.8 ips. The spans LZ were 3.4 in., 5.0 in., and 
10.0 in., respectively. The beams studied were between 0.21 in. 
and 0.33 in. thick. The influence of overhang also was in- 
vestigated. 

EXPERIMENTAL RESULTS 


The primary purpose of this study was to determine the 
maximum tensile stress in beams under impact as a function of 
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the impact velocity, the span, and the depth of the beam. This 
stress occurs at point D, Fig. 1. This fact was established by 
analyzing the stress patterns from many transverse and longi- 
tudinal slits, and corroborated by actual fractures. Streak 
photographs, Fig. 2, were obtained of the transverse section 
through the line of impact and from these the value of the maxi- 
mum fringe intensity N at point D was determined. The 
maximum fringe intensity is defined as 


{i 


in which n is the maximum birefringence at point D during im- 
pact and ¢ is the length of the light path; i.e., the thickness of the 
beam. The maximum tensile stress is proportional to the fringe 
intensity N 

Fig. 3 gives the relationship between the maximum fringe in- 
tensity and the impact velocity um for several beams. It is seen 
that N is proportional to the impact velocity. 

Fig. 4 shows N as a function of the span L for beams of various 
depths d, and a constant velocity m of 19.2ips. Inspection of the 
curves shows that for the ranges of d and L studied, N varies 
much more sharply with the depth than with the span. For 
example, for L = 5 in. the value of N more than doubles as d 
goes from 2 to 1 in. However the value of N varies much less 
when L goes from 5 to 10 in. Curves (ii) and (iii) suggest that 
there exists a span, I», for which N tends to reach a peak value. 

The curves in Fig. 5 give N as a function of the depth for three 
different spans. It is interesting to note that any two of these 
curves intersect, showing that for two beams of different spans 
there exists one depth for which N is the same. 

Experiments also were made to determine the effect of overhang 
on N. It was found that under the conditions of our experiments; 
i.e., a heavy hammer and light beams, the overhang has practi- 
cally no influence on the maximum fringe intensity N. For 
example, two beams having the same depth of 1.5 in. and having 
over-all lengths of 11.3 in. and 5.6 in., respectively, give essentially 
the same value of N when the distance between the supports 
L is 5 in. 


Comparison Wits E.ementary Lonc-Beam THEory 


The approximate theory for long beams under impact is based 
on the following assumptions: 

1 The mass of the beam is neglected. 

2 The normal stresses are given by the flexure formula. 
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3 The dynamic deflection curve is of the same shape as the 
static deflection curve and the deflections resulting from shear 
are neglected. 

4 All the available kinetic energy is transformed into strain 
energy of the beam and the work done during impact is P6/2, 
where P is the maximum value of the impact force and 6 the 
maximum deflection. 

This theory gives the following expression for the maximum 
tensile stress 
3( BI 0)" vo 

R (ay? 


co, = 


in which J, is the moment of inertia of the pendulum about the 
point of suspension, # is the distance from the point of suspension 
to the point of contact, and Z is the modulus of elasticity. As- 
suming a unidimensional state of stress and a linear stress-optic 
law, the fringe intensity N is given by 

or, 1 3(EIo)'” 


2f 2f 
where 2f is the material fringe value in tension. 

If vp and ¢ are kept constant and only L and d are varied, the 
plot of N versus (Ld)~*/* is a straight line through the origin. 
Curve (i) in Fig. 6 shows this line based on a material fringe value 
2f = 154 psi.‘ Curves (ii), (iii), and (iv) in Fig. 6 show the ex- 
perimentally determined values of N versus (Id)~'/* for three 
different spans. It is seen that the experimental values do not 
fall on the theoretical curve. They do, however, lie on lines 
which are parallel to the theoretical locus, curve (i), and approach 
it as L increases. This indicates that the elementary theory, 
Equation [2], is sound for beams having long spans. 


N= 


APPROXIMATE THEORY FOR Snort Simpiy SupporTep Beams 
Unper CenTRAL Impact 


An approximate theory will now be developed for short beams 


under impact. 
1 We shall assume that the maximum tensile stress o in 
short beams under central impact is well approximated by the 


‘ This fringe value was determined experimentally by means of 
SR-4 strain gages. 
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Wilson-Stokes theory (8) which under static conditions is known 
to give good results (9). On the basis of this theory 


(: A 4 PLa{l — 0.424(d/L)| 
/ 


2d " g/ 4] 


td 

2 We further assume that the dynamic deflection curve is of 

the same shape as the static curve and that for a rectangular 

beam the maximum deflection, including the effect of shear, is 
approximately given by (10) 


6 mer 1+ 31 d/L)*) 
= 48EI | + Hl + pXa/L)}*) 

3 Next we assume that the impact force rises instantaneously 
to its maximum value and the deformation is developed subse- 
quently. Under this assumption the work W, done by the im- 
pact force P, during the deflection 4 is 


W = Pb. Ue 6) 


4 Lastly, we assume that all available kinetic energy is trans- 
formed into strain energy; i.e., that 


Tote? 
= Pé 
2h? 


From Equations [5] and [7] 
j 24 Lor? El ' : 


= VRL {1 + 31 + pXd L)*\{ 


Substituting this value of P into Equation [4] we get 
<2 (2E ‘“*{ %—O42Kd/L) | 
2R Lid 


{1 + 3(1 + ud/L)*}"*4 
Equation [9] shows that o is proportional to the impact ve- 
locity m%. The experimental results shown in Fig. 3 corroborate 
this conclusion. 
In the tests under consideration, J, = 56.77, » = 19.2 ips, R = 
48.2 in., Z = 700,000 psi, { = 0.23 in., 2f = 154 psi, and u = 
0.355. With these values 
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Fig. 7 shows that the experimental results agree satisfactorily 
with those from the short-beam theory, Equation [10]. Fig. 8 
shows the same data plotted against L/d. It will be noted that 
the agreement is better at the higher values of L/d than at the 
lower values. This is probably due to experimental errors 
At the lower values of N the fringe orders were small, between 2 
and 3, so that small errors in n can produce relatively large 
errors in N. 

Duration oF Iupact 

The duration of impact was determined experimentally from 
the streak photographs. This was done by measuring the dis- 
tance on the film between the point at which the first change in 
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birefrigence occurred and the point at which it vanished. This 
distance divided by the velocity of the film gives the duration of 
impact. 

Fig. 9 shows 7’; as a function of the impact velocity » for four 
different beams. It is seen that for each beam, 7; is essentially 
independent of w%. This agrees with Equation [11] which gives 
the duration of impact on the basis of the elementary theory for 


_ ( I,L* . 
T; = 7 . 
ama) 


where / is the usual moment of inertia of the beam. 
Fig. 10 shows that the experimental values of 7; agree ap- 


long beams 


proximately with the theoretical values for L/d larger than 5 
i.e., for relatively slender beams. However, as L/d decrbases 
the experimental values of 7’; become progressively larger than 
the theoretical values. 

lf we replace Equation [11] by the empirically modified equa- 


tion 


. ILA ’ 
T, = r( ~ ) 1 + 
48R*E]I 


relatively good agreement is obtained between the calculated and 
experimental values for the full range of tests covered, Fig. 10 


FiuctrvuaTion oF Isorroric Points 


From Fig. 2 it is seen that when the hammer first strikes the 
beam, one isotropic point is developed which separates into two 
which subsequently merge to form one. This phenomenon re- 
peats itself several times and then stabilizes at two isotropic 
The 
two isotropic points develop in beams in which L/d is greater 
It has been found 


points, the distance between which periodically changes. 


than 5, as in the case of static loading (9). 
that the frequency of the fluctuations of the isotropic points 
varies linearly with 1/S, approximately, where S is the distance 
from the point of impact to one of the supports. 

The cause of the foregoing fluctuations is not clear 
phenomenon suggests that something is happening which is 
equivalent to alternately reducing and increasing the L/d ratio 
This could, perhaps, occur if the elastic curve periodically changes 


The 


its shape and develops points of contraflexure similar to those 


found by Saint Venant and Flamant (11) and photoelastically ob- 
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Fic. 10 Comparison Between Toeory aNp Expertmment ror Duration or Impact 


served by Féppl (12). The stress pattern in Fig. 2 shows that 
during the first cycle the formation of the two isotropic points is 
associated with a fluctuation of the contact pressure. This may 
be the case for all cycles, although the pattern does not have suf- 
ficient resolution in the region of contact to show this definitely. 


CoNcLUSIONS 


1 Inasimply supported beam subjected to central transverse 
impact the maximum tensile stress is directly proportional to 
the impact velocity, Fig. 3. 

2 In the beams investigated, the amount of overhang has 
little or no effect on the maximum tensile stress. 

3 The maximum tensile stress varies sharply with the depth 
d, and much less sharply with the span L. 

4 For short beams the maximum tensile stress does not agree 
with the elementary long-beam theory, Equation [2]. 

5 The experimental results are in satisfactory agreement 
with the short-beam theory, Equation [9]. 

6 The duration of impact is independent of the impact 
velocity, Fig. 9. 

7 The experimentally determined values for the duration of 
impact tend to approach the values from the elementary equa- 
tion for L/d greater than 5. For smaller ratios the experimental 
values differ sharply from the theoretical values, Fig. 10. The 
theoretical formula can be modified empirically to give agree- 
ment, Equation [12] and Fig. 10. 

8 The photoelastic method employing streak photography is 
capable of determining boundary stresses and maximum shears 
(in the plane of the model) in two-dimensional problems. Casto- 
lite has proved to be a suitable model material for impact studies. 
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The Forced Lateral Oscillations 
of Trailers 


By A. SLIBAR! anp P. R. PASLAY? 


This paper gives the mechanical response of a simplified 
model of a trailer when its tow point moves along a cer- 
tain prescribed path. The type of path considered here 
is described by a constant forward velocity on which is 
superimposed a low-velocity-amplitude, sidewise, periodic 
motion. In this investigation analytical expressions pro- 
posed by Huber (3) were used for the forces and moments 
on the tires. The equations of motion are studied for 
small slip angles. The analysis leads toa prediction of the 
natural frequency of the trailer and shows that the damp- 
ing of the system due to slip of the tires is inversely pro- 
portional to the forward velocity of the trailer. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


force in 9-direction wheel transmits to body of 
trailer 
radius of tire 
coefficients in Equation [2] relating side force 
S, to slip angle a and vertical load P of tire 
force in £-direction wheel transmits to body of 
trailer 
drag force acting on tire from road 
dimensionless parameter defined by Equation 
10) 
acceleration of gravity 
force acting in y-direction transmitted by tow 
hitch to body of trailer 
radius of gyration of body of trailer about an 
axis parallel to z-axis through center of grav- 
ity body 
radius of gyration of wheel about its diametral 
axis 
radius of gyration of wheel about 7-axis 
drag coefficient 
wave length of motion of towing vehicle 
distance from tow point to axle of trailer 
WU = mass of body of trailer 
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Formerly, Visiting Fellow of the Foreign Operations Administration, 
Scientists Research Project, Massachusetts Institute of Technology, 
Cambridge, Mass 
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* Numbers in parentheses refer to the Bibliography at the end of 
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m = mass of wheel 


Me 


$1 


moment acting to body of trailer transmitted by 
tow hitch 

moments acting on wheel in &, 9, {-directions 
transmitted from body of trailer 

force acting in z-direction transmitted by tow 


Ma, Mu, I; 


hitch to body of trailer 

load tire supports 

distance from tow point to center of gravity of 
trailer 

side force acting on wheel from road 

time 

force acting in z-direction transmitted by tow 
point 

resultant velocity of tow point, P =(V,?+4 y;?)'/* 

z component of forward velocity of tow point 

force acting in {-direction transmitted from 
wheel to body of trailer 

force acting in {-direction transmitted from 
road to wheel of trailer 

absolute co-ordinates of tow point of trailer 

absolute co-ordinates of center of gravity of 
body of trailer 

absolute co-ordinates of center of gravity of 
fictitious wheel 

slip angle, defined as angle measured in a hori- 
zontal plane between vector of relative mo- 
tion of axle of wheel with respect to road and 
plane of wheel 

coefficient of static friction between road and 
tire 

rectangular co-ordinate system fixed to body 
of trailer (see Fig. 3) 

angle between line connecting tow point to 
center of gravity of trailer and negative z- 
direction 

amplitude of ¢ at resonance 

angle absolute velocity of tow point makes with 
z-direction 

natural frequency of linearized system 

exciting frequency 

angular velocity of wheel about its axle 


The dot is 


used to denote differentiation with respect to time. 
INTRODUCTION 


At present there is no satisfactory theory explaining the 
mechanical behavior of a system consisting of a pulling vehicle 
and a trailer. This is partially due to the complexity of the 
problem and the lack of knowledge about the forces transmitted 
from the road to the wheel. The first attempts to solve this 
problem were made by Williams (1) and Ziegler (2), both making 
special assumptions about the forces transmitted from the road to 
the wheel. Both of these solutions state that the response of the 
trailer (i.e., snaking) does not depend upon the forward velocity 
of the trailer, a result not in agreement with observations. Ziegler 
treated the problem as a stability phenomenon while Williams did 
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(Taken from Rieckert and Schunck.) 


not take into account the sidewise slipping of the wheel. Huber 
(3) and Olley (4) demonstrated that the side force on a tire de- 


pends on the slip angle. This side force is essentially the driving 


force for the snaking of a trailer. Any analysis that does not take 
into account the relation between the slip angle and the side force 
cannot be expected to explain the physical phenomena. 

A trailer and a towing vehicle possess many degrees of freedom, 
and a large number of parameters influence the response of the 
system. These circumstances make it necessary to idealize the 
given system to a simpler one accessible to analytical treatment. 

The resulting motion depends on both the towing vehicle and 
the trailer. If snaking of the trailer occurs, both elements of the 
system take part in the motion. Only when the towing vehicle is 
many times heavier than the trailer may the motion of the pulling 
vehicle produced by the trailer be neglected. Even in the case of 
a heavy towing vehicle, corrections in the steering make the as- 
sumption of the towing vehicle running on a straight line unsatis- 
factory. The assumption of a straight-line motion of the tow 
point does not vield the forced lateral response of the trailer. For 
this analysis the forward component of the tow-point velocity is 
assumed to be constant while the lateral component varies sinu- 
soidally with time. 

Since the road is assumed to be smooth and level the influence 
of the springs of the trailer as well as of the towing vehicle is 
neglected. 


GeNERAL Tire BEHAvior 


Huber (3) has shown experimentally that sidewise force on 
tires can be produced only if the velocity of the whee! axle is not 
in the plane of the wheel to which the tire is mounted. This angle 
of inclination is called the slip angle, Fig. 1. Using the foregoing 
results, Rieckert and Schunck (5) and the authors (6) developed a 
theory governing the motion of a single vehicle which showed good 
agreement with experiment. 

As stated in the foregoing, the side force S, acting from the 
road perpendicular to the plane of the wheel depends on the slip 
angle a between the plane of the wheel and the velocity of the 
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center of gravity 
of trailer body 


\ fictitious wheel in 
\ center # axle 


Fic. 2 Sxetrcu or TRAILer 


axle of the wheel relative to the road. Furthermore, in ac- 
cordance with Huber’s results, the side force is assumed to act in 
the vertical plane which includes the axle of the wheel. The angle 
@ is measured in a horizontal plane. The side force S, further de- 
pends on the load P the wheel supports. Fig. 1, taken from ex- 
periments, shows that the side force increases less than propor- 
tionally with the load on the wheel [for details of experiments see, 
for example, Olley (4)}. 

The side force is a function of the coefficient of static friction y, 
but to a first approximation does not depend upon the driving 
velocity. Huber’s experimental results may be represented by the 
relation 


S, = uP tanh (C,a).. 


making use of a “pressure coefficient’ C,. The problem con- 
sidered in this paper is restricted to emall slip angles, thus giving 
a simplification of Equation [1] in the form 


S, = (€ — c’P)Pa 


Equation [2] was shown by Huber to be in good agreement with 
experimental results for small values of a. 

The most complete résumé of tire behavior in the English 
literature is given by Olley (4). His conclusions agree with the 
tire characteristics set forth in this paper. He also discusses 
many other factors such as forward velocity, smoothness of the 
road, tire pressure, and size of the rim. 


Equations oF MoTIoNn 


The system under consideration is drawn schematically in Fig 
2. For this analysis the wheels of the trailer are replaced by a 
fictitious wheel located on the same axis. This assumption causes 
little change in the mechanical behavior of the trailer since the 
road is flat and level. The fictitious wheel is sketched in Fig. 2 
with a dotted line. 

Fig. 3 shows the major parts of the trailer with all the forces 
and moments acting on the wheel and body of the trailer, positive 
directions as shown. The co-ordinates z,, yz, define the position 
of the center of gravity of the trailer body with respect to the 
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road while z,, y, define the position of the wheel with respect to 
the road and £&, 7, { represent a co-ordinate system fixed to the 


body of the trailer 
The equations of motion for the body are 


Mi, = N—Asing — Deos¢ 
Miz - H —Acose + Dane 
Mg — V; 
1 — Me 


Vil —r) — Me 


—Mi,*¢ = —Hrcos¢ + A(l — 1) - 


and for the wheel are 
mX., = Deosg — D cose + Asing — S,sing 
my, = —Dsing + D sing + Acos¢g — S, cos¢ > 
0 = V; — Vo + mg 
Euler’s equations applied to the wheel lead to 
Me + dS, = —mi,*w,¢ 
Ma — bD, = —mi,7*o, 
Mn = —mi;*¢ 
The position of the tow point z,, y: is given by 
2rVe 


= Ve, wi = yo sin F t 


From the geometry of the system we get the relations 
zp = Va —rcos¢ 


2nV > 
Ve Yeo Sin F i+rsng 


Ze Vo — leos¢ 


. 25Ve : 
Ye Sin F t+Jlsing 








AND Moments or System 


- [ P sin (¢ 


= tan 
L V cos (¢ 
V cos (eo + vy) “ (Cont.) 


”) 


= (V.2 + 9,2)'” 


= Vo[1 + (7A) cow (7272) | 


The rolling resistance of the wheel is accounted for by a force 
on the wheel from the road Dy, Fig. 3. This force depends on th 
load V, the wheel supports and, to a lesser extent, on the angular 
velocity w, of the wheel about its axle. For this investigation D, 


if 


is assumed proportional to V, as follows 


(6 


i 


Making use of measured tire behavior mentioned previously, 
the side force transmitted from the road to the wheel becomes 


S. = (¢ — ¢’V,)V.a 2a] 


Substituting the values given by Equations [5) into Equations 
[3], [4], and [4a] and requiring that 
Yo - 
— <1 and ¢ <1 
L 
there results 


0=N-Ag-D 


2rV,\? 2nVe | 
Mre M (=) Yo cin ( * 1) 
-—~H-A+D¢ 
V; Mg — V 
= Me 
Mn = Mgr — (Mg — V) 
Mi,*¢ — Hr + A(l — r) + Nre 





D = k{[(M + m)g — V] — Ag 


1p = m (22%) oy cin (222g 
mig m L Yo sin L 


—De+kV¥ie +A — {te —c'[(M + mg — VI} 
2ryo 2rVo 12d] 
_ 8 —— t — » 
[((M + m)g v4 L cos ( L ) tory, 7% 


Ve = (VU +m -—V 


Vo . 
Me = —mi;" 4 ¢@ — ble — c'[(M + m)g — V)} 


Tyo 2rVo eS 
A -V)| = t)+or+ 
[((M + m)g ni[? L cos (7 L ) ¢ Je 


Mgr = (Mg — V)il + kb[(M + m)g — V] 
mis*@ = Mi,*g@ — Hr + A(l—r) + Nre 


In Equations [7] the following expressions were used 


2 2rV 
y= Toon (720* V= Vo 


. 
\\tetrte 
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270 . (Y 
nt 
L L 

Eliminating the forces A, D, H, N, V, V1, V,, and the moments 
Mu, Me, Mm, Mz in Equations [7], the governing equation for 
the angle ¢ of lateral oscillations becomes 
[m(is* + 1*) + M(ig? + r*)]¢ 

ge SR . 
oa [e —c i+ (ml + | x 


gi(ml + Mr) ( rs. 
ns — _ ¢ ] 
L + kb Ve 


2rV> 
t 
r') 
p g(ml + un] tae Ca ‘)| 
2 ai i el I ed ' 
L+ kb ost Sar ap | 


Using the abbreviations 
[e — ge Kl + Mr) | gml + Mr) | 
1+ kb 1+ kb 
m(iz? + 1?) + M(ig* + r?) 


2ryo yrs 2r Vo? 
L 


(ml + Mr) cin ( 


Ig(ml + Mr) [e 
1+ kb 





sid (ml + Mr)l 
mis? + 1?) + M(ig? + r*) 





the particular solution representing the steady-state lateral vibra- 


tion is 


2r Yo 


(P)pertioular = 7 
me 
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DiscussIoN AND CONCLUSIONS 


Equation [9] governing the lateral motion of the trailer shows 
the important role of the forward velocity Vo. The homogeneous 
part of this relation indicates that the damping of a lateral oscilla- 
tion is inversely proportional to the forward velocity of the sys- 
tem. Equation [9] also shows that the damping is influenced by 
the length / and the tire coefficients c’ and ¢ 

From Equation [2] it is physically evident that 


g 
é—c¢’ —(mil + B ) 
| “i+” tn] 


is always positive; therefore, a self-excited vibration of the trailer 
never occurs. 

Equation [11] gives the dependence of the response of the 
trailer on the exciting frequency w, and the forward velocity V 
The forward-velocity dependence of the response predicted here 
has been established experimentally (2). 

When the exciting frequency a, is equal 
quency @» of the linearized system, resonance results. 


onance the amplitude of ¢, denoted by ¢, is given by 


to the natural fre- 
For res- 


2rryo 
L w, \* I a ee 
- -| PF? : 4 oo 
° (yl (=) +(R«)'] 
Vo 
27 Yo 
L 2rV 
_| Pp A. 
a | (= 
L 


Fig. 4 shows the amplification factor @//y» at resonance as a func- 
tion of the dimensionless parameter 


FL (* Vo\* 
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(11) 





DECEMBER, 1957 


4 that for a given trailer the 


The reader will note from Fig 
amplification factor at resonance increases with the forward 


velocity 

For anticipated driving conditions (V>, Z, yo) Equation [12] 
can be used by a designer to determine the resonant amplitude of 
lateral oscillations for a proposed design. By adjusting variables 
at his disposal the amplitude will have to be kept within permissi- 
ble limits 

A calculation of value of we for a 1-ton commercial trailer 
showed that w» is the order of 1 cycle per sec, which is in the range 
of practical interest 

Experiments (7) have shown that large amplitudes of trailer 
vibrations may occur at velocities as low as 35 mph. By appro- 
priate steering corrections it is possible to overcome this critical 
driving situation 

Since the road is assumed to be perfectly smooth, Solution [11] 
ons of rolling of trailers Further- 


esti 


gives no answer to the qu l 


more, only steady motion of the pulling vehicle and trailer was 


considered This means that Solution [11] does not include be- 


havior while the pulling vehicle is accelerated or braked 


Generally, the theoretical results given in this paper are¢ 
good agreement with experiments (1, 2, 6 
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Superharmonic Oscillations as Solutions to 
Duffing’s Equation as Solved by an 
Electronic Differential Analyzer 


By C. P. ATKINSON,' 


This paper presents the experimental response curves 
for the solutions of Duffing’s equation for that frequency 
range where higher-order harmonics (called superhar- 
monics as opposed to lower order or subharmonics) of the 
fundamental are important components of the solution. 
The experimental results were obtained by solving Duf- 
fing’s equation on an electronic differential analyzer. The 
paper presents corroboration of analytical results for the 
third-order superharmonic component of solutions which 
were calculated by a two-term Ritz approximation. The 
results of this paper indicate that superharmonics of 
higher order than the third, that is, fifth and seventh 
order, and even-order harmonics such as second and 
fourth order can be found in the frequency range studied. 
This paper points out a definite relationship which exists 
between the superharmonic generated and the free- 
vibration curve (“backbone”) of the system. For ex- 
ample, if we compare the maximum displacement of the 
solution containing an nth order superharmonic with the 


same amplitude of the free-vibration curve, it is seen that 
the frequency of the fundamental (the forcing frequency) 
is 1/n times this natural frequency or, conversely, the fre- 
quency of the superharmonic component is n times that 
of the fundamental and has in fact the frequency of the 


free vibration for that amplitude. Thus a superharmonic 
of order n can be pictured as a sustained free vibration 
which is generated when the frequency of the forcing func- 
tion is 1/n of the frequency of the free-vibration response 
curve. The phenomenon of superharmonic oscillations is 
pictured here as a nonlinear resonance. Experimental 
evidence of the superharmonic-jump phenomenon as dis- 
covered analytically by John Burgess (1)* also is presented 
in this paper. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = arbitrary constant in multiplier circuit 
D = damping coefficient, ratio of actual damping to critical 
damping 
a, 8 = scale factors relating machine variables with problem 
variables 
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F = forcing function s cos 2/ in Fig. 2 
Q, = amplitude of nth order superharmonic 
Qmax = maximum displacement of g(t) 
q(t) = solution of Equation [1] 
s = amplitude of forcing function 
t = time, independent variable 
machine solution of Equation [2] simulating ¢(t) the 
solution of Equation [1] 
frequency ratio 2/K 
= circular frequency of linear system 
= circular frequency of forcing function and of fundamental! 
component of q(t) 


INTRODUCTION 


The existence of solutions to Duffing’s equation containing 
superharmonic components has been predicted by the two-term 
Ritz approximation in a report by Burgess (1). He indicates 
that in the frequency range below Q = 0.8, Fig. 1, harmonic 
solutions are not valid; that is, a single sine or cosine term is not 
sufficient to represent the solution adequately. Burgess shows 
that the third superharmonic is the dominant component of the 
solution in the range 0.45 < Q2 < 0.55, Fig. 3 for the particular 
amplitude (s = 1) of the sinusoidal forcing function used. 
The amplitude of the third superharmonic component reaches a 
peak in the range 0.45 < 2 < 0.50. Kats (8) also uses a two-term 
approximation to the solution of Duffing’s equation and shows 
the presence of superharmonic components in the frequency 
range 2 < 0.5. Kats shows how the amplitude of the super- 
harmonic increases with increase in forcing function amplitude. 

Young and Hess (2) show that in certain areas of the fre- 
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quency range 2 < 2.0 harmonic solutions are unstable. This 
work of Young and Hess uses a stability technique based on 
Mathieu functions (3, 4). They experimentally confirmed their 
work by an electronic analog computer. The forcing function 
used by Young and Hess differs from Burgess’ in being a two- 
term cosine function containing a fundamental and a third har- 
monic. In this form the forcing function resembles an elliptic 
function which is the natural response (free vibration) of the 


system. 


Purpose or Parer 


The purpose of this paper is to present the results of an elec- 
tronic analog computer’ study of the superharmonic region 
(2 < 0.8) for the response curves of Duffing’s equation 

q , 2D 

K? K 
The main concern is with solutions in that region where the two- 
term Ritz approximation predicts the presence of the third-order 
superharmonics. This region corresponds with a region pre- 
dicted by Young and Hess to contain unstable harmonic solu- 
tions. It is proposed further to show that the remaining areas of 
unstable harmonic solutions of Young and Hess are areas 
where higher-order harmonies are generated, such as those of 
fifth and seventh order. The particular superharmonic gener- 
ated as a component of any solution g(t) of Equation [1] seems 
to depend on the amplitude of that point on the free-vibration 
response curve to which the maximum displacement of the solu- 
tion g(t) corresponds. For example, if the forcing function has a 
frequency of 2 = 0.49, the solution g(t) of Equation [1] is seen 
to have a superharmonic component with an amplitude Q; = 
0.7, Fig. 6, and a fundamental component with amplitude Q, = 
0.5. The maximum displacement guax = Q: + Q = 1.2. An 
amplitude of 1.2 on the free-vibration curve requires a frequency 
of 2 = 1.56; slightly more than three times the frequency of the 
forcing function. Looked at in this way, superharmonics can be 
pictured as nonlinear resonance phenomena owing to that fea- 
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* The electronic analog computer used for this study was the 
Beckman EASE computer located at the computer faciiity of Berke- 
ley Division, Beckman Scientific Instruments, Richmond, Calif. 
Some additional data were taken at the EASE computer located in 
the Analog Laboratory, Department of Engineering, University of 
California, Berkeley, Calif 
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«= 10,D = 0, ann D = 0.02 


marked D = 0.01 was extrapolated from calculated results. 
suite for D = 0.01 are indicated by crosses and circles.) 
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ture of the driving function which is capable of sustaining an 
oscillation at the natural frequency of the system. 

Further evidence for this assumption that superharmonics can 
be pictured as nonlinear resonance phenomena is supplied by the 
results of applying other amplitudes of the forcing function (« in 
Equation [1]) than the value used by Burgess or Young and 
Hess. As the amplitude of the forcing function is increased, the 
frequency at which the third-superharmonic component reaches 
its maximum is seen to increase also, thus maintaining the 
suspected relationship of the superharmonic with the free vibra- 
tion backbone. A “superharmonic backbone” can be drawn, 
Fig. 6, the amplitude of which corresponds with the amplitude 
of the free-vibration backbone while its frequency is 1/3 of the 
natural frequency. It is along this superharmonic backbone or 
very close to it that values for g (max) appear to lie. Similar 
superharmonic backbones of higher order can be drawn; i.e., 
for the fourth, fifth, sixth, seventh, and so on, superharmonics 
Along these higher-order superharmonic backbones of order n, 
the values qmax will lie. 


DrrrerRenTiaL Equation Sotvep spy ComPpuTerR 


The differential equation used for the study of superharmonic 
oscillations as presented in this paper is Duffing’s nonlinear 
differential equation 


q 
K? 


4 24 


4 
-—-g_ = 
K*?’t;z? s cos Qt. . 


D is the damping ratio which was set at D = 0.01, s is the ampli- 
tude of the forcing function s cos 24, and has each of the follow- 
ing values: 1.0, 1.5, 2.0, 2.4, and 3.0. The frequency range of 
the investigation was limited to the range 12 < 0.8, Fig. 1; K, the 
natural frequency of the linear system, was set = 1. Equation 
[1] was transformed to a “machine” equation (7). The trans- 
formation equations used are E = ag, T = Bt, where E is the 
machine-dependent variable which appears as a voltage in the 
computer, 7’ is machine time, a and 8 are scale factors. 
The machine equation is 


E 


4 EF 


D 
E+2—E+ 3e0™ 


8 6 


The most convenient values for the scale factors a and 8 were 
a= 8=1. The machine equation was then 





B+ 2DE + B+ — BP = scos OT 


which is the same as Equation [1] except for the machine variable 
E substituted for the problem variable g. Machine time 7’ (rea! 
time) is also problem time ¢. Equation [3] or [1] was solved 
by the computer for five values of the amplitude s of the forcing 
function over the superharmonic range of the frequency-response 
diagram; that is, 2 < 0.8. Fig. 2 shows the computer circuit 
for the solution of Equation [1]. The computer solutions 
E(t) which correspond to the solutions g(t) of Equation [1] 
were plotted by a Sanborn recorder and the results are plotted 
as frequency-response diagrams for this system. The following 
symbols are used: 


Qmax = Maximum excursion of the variable g 
Q; = amplitude of fundamental 
Q, = amplitude of the nth order superharmonic 


Discussion or CompuTEeR REsutts 


Third Harmonic With s = 1. The analysis of the computer 
results for the solution of Equation [1] are given in Figs. 3 
through 7. Fig. 3 is a plot of the amplitude of the third har- 
monic for the forcing-frequency range 0.45 < Q < 0.51. The 
computer solutions containing the third superharmonic take 
two forms in this range. For 2 increasing from 0.4 the peaks 
of the fundamental and the third-harmonic component are re- 
ferred to as “‘out of phase” and the corresponding displacement 
isg = Q; — Q:, Fig. 4(a). For Q decreasing from 2 = 0.51 
the harmonic peaks occur in such a way that g@max = Q: + Qs. 
The components are considered to be “in phase’ when their 
peaks are additive in this manner, Fig. 4(b). The lines drawn 
on Fig. 3 are taken from Burgess’ work and are the response curves 
for the third-superharmonic component. Damping reduces the 
peaks as shown. The curve for D = 0.01 was extrapolated from 
the calculated data. The loop indicates the continuous change 
from an in-phase to out-of-phase superharmonic component. 
Note that the in-phase superharmonic resonates at a lower fre- 
quency than the out-of-phase superharmonic. The computer 
data do not outline a complete loop as indicated by Burgess’ data, 
but they show clearly the in-phase solutions and the out-of- 
phase solutions. The upper portion of the loops are considered 
unstable. The in-phase superharmonic has its peak for s = 1 
at 2 = 0.475 for light damping (D = 0.01). The out-of-phase 
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peak is at 2 = 0.49. Note that the computer results occur at a 
higher frequency than the values calculated in Burgess’ report. 
The amplitudes of the computer solutions correspond favorably 
with the calculated results. 

Burgess predicts a superharmonic-jump phenomenon. This 
is shown in Fig. 3 at Q = 0.47 and 0.49. The right-hand jump 
was generated by slowly increasing the forcing frequency {2 while 
the computer was solving the equation. By this means the solu- 
tion increased in magnitude of out-of-phase superharmonic until 
the jump occurred and the smaller in-phase component resulted. 
The left jump shown in Fig. 3 was generated by moving down the 
in-phase curve by slowly decreasing the frequency. At the 
point indicated (Q = 0.47) the jump occurred from a large in- 
phase superharmonic component to the smaller out-of-phase 
component. Figs. 5(a) and (b) are Sanborn records showing the 
solution q(t) during the superharmonic jump. 

Third-Harmonic Backbone. Fig. 6 is a piot of the third-order 
superharmonie peaks for the several amplitudes of forcing 
function used. The line drawn indicated as the third-harmonic 
backbone is the line along which the points have the amplitude 
of the free vibration but a frequency of 1/3 that of the free vibra- 
tion. The purpose of such a line is to indicate the nature of 
these superharmonic components by relating their frequency 
of three times the forcing frequency (32) with the frequency of 
free vibrations. That is to say, for a particular amplitude of 
forcing function there is a frequency (or better, a frequency range, 
since the phase relation between the harmonic components is 
important here) at which a third harmonic will reach its maxi- 
mum value. At this frequency, the sum of the fundamental and 
the superharmonic produces a maximum displacement of oscil- 
lation gmax that is very close to the amplitude of the free vibra- 
tion of the system at approximately three times the forcing fre- 
quency. 

The points plotted in Fig. 6 are the third-superharmonic 
peaks as generated by the computer for the solution of Equation 
[1] for the different amplitudes s of the forcing function. Note 
that as the amplitude s increases so does the peak for the third 
harmonic as well as the frequency at which the peak occurs. 
This increase seems necessary in order to maintain the relation- 
ship of qmax of the oscillation with the amplitude of the free vibra- 
tion at 32. 
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Harmonic Backbones of Higher Order. Just as a third super- 
harmonic was seen to have a peak at a particular frequency for a 
particular forcing-function amplitude, so a similar peaking occurs 
for other order superharmonics. Fig. 7 is a sketch of the response 
curve for Duffing’s equation in the superharmonic region showing 
the peaks for other order superharmonics. Examples are shown 
in Figs. 8a, b, ¢ of second, fifth, and sixth-order superharmonics as 
produced by the computer. For all of these superharmonics the 
harmonic backbone can be drawn which has a similar ratio with 
the free vibrations as does the third-harmonic backbone. 


CoNCLUSIONS 


The electronic-analog-computer solutions of Duffing’s equa- 
tion presented in this paper verify the analytical predictions of 
Burgess (1) of a frequency range 0.45 < Q2 < 0.50 in which the 
third-order superharmonic is the dominant component of the 
solution of Duffing’s equation. The computer results produced 
a maximum Q, at a slightly higher frequency than the calculated 
results, Fig. 3. The computer solutions verify Burgess’ pre- 
diction of superharmonic-jump phenomena. Fig. 5 shows the 
Sanborn record of these superharmonic jumps. 

The experimental work of the paper relates the so-called 
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unstable regions (nonharmonic solutions) of Young and Hess 
with those regions where superharmonics are generated. 

The experimental data presented in this paper offer a descrip- 
tive explanation of the superharmonic oscillation as being sus- 
tained free vibrations. It is shown herein, for example, that the 
third-order superharmonic falls about a definite curve, the 
harmonic-backbone curve which is drawn with the same ampli- 
tude as the free-vibration curve but at one third the frequency. 
It has been shown that as the amplitude of the forcing function 
is increased the frequency at which the third-order superharmonic 
peaks also increases, maintaining the afore-mentioned relationship 
with the free-vibration curve. Fifth-order superharmonics are 
shown to fall along their respective backbone. 
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Nodal Patterns of the Free Flexural 
Vibrations of Stiffened Plates 


By W. H. HOPPMANN, II,' anv L. S. MAGNESS,*? BALTIMORE, MD. 


With the aid of results from previous research on the 
vibration of stiffened plates, a study is made of the nodal 
patterns of a particular plate with orthogonally placed 
stiffeners. The pertinent theory of vibration of stiffened 
plates is introduced. Experiments are described. The 
normal modes of vibration are investigated. Frequencies 
of flexural vibration are given for theory and experiment. 
The compounding of modes is illustrated by a single but 
rather convincing example. The réle of research concern- 
ing normal modes of vibration of stiffened plates is dis- 
cussed. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
€; = extensional strain 
shear strain 
extensional stress 
shear stress 
elastic constants (S;; = S,,) 
S,,7,(i, j, summed over 1, 2) 
eT 
| SirSiz 
| Sa Se2 
Sn 
s* 
Su 


s* 


thickness of plate (equivalent orthotropic plate) 
mass per unit area of middle surface of plate 
t time 
Das circular frequency of m,n-mode of vibration of 
rectangular plate 
a width of plate 
b length of plate 
zy co-ordinates of point in middle surface of plate 
M bending couple per unit length on edges parallel 
to y-axis 
bending couple per unit length on edges parallel 
to z-axis 
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constants in differential equation of plate and 
are expressions in terms of elastic constants 
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7 
zy 
deflection of plate perpendicular to plane z, y 


INTRODUCTION 


The flexural vibrations of flat isotropic plates have been a sub- 
ject of study for more than one and a half centuries beginning with 
the famous investigation of Chladni in the eighteenth century. 
Mary Waller reviews the history of the subject briefly but quite 
critically in one of her several voluminous papers on the subject 
(1).* She, herself, has made a prodigious study of the free vibra- 
tions of circular and of rectangular plates. The results are con- 
tained in a series of papers in the Proceedings of the Physical 
Society of London during the period from about 1938 to 1949. 
Some thought has been given to the question of the technological 
importance of all this research. In addition to the intrinsic in- 
terest to anyone concerned with problems in classical mechanics, 
Waller has observed that experiments with free vibrations of 
elastic plates can be of use in the following (2): 


(a) Rapid testing of uniformity of metal plates and detection 
of flaws. 

(b) Study of recrystallization phenomena. 

(c) Comparative measurements of Poisson’s ratio of metals 
and alloys. 


To these may be added the observations of one of the present 
authors that vibrating plates can be used in studying effects of 
damping materials and of stiffeners attached to plates (3). 

The purpose of the paper is to present the results of a study of 
the nodal patterns of an orthogonally stiffened square plate. It 
is believed that this is the first time such a study has been made 
for stiffened plates along the lines of the numerous studies that 
have been made in the past for freely vibrating isotropic plates 
(1). 


Résumé or THEory 


The elemental theory of flexural vibrations of orthogonally 
stiffened plates has been presented elsewhere (4) and will not be 
repeated here. However, for the present purpose the pertinent 
portions will be summarized. The differential equations of free 
vibrations of the stiffened plate, neglecting shear deformation and 
rotatory inertia, may be written as follows (4) 


otw ow o*w 


A ———— + A, —— + oh 
"ort “arty? * oye 


O*w 
*—— = 0... [1] 
: { 


The A,, A,, and A,, are constants which can be written explicitly 
in terms of elastic compliances S,,. The quantities S;, have been 
explained in detail in previous papers (4, 5, 6) and hence will not 
be discussed further in this paper. 
In order to study in some detail the nodal patterns for vibrating 
* Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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plates with given boundary conditions, the analytically simple one 
of hinged edges is chosen. They may be written simply as follows 
for a rectangular plate 


M, = 0 for boundary perpendicular to z-axis 


M, = 0 for boundary perpendicular to y-axis .. [2] 


w = 0 entire boundary 
The z-axis and y-axis are chosen along the principal directions 
of plate stiffness. As a consequence, the boundary conditions 
reduce to 
o*w 
oz? 


at along appropriate portions of boundary .. . [3] 
) 


oy? 


w=0, 


r . . 54 

A solution of the differential Equation [1] for a rectangular 
plate of sides a, b and satisfying Boundary Conditions [3) is ob- 
viously 

— ney 
w = 2 sin sin Fit 
a b 

The F(t) in this case is of course a harmonic function of time 

The frequency equation then is (4) 


r m* mn? 
= = 1 De 28 -—— 
Vv (ph*) 


Pon 


where 


For the particular stiffened plate being studied in this paper the 
values (5) of S;,; are given in Table 1. 


Taste 1 VALveEs or S;; 


Su Su Sx ‘ Sz 
Gr Xl 55 x1 Fe x10 


hs 
306 1.4 —18.1 


Se 
Gr X 10° 


370 


x 10° 
13.0 


Units are inches and pounds. Plate material is aluminum. 
The stress-strain law is assumed to be symmetrical so that 


S;; = 8 


With actual experimental data, it may be necessary to average S,: 
and S,. Also it may be noted that the appropriate sign for 


Sw and S» in the tabulated figures is minus. In this case S), 
and S,, then equal —8.35. 

The quantity ph* is mass per unit area of the plate. That is, for 
the square plate discussed in the latter part of this paper, it is the 
total mass of the plate within the supports around the boundary 


divided by the square of the length of one side. 


EXPERIMENTAL PLATE AND Bounpary ConpITIONS 


In order to make an experimental study of the nodal patterns 
for vibrating plates with orthogonal stiffeners, the boundary con- 
dition was assumed to be simple support or hinged, as it is some- 
times called, and the stiffeners were made as deep as practicable 
for use with the available experimental apparatus. 

The boundary condition was obtained by making a sufficiently 
deep notch at the boundary of the plate leaving a narrow flat rim 
extending beyond. This rim was then mounted rigidly in a sur- 
rounding support as described more fully in previous papers (3, 
6, 11). 

The plate with integral stiffeners was machined by milling it 
out of a solid sheet of aluminum. The dimensions may be of in- 
terest and are given in Table 2 


PLATE AND StirreNeR DIMENSIONS 


Length of side of plate = 11 in. 

Thickness of plate = (0.065 in. 

Depth of stiffener = 0.210 in. 

Width of stiffener = 0.125 in. 

Spacing of stiffeners = 0.75 in. 
otal no. of stiffeners = 15 


TaBLe 2 


Nore: Stiffeners were on one side of plate only 


EXPERIMENTAL APPARATUS 


A massive test stand was used in mounting the plate for study. 
It is shown in Fig. 1. The heavy steel holding-down bars are 
shown with the bolts that held the edge of the plate clamped 
The notched portion of the plate 
was adjacent to this clamping area, causing very small elastic 


rigidly in a horizontal plane 


rotational constraint. 
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The plate was driven by an electromagnet mounted beneath 
the plate and on the solid test stand. Because the plate was of 
aluminum it was necessary to cement to it a very small piece of 
iron in order to drive it with a magnet. The equipment is de- 
scribed elsewhere (6) and therefore will not be dealt with further 
in this paper. 

Apparatus for determining the frequencies of vibration and the 
nodal patterns is shown in Fig. 2. The pickup marked A is of the 
capacity type and is fully described by 8S. N. Shafer and R. 
Plunkett in a technical paper on that subject (7). It may suffice 
here to note that a nodal line on the vibrating plate is detected by 
the change in shape of a figure on a cathode-ray oscilloscope to 
which the electrical output from the pickup is fed through a pre- 
amplifier. On account of the nature of the magnet the frequency 
from the oscillator is one half the frequency of the driving force. 
The output from the oscillator is connected to one set of plates of 
the cathode-ray oscilloscope and the magnetic drive is connected 
across the other set of plates. Since the frequency ratio is 2 to 1, 
a figure-8 lissajou is shown on the screen of the scope. Crossing a 
nodal line with the probe or pickup turns the figure-8 lissajou 
into a horseshoe-shaped figure on one side of the line and inverts 
the figure on the opposite side. This fact provides a very precise 
means of constructing the nodal pattern for the stiffened plate. 
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Frequencies also were checked by means of a small crystal-type 
pickup which was placed in contact with the vibrating plate. The 
pickup is shown as A in Fig. 1. 

The vapacity-type pickup was mounted to a carriage shown in 
Fig. 2 at B. The pickup could be raised by a screw above the 
stiffeners and rolled to any position along two parallel tracks 
shown there. Also, these tracks were mounted solidly to two sets 
of rollers, one of which is shown at C. These rollers in turn could 
move freely over a pair of parallel tracks running orthogonally to 
the two just mentioned. One of these latter tracks is marked D. 
In this fashion the pickup could be moved readily to any point on 
the stiffened plate under test. It can be seen then that, with this 
device, nodal patterns may be traced readily 


FREQUENCIES OF FiexuraL VipratTion or NormaL Mopes 

With the experimental equipment it was relatively easy to de- 
termine frequencies of flexural vibration of the normal modes. 
Also, the frequencies can be calculated by means of Frequency 
Equation [5}. The results of calculation and of experiment are 
shown in Table 3. 

The corresponding nodal patterns for the various modes are 
shown in Fig. 3. The theoretical nodal lines are shown as 
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dashed lines and the experimentally determined nodal lines are 
shown by dots. The values of m give the number of half waves 
in one direction and the values of n give the number of half 
waves in the orthogonal direction. It can be seen that for n equals 
unity and all values of m tested the agreement between theory 
and experiment is excellent. This is true also for n equals 2 and 
all values of m except m equals 5. When n equals 3 a considerable 
amount of distortion occurs in the experimental data. It is quite 
difficult to decide what caused this distortion. It may be related 
to boundary condition or to heterogeneity in the stiffened plate, 
or both. : 


CompounDED Normal Mopes or FLexvugat VIBRATIONS 


The problem of compounding two normal modes of flexural! 
vibration for isotropic plates has been discussed by Waller (8, 9) 
and by Warburton (10). Compounding of modes is an interesting 
phenomenon for theoretical considerations of the vibration of 
plates with different kinds of boundary conditions. It assumes a 
peculiar significance in the study of the vibration of plates with 
stiffeners attached in the manner described in the present paper. 
As a matter of fact, it can be used in an interesting manner to sup- 
port arguments in favor of the theory of vibration of stiffened 
plates used in this paper. A brief review will now be given of the 
matter as it applies to the theory of stiffened plates. 

Waller has noted that complicated nodal designs sometimes 
occur on isotropic plates with various boundary conditions which 
cannot be recognized as belonging to any of the normal classes 
It is shown that such designs generally consist of two com- 
pounded modes of vibration, the periods of which are nearly equal. 
Such combinations, she says, are possible because the internal 
damping of the plate reduces the sharpness of resonance. In an 
earlier paper on circular plates she also observed the same phe- 
nomenon and there stated that the vibration frequencies corre- 
sponding to the designs are intermediate between those of the 
combining modes. Warburton in one of his papers (10) further in- 
dicates that the combining phenomenon does not occur in the case 
of freely supported (simply supported) square plates of isotropic 
material. Now the reason for this fact may be seen from Equation 
[5]. If a plate is isotropic, then in that equation we have D,, D,, 
and H all equal to each other. Furthermore, if the plate is square, 
that is, side a equals side b, the frequency of vibration is propor- 
tional to (m* + n*). Obviously, in this case there are no two dis- 
tinct modes with frequencies nearly equal. For the symmetrical 
modes m|n and nim the two frequencies become identical because 
(m* + n*) is the same in both cases. Also, there is no difference in 
the modal shapes for this case when the piate is square. For any 
other combination of two modes we would have a great difference 
in the frequency ratio. For example, 1/3 and 2|1 give a ratio of 
2 to 1. 

Now, however, if we consider an orthogonally stiffened square 
plate with simply supported boundary like the one in the present 
investigation for example, it can be seen that, although the modal 
shapes for the stiffened plate are identically like those for the iso- 
tropic plate, the frequency equation is much different in that the 
frequency is no longer proportional to (m* + n*). In fact, the 
elastic compliances may be chosen so that D,, D,, and H are un- 
equal and their values may be such that for given pairs of fre- 
quency sets m|n the corresponding frequencies may be close to 
each other. Then it would appear that the phenomenon of com- 
pounding norma! modes might be observed in this case even 
though the boundaries are square and simply supported. It turns 
out that this is exactly what happens. For the experimental plate 
we are considering, it develops that for m|n given as 4|1 for one 
mode and 1/2 for the other the two normal frequencies are 800 
and 794 cycles per sec (eps), respectively, as may be seen from 
Table 3. 
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The frequency ratio is 1.01 so it might then appear possible to 
excite these two normal modes simultaneously at a driving fie- 
quency between the two resonant frequency values. Such is the 
case and a very beautiful check of the compounded nodal pattern 
is obtained. If the two different modes of vibration are com- 
pounded from Equation [4] for equal amplitudes of the separate 
modes we obtain the equation of a possible nodal line on the plate. 
The equation for this case is 


, 2Qry 4mz. My 
-—en-—-— + sn sn — = 0 (6) 
a a 


w = sin 
The plate was found actually to have this pattern when driven at 
a frequency of 800 cps. The results are plotted in Fig. 4. This 
fact is taken as a rather striking corroboration of the proposed 
theory of vibrating plates with stiffeners. While with simple 
support boundaries the moda! shapes are no different than those 
for isotropic plates, the vast difference in the frequency equations 
makes the two cases contrast sharply. This phenomenon of com- 
pounding is clearly demonstrated in the case with stiffeners 
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whereas it is theoretically and experimentally impossible for the 
isotropic plate with such boundary conditions. Hence a boundary 
condition which might be thought to be uninteresting really de- 
velops into a good argument for the validity of the theory of stiff- 
ened plates which is proposed. It may be seen by study of Fig. 4 
that the nodal curve crosses over the stiffeners in directions which 
are not orthogonal to the stiffeners and hence not in principal 
directions of stiffness. 


CONCLUSIONS 


It would appear that the proposed theory for vibrating plates 
with closely spaced and moderately deep stiffeners provides useful 
results and certainly may be considered at least as a starting point 
in any serious study of the vibration of such stiffened plates. 

Experimental work on nodal patterns of vibrating plates pro- 
vides an effective means for studying the relation of theory and 
experiment for vibrating plates with stiffeners. 

While good agreement was obtained between the theoretical and 
experimental frequencies of vibration, more importance is at- 
tached to the phenomenon of compounding of modes as a verifica- 
tion of the proposed vibration theory for stiffened plates. 

For square stiffened plates with simply supported boundary the 
predicted compounding of modes has been beautifully verified. 
This fact is considered to be an important feature of any study of 
the correctness of the theory. 
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The authors agree with the findings of Waller in her study on 
isotropic plates that distorted figures arise unless the experimental 
conditions are perfect. Some of the reasons she enumerates as 
causes of the distortions are: (a) a want of uniformity in the length 
of the sides or the thickness of the plate, (b) a directional difference 
in its elastic properties which is often caused by mechanical rolling 
(note that she is thinking here of plates assumed to be isotropic), 
(c) a want of freedom in the method of support, (d) an element of 
forcing in the method of excitation. Notwithstanding the great 
care taken in the fabrication of the stiffened plates and in the 
method of testing in the present investigation, it is clear that the 
remarks of Waller apply and are even somewhat complicated 
here by the presence of stiffeners and the need for approximating 
the condition of simple support at the boundary. 

However, notwithstanding the many ways of possible deviation 
from assumed conditions, the results demonstrate conclusively 
that if a precise and reliable pickup for nodal patterns, such as that 
described by Shafer and Plunkett (7), coupled with a carefully 
devised experimental setup are used, very informative results 
may be obtained from experiments with stiffened plates. 
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Symmetrical Buckling of a Series of 
Uniformly Loaded Parallel Struts 
Supported by Spot Connections 
to a Long Thin Plate 


By J. L. CUTCLIFFE! anv H. S. HEAPS? 


The deflection in buckling of a long panel consisting 
of parallel stiffeners across a rectangular plate is found 
when equa! buckling loads are applied to the ends of each 
stiffener. The critical load for buckling is found as a 
function of the elastic properties of the plate and the 
stiffeners for various spacings of stiffeners, and the number 


of spot connections to the plate. 
F buckling of a long thin rectangular plate subject to uniform 
compressive forces applied to the shorter edges were first 
obtained by Bryan (1 The critical buckling load and deflection 
of a rectangular plate of general dimensions and subject to uni- 
form compressive forces applied to a pair of opposite edges were 
determined by Houbolt and Stowell (2). Conway and others 
(3, 4, 5) have considered the deflection of a uniformly loaded 
rectangular plate under the action of uniform tensile or com- 
pressive forces applied to opposite edges. The buckling of rec- 
tangular plates subject to loads distributed over short portions 
of the edges has been treated by Zetlin (6). The deflection and 
buckling of rectangular sandwich plates have been investigated 
in the case of cylindrical buckling of Goodier (7) and in the gen- 
eral case by Fligge (8) and Gerard (9). Wang (10) has dis- 
cussed the buckling of a transversely stiffened rectangular plate 
when shearing forces are applied to the edges perpendicular to the 
direction of the stiffeners. The similar problem when compres- 
sive loads are applied to the edges parallel to the stiffeners has 
been treated by Cox and Smith (11). 

The buckling of compressed rectangular plates whose free edges 
are intermittently supported has been considered by Norris, 
Polychrone, and Capozzoli (12), while the buckling of laminated 
columns has been treated by Clark (13). It is also of some prac- 
tical interest to consider the effect of stiffeners that are spot- 
welded or otherwise point-connected to a plate subject to com- 
pression in the direction parallel to each stiffener. In many in- 
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INTRODUCTION 


ORMULAS for the critical loads required to produce 
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stances it is convenient to apply the compressive loads directly to 
the stiffeners which then behave as struts partially restrained by 
the plate. 

The present paper considers the buckling of a series of parallel! 
struts equally spaced and spot-connected to a long rectangular 
plate as shown in Fig. 1. The upper and lower edges of the 
plate are free and no external moments are applied to the ends of 
the struts. Suppose that, at buckling, the energy of pure com- 
pression of the strut may be neglected. The bending of the strut 
introduces a reaction at each connection to the plate and causes 
the plate to deflect under the influence of forces perpendicular to 
its original plane. 


Buceune or Lone Recranovtar Pirate Spot-Connecrep 
To Loapep Para.iet Struts 


Fic. 1 


Each spot connection between the plate and the strut may ex- 
perience either tension or compression. The possibility that part 
of the reaction may consist of a pressure distributed continuously 
along a line of contact is not considered in the present paper. 
However, the method of the present paper may be used to treat 
the case of a line reaction approximated by a series of point 
forces. 

The usual assumptions concerning the small-deflection theory 
of plates are adopted. The equation for the deflection of the 
plate under the unknown reactions is obtained as a Fourier series, 
and numerical values of the deflection are listed. Subject to 
equal, but opposite reactions, the deflections of the strut at the 
spot connections are equal to those of the plate, and hence equa- 
tions are obtained to determine the unknown reactions. The 
eigenvalues of these equations lead to the determination of the 
critical loads for buckling. 


DEFLECTION OF PLATE 


Let z and y-axes be chosen along adjacent edges of one panel 
of the plate as shown in Fig. 2. The plate is attached to a pair 


It is supposed 


of struts which form the edges r = O and z = a. 
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that each strut may deform only in a direction perpendicular to 
the zy-plane and that at each strut the plate is parallel to the z- 
axis. 

The deflection w(z, y) of the plate must satisfy the equation 


d*w + 204 otw az, y) 1] 
dz! * drtdy? dy! Skee ' 
where 


q(z, y) = force per unit area perpendicular to plate 
Et 
Ds ——"— 
12(1 — v*) 
E = Young’s modulus for plate 
v = Poisson’s ratio for plate 
i = plate thickness 


For a deflection that is symmetrical with respect to the lines 
z = a/2and y = b/2 the boundary conditions are as follows 


(i) = = 0 at z=0 


@(0, y) = reaction of the strut on edge z = 0 
gz,y)=0 if «#0 


oe” ® at y=0 


d*w o8w 
Dy + (2 ra, 7 * at 
The deflection w may be represented in the form of a Fourier 
series in which the coefficients are determined by the transform 
method described by Deverall and Thorne (14). A line reaction 
R(y) is regarded as the limit, as d tends to zero, of a pressure of 
magnitude R(y)/d per unit area uniformly distributed over a strip 
of width d. Similarly, a point reaction R is the limit of a pressure 
of magnitude R/d? distributed uniformly over an area d?. 
Equation [1] and the condition (i) are satisfied by any func- 
tion of the form 


(iii) 


(iv) y=0 


w = Le,a,(y) cos p,z 


in which p, denotes 27n/a and ¢, is equal to '/, if n = 0 and to 
unity of n # 0. Substitution of Equation [2] into Equation [1], 
multiplication by cos p,z, and integration in r from zero to a leads 
to the differential equation 


(a. 

dy’ p, /*a,(y) = aD 

where R(y) is the reaction per unit length of the strut at z = 0 
upon the plate lying to the positive side of z = 0. The total 
reaction of the plate upon the strut is a line load of magnitude 
2R(y) per unit length. 
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"A complementary solution of Equation [3] which is sym- 
metrical about y = b/2 is the function 


b 
C.F: a,(y) = A, cosh p, (y - >) 


b 7 b 
+ Bp, (y - ;) sinh p,, (y - =) ... [4] 


A particular solution of Equation [3] may be found by means of 
the Laplace transform of a,(y). Multiplication of Equation [3] 
by exp (—py) and integration from zero to infinity with the 
neglect of arbitrary constants leads to 


f a,(y) exp (—py)dy 
0 


4 x 
= ——- _- R(y) exp (— py)dy. [5 
~~ pre y) exp (— py)dy (5) 
In the case that the reaction R(y) is a force of magnitude R at 
the point y = A the integral on the right-hand side of Equation [5] 
has the value R exp (—Ap). If the right-hand side of Equation 
[5] is then written as a sum of four partial fractions involving 
Pp — p, and p + 7, it is found‘ to be the Laplace transform of a 
function a,(y) defined as follows 
( 2R 
— [py — hk) cosh p(y — A 
aDp, (Pal Y ) ’ 
— sinh p,(y — A)! y>h | (6) 
| 


PI: ay) = ! 


| 0 if y<h 
The form of Equation [6] suggests also 
solution which has the further property 
about y = Ah 


the following particular 
of being symmetrical 


R 
a,(y) = = [Paiy — A\ cosh p, y —h 


P..; 
aDp, 


— sinh p,\y — Ajj.. [7] 


In the case that the reaction R(y) consists of equal point forces 
of magnitude R acting at y = A and y = } — A, the function 
a,(y) is given by Equations [4] and [7] as 
a 


b ; 
+ B.D. (: = >) sinh Pa (y ye ;) Tv Salh, y) {8} 


provided n + 0. For later convenience A, and B, have been 
multiplied by a factor aDp,*/R. The term f,(h, y) denotes the 
expression 


: b 
Rr a,(y) = A, cosh p, (: ~ 4 


Sh, y) = Ply — Aj cosh p,\y — h| — sinh p,\y — Al 
+ p,ly — 6 + Al cosh ply — b +h 
— sinh p,\y — b + Al [9] 


When n = 0 the Formula [8] must be replaced by 
D b \? 
2 an = Ae + Be (y - >) 


R 
2 —A? —-b+A 8 
+2 (4 , wa bth a 
i a a 


3 . [10] 


If the reaction R(y) consists of a series of point forces of dif- 
ferent magnitude and position then for statical equilibrium the 
sum of such forces must be zero. 

The boundary conditions (iii) and (iv) provide two equations 
to determine the constants A, and B,. When n is different from 
zero the resulting expressions obtained for A, and B, are 


* Reference (15), p. 127. 
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i, 2 Y cosh p, (n ~ +) 


me 
b b 
3 ) sinh p, {A — 2 ) 


— X cosh p, (; - 


(11) 


b b 
2 ) P. sinh P. (; — ;) 
b 
2 


B, = Zp, (2 - 


21(3 +» 


+ v) sinh p.b — (1 


cosh p,b + 1 — v] 


ra “rt oes 


4— (1 + v)* 


l NIG 4 v) sinh p,b —-(l—vp p,> 


4(1 — vr)? 


Z« —— — ee 
3 + v) sinh p,.b — (1 — v)p,b) 


(l—p 

The similar boundary conditions for as are that B, = b/a and 
that dae*/dy*? = Oat y = 0. This last condition is not satisfied by 
the single Expression [10] unless R = 0. However, in the subse- 
quent application a» is represented as a sum of terms of type [10 
with different reactions R w 
tion 0%ae/dy" is indeed f 
B, add to zere j 


) ana 
constant translation A 


hose sum is zero. Hence the condi- 
In such a sum the terms involving 


be assumed 


ilfilled 


that, apart from the 


sO 1. ma) 


yn b ts") 
ae eee 
a 


The values of A, and B, for some commonly occurring values 
of p,b = 2xb/a are tabulated in Table 1 for » = 0.3 andh = 0, 
b/8, b/4, 3b/8, and b/2. Asn tends to infinity, X and Y tend to 
the value of 2 while Z t The rapidity of the con- 
Y is apparent from Table 1 since X and Y 

with —B, and A, whenh = 6/2. It then 
follows from |! [8] that a,(y) tends to zero at the rate of 
1/n* for large values of n. Thus the Series [2] 

The values of Table 1 are chosen in order to facilitate 
calculation of t 
orl. The value ¢ 
which is regarded as a sufficient approximation to unity 


ends to zero. 
vergence of X and 
coincide respectively 


is convergent. 


ction of plates for which b/a = */s, '/,, ' 
4 is the magnitude of p,b when b/a = 1.02, 
an i is 
referred to as such in the subsequent description of results 
With values of A, and B,, as listed in Table 1, the deflection 
given by Equations [2] and [8] has been calculated for the case in 
which the reaction consists of point forces of magnitude FR at y = 
hand y = b — h together with equal and opposite reactions FR at 
the ends y = Oandy = b 
is in statica] equilibrium 


Under such a set of forces the plate 
Values of (D/Rb* )u 


at 45 positions on 


Taste 1 VALWEs« 


B, 
—4.4015 
—3.0891 
—3.1774 
—3.7802 
—4.7942 


10.864 
3684 5.1389 
9043 2.8400 
2917 0430 
5986 — 1.0494 
158 —3.9791 —6. 2684 
592 — 14.958 —11.135 
628 — 39.906 —20.144 
52 —94 988 — 36.628 
82 — 461.67 —121.52 
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the plate are listed in Tables 2 to 5 for b/a = '/s, '/4, */2, and 1, 
andh = b/8, b/4,3b/8,and 6/2. The tabulated figures represent 
the sum of the first four terms of the Series [2] save in the instance 
of b/a = 1 when the first three terms were considered sufficient 
for the accuracy listed. 

Asa check upon the accuracy of Tables 2 to 5 it may be noted 
that in each case when z = 0, the tabulated deflection at y = y 
caused by a force at y = y: should be equal to the tabulated de- 
flection at y: caused by the same force at y;. This result follows 
from the reciprocal theorem based upon strain-energy considera- 
tions and is also implied by the form of Equations [4] and [7]. 
Examination of each table shows that the listed values are con- 
sistent to within about | per cent. 

It may be observed that when z = 0 the ratio of the deflections 
for the different b/a-values considered differ only by a constant 


l 
cosh p,b + 4 + (1 +P tel — v)Xp,b)* 


——_—! [14] 


multiple. This is not surprising since at each strut the plate is 
supposed parallel to the z-axis 
cylindrically in the immediate vicinity of z =0 

Comparison of Tables 2 to 5 indicates that with closer spacing 
of the struts the deflection of the drica! 
in form. The first term in the Expansion [2] 


cylindrical deflection 


and hence appears to DUCK 


plate becomes more cylin 


corresponds to the 


R 


v= —ht + 
6Da 


y—b+h)* — y*® — ly — 0") [17] 
As b/a increases, the further terms in Expansion [2] become less 
important. The Deflection [17] is precisely that produced by 
loads —2R, 2R, 2R, and —2R at the points y = 0,4, 6 — A, and 
b, respectively, on a strut of moment of inertia 

f*a I 


1201 — yp?) 


, ' . 
l 


— 


where J denotes the moment of inertia of the cross section 


single panel of the plate about the neutral axis of cyli: 


buckling 
DEFLECTION OF STRUT 


Consider a strut of length 6 freely supported at each end and 
Let the modulus of elasticit; 


the moment of inertia of the 


subject to a compressive load P. 
of the material of the strut be Z, and 
of the strut about the neutral axis be 7, 


cross section I] lenote 


. = , A ] 
P/E,I, by ¢@. Then buckling first occurs when ,=r/2= 


1.5708 

Suppose that the edges z = 0 and z = a of the plate previously 
attached at the points y = 0,4, b — A, and btoa 
strut of length b which is subject to a compressive load P. If the 


considered are 


. AND B, WHEN x = 0.3 


— ———h = 3b/8——_. 
As B, 

780 —4.3234 
2123 —2.7733 
427 


4176 
.6053 3244 
1416 


3388 
8266 


811 
1906 


— 
i) 


: 
—2 

—2.4147 
3194 —2.6868 
75546 3.0897 
00456 —3.6219 
4465 5.1550 
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TaBLe 2 Va.ves or wD/Rb? Wuen b/a = 0.125 
— —h = 3b .§$——___—_~ 





0.5 

0.128 
0.127 
0.124 
0.125 
0.124 


0 
0 
0.020 
0.038 
0.052 
0.054 


0.25 
0.121 
0.119 
0.118 
0.116 
0.116 


Va.ues or wD/Rb* Wuen b/a = 0.25 


h = b/4— 
0.25 
0.0570 
0.0770 





0.5 


0.0742 
0.0733 


0.0725 


0.0979 
0.1027 


0.0717 
0.0744 


——h = %/8— 


0 
0 
0.0270 
0.0501 
0.0656 
0.0704 


0.25 
0.0715 
0.0731 
0.0741 
0.0750 
0.0757 


Va.ues or wD/Rb* WueEn b/a = 0.5 





g§ 


0.0452 
0.0554 
0.0586 


site: 


h = b/4——~ 


0.5 


0.0429 
0.0468 
0.0498 
0.0524 
0.0532 


0 


0 

0.0300 
0.0555 
0.0724 
0.0780 


Taste 5 Vatves or wD/Rb* WHEN b/a 


—h = b/4——_. 


0.25 
0.0094 
0.0319 
0.0507 
0.0625 
0.0666 


0 


0 

0.0294 
0.0525 
0.0652 
0.0692 


z/a 
0 
0.0192 
0.0296 
0.0355 
0.0374 


= 
ras 


coos 


ae8 


reaction of the strut upon the plate at y = A andy = 6 —hisa 
force 2R in the direction of w in Series [2], then the strut is acted 
upon by forces —2R at y = hand b — hand by forces 2R at y = 0 
and 6. Under the influence of the compressive load P let the de- 
flection of the strut be w, if 0 < y < hand m ifh < y < 6/2. 
Then 


2R 


1 b oi. . 
= |v A sec ® cova (i - >) sin a . [18] 
b 
- sec ® cova (y - >) sin oh |. [19] 


DEFLECTION OF PLATE CONNECTED TO STRUTS 


2R 
oso h — 
and We P | 


In the case that the plate and struts are connected when z = 0 
and a at y = 0, b/2, and b through reactions —2R,, 472,, and 
—2R, the deflection of the strut at y = b/2 is given by Equation 

w= — 


{18] or [19] as 
E 
P\l2 = 4q 


The deflection of the plate at z = 0, y = b/2is 
(Rib*/D)en 


where cy, is the value tabulated in Tables 2-5 for h = 5/2. 
Equating the deflection of the plate and strut at y = 6/2, and 
denoting gb/2 by u leads to the following equation to determine u 


§ 1 E, I, 
i (1 - z tan 1) = 48(1 — py?) (4) (7) ¢u .[21] 


2R, 


0.5 


0.0188 
0.0356 
0.0509 
0.0609 
0.0648 


The right-hand side of Equation [21] is always positive 


—h 


0 
0 
0.0354 
0.0652 
0.0856 
0.0923 


—h = 36/8— 


0.25 
0.0376 
0.0485 
0.0587 
0.0655 
0.0679 


= 1 


0.25 
0.0111 
0.0397 
0.0643 
0.0809 
0.0869 


36/8 
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0.5 
0.160 
0.159 
0.156 
0.156 
0.155 


0.5 0 
0.0938 0 
0.0923 0.0285 
0.0910 0.0531 
0.0902 0.0707 
0.0906 0.0779 


0.0998 
0.0986 
0.0973 
0.0963 
0.0962 


0.0762 
0.0904 
0.0968 
0.0979 
0.0970 


—h = 5/2 


0.5 0 
0.0528 0 
0.0710 0.0314 
0.0800 0.0587 
0.0837 0.0779 
0.0855 0.0860 


0.25 0.5 
0.0398 0.0562 
0.0517 0.0622 
0.0626 0.0668 
0.0701 0.0700 
0.0727 0.0710 


- —h = }/2———_—. 
0.5 0 0.25 0.5 
0.0225 0 0.0116 0.0233 
0.0444 0.0373 0.0422 0.0472 

0.0646 0.0691 


0.0688 0.0692 
0.0785 0.0922 0.0873 0.0844 
0.0836 0. 1020 


0.0940 0.0902 


The 


left-hand side is zero when u = 0 and increases negatively as u 
increases to r/2. Between uw = 2/2 and 4.493 the left-hand side 
is positive and has values & as indicated in Fig. 3. As the modulus 
E of the plate increases from zero the value of yw for buckling in- 
creases from 4/2 to 4.493, which is the first critical load for a strut 
held freely at each end and clamped at its mid-point. It may be 
recalled that the third critical load of a strut of length b unre- 
strained at its mid-point is given by u = 34/2 = 4.712. 


ry OL 


8 rub, vy a 














4 Zz -. 
= 
wenn YET 


oa 


Lit titi 








ie meee 





ul 
0 


ol 1.0 


Fic. 3 Depenpence or Bucxurne Loap Upon k ror Various 
Spacine or Spor ConneEcrTions 











DECEMBER, 1957 


In the case that the plate and strut are connected at y = 9, 
b/4, b/2, 3b/4, and b through reactions —2R, — 2R2, 2Re, 4R,, 
2Rz, and —2R, — 2R:2, 
at y = b/2 and b/4 are, respectively 


2k; | 6 1, @ 
Pp 2 —_— : tan 2 


respectively, the deflections of the strut 


1 b 
tan e | 
q é 


The deflections of the p y = b/2 and b/4 are, respectively 


2 


D 


“ + Rew [24] 


2 


and hiCx 


+ Ren [25] 
D 


where the c,, are quantities tabulated in Tables 2-5. Specifically 
c,,; is the quantity tabulated when z = 0 at y and A values corre- 
sponding, respectively, to the position of R; and R,. For example 
when b/a = 1, cy = 0.1020, ce» = cy = 0.0691, and ce = 0.0525 
Equating [22] to [24] and [23] to [25] shows that u = gb/2 must 


ation 


satisfy the equ 


ken 


where 


(;; 
ia ) bt? 


Inspection of Tables 2 to 5 shows that for b/a values of '/s, */,, 
Cy is within 2 per cent of 0.515 while the 
value of ¢:/c The dependence of 
us upon k is shown in Fig. 3, which applies to all the values of b/a 
As k ranges from zero to infinity, the solution uw of Equation [26] 
ranges from 7/2 to 10.89, the former value applying to an unre- 
strained strut and the latter to a strut held freely at each end, and 
clamped at the points y = b/4, b/2, 3b/4, and 6/2 

Equating [22] to [24] shows that during buckling the reactions 


R, and R; are related DY 


[a (1 - Frama) ~ | 
-~{1l— tanw} —&k 
r ut M 


l 2 - Me ke 
1 — sec yw sin -— 
2u? oe 2 Cu 


The variation of R2/R, with uw is shown in Fig. 4. The correspond- 
ing deflection of the buckled plate may then be found from 
Tables 2-5. 

Consider now the case in which the plate and struts are con- 
nected at y = 0, b/8, b/4, 36/8, 6/2, ete. through respective reac- 
tions —2R;, —_ 2R: _ 2R; = 2R,, 2Rs, 2Rz, 2R,, 4R,, etc. The 
deflection of the strut at the reaction R; may be written as 


t/,, and 1, the value of es 
is within | per cent of 0.678 


4 
ue a 
w= ma > a; fm) (2R,;/P) 


j=l 





rr 
,, 
c 


fA ——}> 


Fic. 4 Derenpence or R:/R; Uron Buceurne Loap 4£,/,u*/b* 


where the a,{) are expressions of the form of Equation [18] or 
[19]. The deflection of the plate at the reaction R, is 

ew < 

> c,,R, 

Daa" " 
When Equation [29] is equated to [30] it is seen that u 
must satisfy the determinantal equation 
i kei kes 
ayn —&k ais - 


“ 
kez 
Cn 
ker 


Cu 


k Cu kou keu 
— — oe - au er 


Cu Cu , Cu 


aus 


For various values of 4 the Equation [31] has been solved for 
k by trial and error to give the dependence of 4 upon k as shown 
in Fig. 3. As k ranges from zero to infinity the value of u ranges 
from #/2 to 23.5. The values of the reactions R; are very sensi- 
tive to small variations in & and no attempt has been made to de- 
termine k sufficiently accurately over the whole range to permit 
the plotting of a graph corresponding to Fig. 4. However, for any 
particular value of uw the value of k from Fig. 3 may be improved 
after substitution of neighboring values into Equation [31]. 
Slide-rule accuracy has proved sufficient in the cases worked to 
date. The reactions R; may then be found for the particular value 
of pu. 
CONCLUSION 


Inspection of Fig. 3 shows that in order to prevent buckling 
of the panel when 


k = 48(1 — »*\(£,/E)(1,/bt 


is greater than 0.06, there is little to be gained by including more 
than one spot connection between the plate and the strut in addi- 
tion to the end connections. When é& is greater than 0.01, then 
three spot connections are sufficient. Seven spot connections 
suffice when k exceeds 0.0005. 
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Buckling of Rectangular Plates 
With Two Unsupported Edges 


By P. SHULESHKO,' SYDNEY, N.S.W., AUSTRALIA 


In this paper the elastic stability of rectangular plates 
compressed in two perpendicular directions by forces uni- 
formly distributed along the edges is considered. Edges 
x = 0, and x = a are simply supported, edges y = +6/2 are 
unsupported (Fig. 2a). The nondimensional coefficient 
hk = Pa*/x"D for various ratios b/a and vy = P,/P; (0 < vy < @~) 
is tabulated and corresponding graphs are presented. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a, b = length and width of rectangular plate 
h = thickness of plate 
w = deflection of a typical point in middle surface of plate 
D = flexural stiffness per unit width of plate 


Young’s modulus of isotropic material 
resultant compressive forces per unit length of edge of 
plate 
Poisson’s ratio of isotropic material 
number of half waves of buckled plate in z-direction 
critical force per unit length of edge of plate 
nondimensional coefficient (see Formulas [1] and [4 
P,a* : Py? 
a eel t = 
Dm*x* Dm*x* 
a, 8 (see Formulas [3] 
A, B (see Formulas [5) 
P, 9, ¢, d, 6, v, 8, and i 


maja, ky, 


see Formulas [9] 
INTRODUCTION 


The elastic stability of a rectangular plate which has two oppo- 
site edges z = O and z = a simply supported and edges y = +b/2 
unsupported is considered, Fig. 2a. The plate is compressed in 
its middle plane by means of uniformly distributed forces of 
intensity P, along edges z = 0 and z = a and P; along the edges 
y = +b/2 where 


P, =P, O<¥< 


By gradually increasing P, the critical condition of the plate 
will be reached.* This condition can be determined by critical 
force 

'p 
Psuet (1) 
a? 

1 The New South Wales University of Technology. Formerly, 
Professor of Theoretical and Applied Mechanics, Ukrainian Technical 
University at Regensburg and Munich, Germany. 

* “Buckling of Rectangular Plates Uniformly Compressed in Two 
Perpendicular Directions With One Free Edge and Opposite Edge 
Elastically Restrained,”” by P. Shuleshko, Jounnwat oF AppLizp 
Mecuanics, Trans. ASME, vol. 78, 1956, pp. 359-363. 

Presented at the Applied Mechanics Division Summer Con- 
ference, Berkeley, Calif.. Jume 13-15, 1957, of Tae American 
Society or MecHANiIcaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be ac- 
cepted until January 10, 1958, for publication at a later date. Dis- 
cussion received after the closing date will be returned. 


where k is a nondimensional coefficient which can be obtained 
from an eigenvalue equation of the problem 


GENERAL EIGENVALUE EQuaTION OF THE PROBLEM 


Using the method described in a previous paper,’ after satis- 
fying the boundary conditions at the edges of plate, the following 
eigenvalue equation for determination values of k is obtained 


(8A?* sinh ab, cosh 8b, — aB* sinh 3b, cosh ab,) X 
8A? sinh 8b, cosh ab; — aB* sinh ab, cosh 8h, 


where 


a=d4}(1- 5) 


A = a® — \Aty, 


the form 


Equation [2] can be rewritten in 


8A* sinh 8b, cosh ab; — aB* sinh ab, cosh Bb, 


8A? sinh ab, cosh 8b, — aB? sinh 3b, cosh ab, 0 
Equations [6] can be simplified by the following substit 
aeh, 


; 


Le., we have 


a sinh Gp - 
where 
p= vVfi2—-k+2V -:; 
q=vV{[—-24+k+2V (1 
d = g[y/(1 — vk \(k — 28) - 
ec = p[vV/(1 — vk) (k — 26) + (1 - 
6 = 6 = mrb/2a, i = +/ —1 


1 — M, v= P, Ps, 


Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 


of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 30, 1957. Paper No. 57—APM-46. 


537 





D MECHANICS 


4 


JOURNAL OF APPLIE 


1% 183 LO&s 
18% TS estes 
z 
¥ 


1g% 2s LOE 
o 92'S 909° 


Obl €lb L ig" Ale | OL €LZ'I ers i Zé 1 861 190% OLLS @Blsd -_4 OF | 

ua 406 ¢ ; “Ss VPS VULIS “VOGT “VIS'L “GOT “L8G I “GOS I “EPI “git l 00°0 

890) «6080 ; oo GO OFO ceo O80 GO 02 °0 sto O16 . 00°0 39°0> 
— _— _’ QO wu 


/'q = 4 S840IVA SNOIMVA 404 [EG] SNOLLVADW 
40 SHAUNY) 40 NOLLOGSURLN] 40 SLNIOG Ad GUNINNELAG] 0/9 OLLVY] AONV ¥ LN@IOMAGOD IVNOISNEWIGNON 40 SaN'IVA 


£66 £86 986 
e916 146 896 
za) L410 ro 
$240 890 
eel REI 
Pré6l z6l 
Td 


£86 186 } £26 
g96 206 6+6 
10 10 000 
£90 e90 
ezI Lot 
481 eli 
aitd ove 

ze 

oF 
ely 

s¢ 


= 


146 496 196 
v6 ve6 
966 £86 
ovo 8e0 
zor 960 
ot 
&% 
zig 
oF 


= 


£6 
926 
¥L6 


= 


£86 0 e826 e160 160 
6160 FI6 1160 160 
46°0 06 1960 96°0 
zo I 

2L0 I 

Tel if 

ple I 

oe I 

oF I 

ov I 

cor’ I 

bor Tt 
‘Tt 

I 

I 

I 

I 

I 

I 

I 

I 

I 


= 


— 


gt 


sor 
Lov 

608° 
TIP: 


Orr 


INA KK RK RH Re 
ee a 


ANNA KKM eH MMOS 
AAANAK KARR RMR RS 
©0008 00 C8 ses tt et em es nes 
AANA Re 

CRON OR tt ee 

iO ee OI I MINIM MNMe meses MOO 


N 


v 


00's z I O9't OPT z" i ' 
o S 4 5 ( 1VAMaLN] NI SAQIVA SQOTHVA 

SVH *d/'d = 4 OLLVY NGA “7 ONV '7 SHOUOY Ad SNOLLOGUI(] UV LOOIGNAdUR | OMT, NI GASSAHAWOLD) ATNUOAING) (7/9 = A) saais 

GGLM0dd NSN) UNV (0 ‘9 = Z) SANG GGLNOddNg AIMWIG HLIA, GLVIg V WOd ¥ LNGIOIAAO() TVNOISNAWIGNON 40 SAN IVA G¢ @I1AV, 


— 


0 


OO'r GOT LZ4ET GT ee i oo oe, 66 ee & ee ee Ry ks eae 4 SULIO} 

[BoLjour 
-u Asay 

£66°0 986°0 186°0 226°0 &216°0 46°0 9960 296°0 496°0 I96°0 &66'0 £86°0 8260 8160 O160 4 SULIO} 
[voLneuuLAg 

oor OOF OFZ OOS OBT OO T OFT OT OOT O80 O90 OFO 020 00°0 /9 
(co = 4) \7 SHOUOT AM NOLLOGUIC]-T NI GUSSaUdNOL ATNHOAING (7/9 = A) saaig 

(aLHOdd NSN () UNV “(DQ = Z) SANG GELNOddNg ATAWIG HLIAA ALVIg V 40d ¥ LNAIOIMAAOD TVYNOISNAWIGNON 40 SAQTIVA ff WIV, 


0OO'T WEL OTL IIO'T ESOC S60'T FIT SHIT P8I'L SHOT L821. et Le°t OT 4 SULIO} [BOL 
jou Asyay 
£9160 1160 8960 296°0 6660 260 6860 F860 0860 9260 6160 FI60 1160 6O FY SULIO} 
jwoteuuAg 
a 00s OOF OOF OOZ ODL OFT OL OOT O8O O90 OF OKO 020 000 9 
(l= 4)d = *d = 'q NOH “of ONV 'Y SHOUO Ad SNOLLOGUI(] UVINOIGNAdUA OM], NI GASSAUMNOD ATNHOAING) “(Z/Q>F = A) saaig 
AGLNOdd NSN () UNV (D‘(Q) = Z) SAN GALNOddAg ATAWIG HLIM, GLVIg V 40d ¥ LNAIOI4AGO() TVNOISNAWIGNON 40 SHNTVA § BIAVY, 


63° ZG 8S 186 8S i. ot et et FF 
bs £2 9S [86 &BB , [= 3 ee of 
62° SG 8STZ ISS LES ‘ 3 om ~ ba 4 
Oo Lt OFT O9TE'T O@T ; ; 00 «600 000 2/ 
(0 = 4)*4g Saouog Ad NOLLOGUIC-f NI 


9% 
998" 
93" 
00° 


Oe" 


" soos yeorT wu 
suLIO} 

[Room AsHOy 

SULIO} [(BOLIJeMTUTAG 


CaSSaUdWOD A TNUOAING) (7/9 = A) szaig GaLHOddOSN() ANV ‘(D ‘Q = Z) SGN GULHOddAG ATAWIG HLIM, BLVIG WOA Y LNAIOIAAGOD 'IVNOISNAWIGNON 40 SAN IVA | @IAV], 





DECEMBER, 1957 


The numerical factor k which determines the critical load P., 
is obtained as the least root of Equation [8]. 

The three cases, given by vy = 0, vy = lLandy = « 
sidered here before the general case for which y may have any 
value between 0 and 


are con- 


BuckLING or RecraNGULAR PLates with Two UNsuPppPporTEep 
Epces anp Unitrormiy CoMPRESssED IN y-D1IRECTION (vy = 0) 


The eigenvalue equations for this case are obtained by sub- 


Thus 


stituting vy = 0 into Equations [8]. 


Vkik — 3 + 2u + yw) sinh 6 ¥/(4 — &) -— 


V/(4 — kXk — 1 + Qp — w*) sin 0 Vk 


Vkik —3 ?) sinh 6 +/| k) 


+ /(4 kk 


2u+ hu 


1 » 


+ 2u — w*) sin 8 V/k 


The first line of Table 1 gives values of the least root of the 
first of Equations {10} for various values of the ratio b/a, and 
the second line of Table 1 gives the values of the least root of the 
second of Eq The third line of Table 1 gives 
the smallest values of the least root of Equations [10]. Thesame 
values also are represented by curves in Fig. 1. The distance 
between two curves in the intervals 2.632 < b/a < 3.950 and 3.950 
5.264 was made for obviousness bigger than it should be 


rations (10 


< b/a < 
The value of 0.30 has been adopted for yu 

Trial calculation shows that the smallest value of P. for all 
i.e., the buckled plate will have 
only one half wave in the z-direction. Contrary, in the y-direc- 
tion the buckled plate will have various numbers of half waves 
and various forms, depending upon the ratio b/a, Fig. 1. 

The curve in Fig. 1, which initially has the higher values, rep- 
resents the roots of the first of Equations [10] and the curve, 
which initially has lower values, represents the roots of the 
second of Equations {10}. The co-ordinates of the points of an 
intersection of the curves can be determined (see Equations [10]) 


values of b/a occurs when m = 1- 


from the following equations 


k-—-3+244+y?=0, and sndVWk =0 [11] 


from which 


k=3 — 2y — uw, b/a = Q2n/Vk = 2n/V/(3 — Qu — p*) 


n= 1,2,3,. 











i le s | 
36 3-95 S 264 

Fic. 1 GrapnuicaL REPRESENTATION OF NoNpDimENsIONAL Co- 
EFFICIENT k ror RecranecutaR Piatres Wits Spry Svupporrep 
Enps ( = 0 AND z = a) anp Unsuprortep Sines (y = +5/2), 
UntrorMiy Compressed in VerticaL Direction; THe Least VaLue 

or k Is SHown sy Tarcxenep Lins 
(For different intervals of b/a are shown different forms of the buckled plate.) 
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The values of the ratio b/a at u = 0.30 and various n, where 


the curves are intersected, are given in Table 2. 


VaLvues or Ratio b/a ror Pornts or INTERSECTION 
or CURVES 


Tasie 2 


n l 2 « o 
316 2.632 


b/a l 6.58 
From the graph, Fig. 1, it is seen that the buckled plate has 
antisymmetrical forms for intervals 


2n/Vk < b/a < Wn + 1)/Vk 


when n = 0, 2, und symmetrical forms when n = 1, 3, 


5, 

Buckiine or RectanGcuLar Plates Wits Two UnsupportTep 
Epees anp Unrrormity Compressep In Two PERPENDICULAR 
Directions (vy = 1 
The eigenvalue equations for this case are Equations (8) with 
[9], where the ratio y = P,/P should be taken equal to 
The values of the least root of the first of Equations [8 


notation 
unity. 

for various values of the ratio b/a and u = 0.30 are given in the 
first line of Table 3, and the val 
equation in the second line of Table 3. The values of the small- 


res of the least root of the second 


est root of Equations [8] in this case are given by the first line 
of Table 3 
curves in Fig. 2 


Also these values of the roots are represented by 





Curves or NoNDIMENSIONAL CoErricient k ror RecTranovu- 
Suprortep Enps anp UNSUPPORTED 
1x Two Perpenpiccitar Drrec- 
= Py; 


Fic. 2 
Lak Pirates Wires Simpcy 
Sipes, Unrrormiy Compressep 

Tions (P 
Buckuine or RecTANGULAR Plates Wits Two UNsvprorrte! 
Epces anp Unirormiy Compressep iN z-DrREcTION (v = 


The eigenval ie equations for this case can be obtained 


by substituting in expressions for a an 
and taking /, = thus 


Equations [6 
value of P,; = 0 (see Nomenclature 
(V(k) + 6) y tanh @ +/(1 Vk 


— (Vk 


l1— vk 


— 6)? (1 + Vk) tanh 8 V1 + Vi 


(V/(k) + 6)? V/(1 — Vk) tanh 6 4/11 + VA 


— (V/(k) — 6)? V/(1 + Vk) tanh 6/11 — Vi 


where 


mab 


2a 


= P,a*/(Dm*** 


The values of the least root of the first Equations [13) for 
various values of the ratio b/a and u = 0.30 are given in the first 
line of Table 4, the values of the least root of the second of Equa- 








_- @ti-symmetrice! forms 





o-60- 
2) 


Fie.3 Curves or Nonpimenstonat Coerricient k ror Recrancu- 

tak Pirates Wits Smucpty Scuprportep Enps anp UNSUPPORTED 

Sipes, Untrormiy Compressep tn Horizontat Direction (Pi = 
P, P; = 0) 


tions [13] in the second line of Table 4. The values of the small- 
, est root of Equations [13] correspond to the symmetrical forms 
of the buckled plate and are given in the first line of Table 4. 
These values of the roots also are represented by curves in Fig. 3, 


Buck.iine or RecTaNGuLaR PLates Wire Two UnsupportTep 

Epces aND Unrrormiy Compressep In Two PERPENDICULAR 

Drrections WHEN THE Ratio vy Has Any VALUES IN THE IN- 
TeERVALO<y< @ 


The eigenvalue equations for this general case are given in the 
foregoing (Equations [8] and [9]). The smallest roots of these 
equations are given in Table 5 and also are represented by curves 
in Figs. 4 and 5. 










































































Fic.4 Curves or NonpDIMENSIONAL CoErFICcIENT k For Recranev- 
LAR Pirates Wits Simpty Suprortrep Enps anp UnsuprortTep 
Srpes, Compressep 1x Two Perpenpicctar Directions Wirs 
Dirrsrent [nrensities OF Loaptnc (0 < » s @ Wuere » = P;/P2) 
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Fic.5 Curves or NoNDIMENSIONAL Cogrricient & ror Rectancovu- 

LAR Pirates Wirs Smpty Surrortep Enps anp Unsvuprorrep 

Sines ror Two Conprtions or Loapine (1) P; = Ps: (» = 1) anp 
(2) P= P,P =0W= 


The encircled points placed on curves a;),, 422, ays, 
the intersection points of two curves which are determined 
by the two Equations of [8]. These points were found as com- 
mon roots of Equations [8]. 

The common roots were determined from the following equa- 
tions 


and sin g# = 0 


d =0, 
or /(1 — vk) (k — 26) — (1 — vk) + 
and g0 = nx (n = 0,1, 2,3,....) 


from which (see Equations [9]) 


k = 26 + +/(1 — vk) — p?/4/(1 — vk) 


fs) 
1 — ky) | 


and b/a = 2n/q = Qn/V/[k —2 +24 

The values of k and b/a for various values vy and n are given in 
Table 6. 

For v = 0.65 the nondimensional coefficient & is independent 
on the ratio b/a and equal to 1.40. This coefficient & is repre- 
sented in Fig. 4 by straight line aed, which has the point of inter- 
section with the curve a,b; atb/a = =~. Whenv > 0.65 the curves 
have no intersection points and the buckled plate, as investiga- 
tion showed, has only the symmetrical forms. When 0 < » < 
0.65 the buckled plate can have both symmetrical and anti- 
symmetrical forms, depending on the For example, 
for intervals 


ratio b/a 


2n/q < b/a < 2(n + 1)/q when + 


the buckled plate will have the antisymmetrical forms; when 
n = 1, 3, 5, ... the buckled plate will have the symmetrical 
forms. The diagram, Fig. 4, is divided by means of curves 
Aebe, A1b;, azb2, abs, into areas which correspond alter- 
nately to symmetrical and antisymmetrical forms of the buckled 
plate. For instance, the area between the curves aobe, a:5,, and 
the axis z corresponds to antisymmetrical forms, the area be- 
tween the curves a,b; and az); to symmetrical forms, the areas 
between az), and a,b; to antisymmetrical forms, and so on. 

From the family of curves, Fig. 4 and Table 5, it can be seen 
that the ratio of b/a has little effect on the coefficient k when 
b/a > 2.50. 
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Influence of Width on Velocities 
of Long Waves in Plates 


By D. C. GAZIS* anp R. D. MINDLIN,*? NEW YORK, N. Y. 


This paper contains a discussion of the velocities of 
propagation of long flexural and extensional waves in a 
plate or bar in the transition region between the states of 
generalized plane stress and plane strain; i.e., for arbitrary 
width-thickness ratios (h/a) of rectangular sections. The 
investigations are carried out mathematically on the basis 
of approximate equations of motion. It is found that, for 
flexural waves, as h/a increases from zero, the velocity re- 
mains close to that for generalized plane stress until quite 
large values of h/a are reached, after which the velocity 
rises asymptotically toward that for plane strain. For 
extensional waves the velocity is slightly smaller than that 
for generalized plane stress for all h/a > 0. 


INTRODUCTION 


HE VELOCITIES of flexural and extensional waves in an 
infinite elastic plate were deduced by Rayleigh (1)* and 
Lamb (2, 3) from the equations of elasticity. In their 
treatment of straight-crested waves, they employed the theory of 
plane strain, so that the results pertain to a plate of infinite width. 
By a simple change of the constants of elasticity the velocities 
may be converted to those for generalized plane streas, applicable 
to a plate of small width; i.e., a beam or bar of narrow rectangular 
section. It is the purpose of this paper to study the velocities in 
the intermediate range of widths for the case of long wave lengths 
of the lowest flexural and extensional modes 
Consider an elastic body bounded by traction-free planes z = 
+a,z = +h and infinite in the direction y, of wave propagation, 
Fig. 1. For the case of plane strain (corresponding to h/a infinite 
the lowest flexural mode, in the Rayleigh-Lamb solution, has as 
its limiting phase velocity, for waves long compared with 2a 
9 —_ 


rs f__2 
c = QC: ——— i 2 Os eeqanseneianiieas 
Via»! | 3a(1 — v*) 
where E is Young’s modulus, v is Poisson’s ratio, p is the density, 
» is the wave number, and c, is the velocity of shear waves in an 
infinite body, i.e. 
ce = \/(G/p) 
where G is the shear modulus. As pointed out by Rayleigh and 
Lamb, the velocity given in Equation [1] is the same as that ob- 
! This investigation was supported by the Office of Naval Research 
under a contract with Columbia University. 
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Fic.1 Rererence Co-Orprnates ano Dimensions 

tained from the classical (Lagrange) theory of low-frequency 
flexural vibrations of thin p!ates (4) for the case of straight-crested 
waves in an infinite plate. The corresponding velocity of exten- 
sional waves, from the Rayleigh-Lamb solution, is 


9 ~ 


c C; ( - ) = E 
—s 2 eens _ =a 
s | l—-vp 4 pti — v*) 

and this coincides with the velocity obtained from Poisson's 
theory® of low-frequency extensional vibrations of thin plates 

At the other extreme (h/a — 0) the conditions of generalized 
plane stress apply. To convert from plane strain it is only neces- 
sary to replace » by v’ and EZ by E’ where* 

= 


l+vp 


Equations [1] and [2] then become 


21+» 
[..T a 


for flexural waves and 


c=av (21 + v)] 


for extensional waves 

At intermediate values of h/a, waves in the plane of z and y 
couple with waves reflecting back and forth between the bounda- 
ries z = +h (i.e., with transverse vibrations across the width), 
and this alters the phase velocities. 

To take into account the additional free boundaries at z = +h 
within the framework of the three-dimensional theory would be 
a very difficult task because each of the infinity of modes in the 
Rayleigh-Lamb solution gives rise to an infinity of modes in the 
presence of the additional boundaries. If, however, attention is 
confined to the lowest extensional! and flexural modes it is neces- 
sary to take into account only the lowest width mode inasmuch as 
the higher width modes will have little influence. 

® Reference (4), p. 497. 

* Reference (4), p. 208. 





542 


Equations of motion already are available which take into ac- 
count the first symmetric extensional mode across the width (5). 
These equations result from retaining the zero-order and first- 
order terms of an expansion of the displacements in a series of 
powers of the width co-ordinate (z). They are referred to in the 
sequel as “first-order equations’’ and are used here in the investi- 
gation of both the flexural and extensional velocities. From a 
physical point of view the first-order equations are appropriate 
only for small values of Poisson’s ratio inasmuch as, for vy > 1/3, 
there is at least one transverse symmetric shear mode whose fre- 
quency is less than that of the transverse extensional mode. 
However, if the wave length along y is large and v < 1/3, the dis- 
crepancy will not be noticeable in the final mathematical expres- 
sions for the velocities. This is because, when vy < 1/3, the sym- 
metric width mode of lowest frequency is, in fact, the extensional 
mode and its frequency is depressed but little by the neighboring 
shear mode as long as the wave length along y is large. 

In the case of flexural waves, the influence of width also can be 
investigated within the framework of the classical theory of thin 
plates. This is done here and the results are compared with those 
obtained from the first-order equations. 

The conclusions reached in all the investigations may be sum- 
marized briefly as follows: In the case of flexural waves, as the 
width-thickness ratio (h/a) is increased from zero, the velocity 
remains close to that for generalized plane stress until quite large 
values of h/a are reached; after which the velocity rises asymp- 
totically toward that for plane strain. In the case of extensional 
waves the velocity is slightly smaller than that for generalized 
plane stress for all h/a > 0. 


Frrst-OrperR EquaTIONsS 


The plate displacements, as defined in reference (5), are ex- 
pressed in terms of three potentials ®,(z, y, ¢) 


of od, 
at a T 


om, 
ay 
o®, o, t od, > 
dy dy ow 


v= oP, oo o;P, 
where the ®; satisfy the equations 
(V2 + 62), = 0, i= 1,2,3 


In Equations [6], V? is Laplace’s operator in the plane of z and 
y and 
3x? 


a= 28h? 1,2 


Me 


2 
[ c« + 8) -1- (-¥ | i 
@ 


4G(X + G) E 


" pA + 2G) pil — v4) 


~ "O42 (a - =) Sion ll 
‘ ce? /’ ’ 


Cs 





gt we me 


se Kr 


where \, G are Lamé’s constants. 
It should be noted that the dimension 2h which was called the 
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thickness of the plate in reference (5) is here called the width. 
Let 


}; = 
then Equations [6] yield 
I,” = § ” 


where prime denotes differentiation with respect to z and 


Sx) exp [i(ny + wt)]........ 
yes | 


£2 = yn? — 6.... 
The plate displacements, expressed in terms of the f,, are 
Lfi’ + fa’ + infs) exp li(ny + wt)] 
lin fi + fe) — fa’) exp [i(ny + wt)] 
[o:f: + O2f2] exp [i( ny + ot)) 
and the plate stresses, after omission of the exponential factor, are 
= 2Ghi(q? + Xfi + fr) + ine’) 


2Ghlin( fi’ + fe’) — (9? + BDH) 
2Gh? 
3 


(orfr! + oafs’ 
In the problems under consideration, the boundary conditions 
are 


N. 


2=N, =R, =0 atz = +a 


Flezural Vibrations. When the motion is antisymmetric with 
respect to the plane z = 0 we take as the solutions of Equation [9) 
fi = A, sinh £2, f, = Agsinh &z, f, = A; cosh fyz.. [14] 
The plate stresses on the faces z = +a are now computed by 
means of Equations [12] and [14], and equated to zero. This re- 
sults in a homogeneous system of linear equations in the A,;. The 
vanishing of the determinant of the coefficients of the A, leads to 
the frequency equation 


O2bsF = o.b:F; 


where 
- Antbabs -, ¢=1,2....... [16] 

(9? + &*)* 

Equation [15] may be employed for the determination of w/@ 
for a given na; i.e., for the evaluation of the frequencies of various 
modes corresponding to any given wave length. We are interested 
in the variation of the phase velocity c with the wave length of the 
lowest antisymmetric mode only, and in the region of wave 
lengths large in comparison with 2a, or na< 1. 

It can be verified that Equation [15] has a root for vanishing 
w/@ and na. It is assumed, further, that c/c, — 0 as na — 0, 
which is seen to be verified by the results. 

Expanding expressions [7] for 5; and o; in series of powers of 
c/c, and na, and dropping terms above the second power, we ob- 
tain 


tanh £,a 


PF, = 
* tanh $a 


3? = = se n'c? 
c;? : 
n*c? ( 1 
ee he Pe 
ce? B ™ 
Pr _ _ W(ct/es* — c*/er?) 
(1 — c*/e;*) — &* 
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In addition we observe that £,a and {a tend to zero with na, 
hence we may write 

» . l , 

tanh £,a ~ &a (1 -3 ga), i=1,3 [18] 


and finally 


:) 


tanh £,a ~ na \ ( l 


c 


mq(i-<) 
| 


iw 
C3 
tanh fa l1- 


l 


| 


l 
4 rat (1 - 
3” 
l 
3 7 


(1-5) 


In virtue of Equations [17] and [18a], Equation [15] yields 


c* 6 4849 3y? (*)' 
ae a? < : 
3 7 . 2 


cs? K 2 rT a 


-—Y¥ ss ..14/ 84: wi 
. ") tanh (“ \ tag >|; 


2 201 
(l+vp oot } 
3 Ma 


(*-) p. E 
r= aaleiap @ 3p 


Then Equation [19] becomes 


c | 6v? (*)' 
— = na; i+ 
c mril+v) \a 
(1 tanh (ya ”) x he 
ya/h 


For ya/h 2 1, that is, when the width is not large in comparison 
with the thickness of the plate, we may write 


(21) 


tanh (ya/h) =~ 1 


and Equation [21] yields 


Wis sick ~ 
[1-2 CS) 


For ya/h < 1, that is for shallow plates, we have 
tanh (ya h 


1 2 /ya\? 
= 1 — —(ya/h}?} 1 — = ( *) 
ya/h 3 ‘" I 5 \A | 


c na e wy? (< . 
ef 61 — wt)” 1 — vv) \A 


The second term in the bracket of Expression [22] gives the in- 
crease of the phase velocity, over the velocity for generalized 
plane stress, for a relatively thin slice of a plate. Similarly, the 
second term in the bracket of Expression [23] gives the departure 
from plane strain, for a shallow plate. These equations yield the 
same results as Equations [1] and [3], for the limiting values of 
h/a. 

The magnitude of the phase velocity of long flexural waves, 
expressed as the per cent excess over the velocity for generalized 


¢ j 
~ = 7a - l + 
c ' 


. [23] 
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plane stress, is shown in Fig. 2, for three values of Poisson's ratio 
The same curves give the per cent excess, over the case of general- 
ized plane stress, for the value of the tangent 


dc/ce) 
d( na 


at the origin na = c/cy = 0. It is seen that as the width 2A in- 
creases with respect to the thickness 2a, the velocity correspond- 
ing to plane stress is not greatly exceeded until the width be- 
comes considerably larger than the thickness 
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Vetociry or Lone Fruexcrat Waves; Per Centr Excess 
Over GENERALIZED PLane Stress 


Eztensional Vibrations. When the motion is symmetric with 
respect to the plane z = 0 we take as the solutions of Equation [9] 


h = Ay cosh £.z, he = As cosh Esr, 


ts = A; sin &,'z, é [24] 


The trigonometric, rather than the hyperbolic function is as- 
sumed for f,, in anticipation that 6,a > na. 

Proceeding as for the antisymmetric case, we derive the fre- 
quency equation 


o:£G, tanh fa = o,f,G, tanh £4 
where 
tanh £.a (7? — 
4n*f,6," 
For w/@ = na = 0 Equation [25] is satisfied, thus there is a 
mode whose frequency approaches zero, as the wave length be- 
comes large in comparison with the thickness. It is the behavior 


of this mode at long wave lengths in which we are interested. 
Furthermore 


’ 


tan §,'a 


w 2 

— = nh 

~ C1 

hence, under the verifiable supposition that c/c is finite and non- 
zero, we conclude that 


if—<1 then gh<1... 
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that is, the approximations given by Equation [17] are valid for 
wave lengths large in comparison with both of the transverse di- 
mensions of the plate. 

We now assume na < 1, expand Equation [25] and drop terms 
beyond the second power of na. It should be remarked that it 
follows from [a) that 

&a tanh fa > 7°a* 


for all values of the ratio h/a, hence only the terms multiplied by 
tsa tanh £0 contribute to the final equation. We thus obtain 


h ? 
N, + Nanta* + Nena ( ) 


c 
—4la+B8- 2a (1 -=)} 
i) } 
For na — 0, Equation [27] yields for the ratio c/c, the same 
value given by [4] for the case of generalized plane stress, or 
c/a = (21 + ¥)) 
Furthermore for na = 0 and c/e: = +/ [2(1 + ¥)] 
dc? /c4*) © 
d(7*a*) 


Hence, near the origin 


4 h* 2 
ol itn coed” ans 3 + vy)... [29] 


rs 2 
—= = Al +») — > v1 + v)n*a?* 
rm 3 
- = v1 — 2yv)n*h?...... (30) 
| a 


or, approximately 


<= [1 + »)) E - ge 
Cs 6 
_ “Al — 2%) 
rX1 + v) 


Equation [31] describes the variation of the phase velocity with 
the wave length of the first extensional mode. Now, h anda are 
not interchangeable in this equation, inasmuch as only the first 
transverse extensional mode in the z-direction has been taken 
into account, whereas all the modes in the z-direction have been 
included. However Equation [31] is in agreement with the ex- 
pectation that the predominant coupling effect, at long wave 
lengths, is associated with the larger transverse dimension; i.e., 
with the lower transverse frequency. 

It is well known that coupling is stronger when the difference of 
the frequencies of the coupled modes is small. As the wave length 
of the extensional mode decreases from infinity, its frequency 
rises from zero, and approaches first the frequency of the lowest 
transverse mode, which corresponds to the larger transverse di- 
mension. Hence the predominance of this dimension in Equation 
[31]. It should be noted that this equation is not to be used if » 
> 1/3, for the reason given in the “Introduction.’’ 
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Fie. 3 Vevocrry or Lone Exrensionat Waves; Decrease tn 
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The per cent decrease of the phase velocity from the limiting 
velocity for generalized plane stress is plotted in Fig. 3 for two 
values of Poisson’s ratio, and for 7a = 0.1 or nh = 0.1, respec- 
tively, fora/h > lorh/a> 1. Actually Fig. 3 should be sym- 
metrical about the line a/h = 1. The asymmetry is due to the 
first order approximation in z, which constrains the motion in this 
direction, thus resulting in higher frequencies. 

As is well known for the case of generalized plane stress, the 
phase velocity of the lowest extensional mode diminishes as 
the wave length diminishes. It is seen from Equation [31], and the 
left-hand side of Fig. 3, that this drop in velocity is accentuated as 
the width increases from zero to the neighborhood of the thick- 
ness. 

It should be remarked that if the dimension 2h is increased to 
infinity, the first extensional mode degenerates to a zero mode, 
and a higher one becomes the mode of plane strain, with motion 
only in the plane of z and y. 


LAGRANGE’sS EquaTIon 


Referring to Fig. 1, we consider a plate with the plane of y and z 
its middle plane and w (a function of y, z, and ¢) its deflection. In 
the classical theory of flexure, w is governed by (4) 


O*w 
DV‘w + 2pa > = 0, w= why, 2,1) [32] 


where 
D = 2Ea*/3(1 — v*) 

For free edges, the boundary conditions are 

0% 

dz? 


dw 
ne 
dy? 
o*w o*w 


anon cle (% on » A. A 
det ”) dy*dz 


= 0 


Let 
w = Zz) exp [i ny + wt)!}.. 


Then Equation [32] yields the linear differential equation 


z* — 2n2Z° + Osis w* 
7 ” Z=0 
m? 
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where 
m* = D/2pa... 


A solution of Equation [36], symmetric in z, is 


Z = A, cosh Ay + Ay cosh Agz . (38) 


with 
i=1,2 ... [39] 


A, = 7? — (—1)w/m), 


Introducing Expression [38] into Equations [34], we derive the 
frequency equation’ 
M, tanh AA = M;, tanh Ah .. [40] 
where 
M, = /QA?2 — on, £ = 1,2 . f41] 


The quantities \,h are of the order of magnitude of mh, or 
smaller. Hence, for 7h < 1, we can write 


tanh AA = AA (1 on : rm 


Equation [40) then yields 
w 2vn*h? \ 1-— ¥ 2h? w(1 — v) : 
(1 -— PE) 2 og SO” 81 
»? 3 m? 3 


m? 


and finally 
c [ y? 7] 
-- geil +—— nth | 
C L 3(1 + v) 
where c’ is given by Equation [20]. 
To study the case of larger nh, we write Equation [40] in the 
form 


(44) 


Vi — r)i(l — v) + r}* tanh [nh V/(1 — 1)] 


= (1+ r)((1 — v) — r}* tanh[mh V/(1 + 1) [45] 


where r describes the departure of the phase velocity from the 
velocity of plane strain, and is given by 

= —f(1 — v*) (46) 
7* ¢ 


wm 


The value r = 1 corresponds to the velocity of long flexural 
waves in plane strain, and the value r = (1 — »*)'/* to that in 
generalized plane stress. 

Equation [45] constitutes a relation between mh and r; i.e., it 
yields the velocity corresponding to a given ratio of the wave 
length to the width 2h. Alternatively, for a constant na, it may 
be regarded as a relation between h/aandr. That is, if the ratio 
of the wave length to the thickness 2a is kept constant, Equation 
[45] yields the velocity corresponding to a given ratio of width to 
thickness. 


From Equation [44] it is ascertained that, if nh — 0 


cic’ > 1, r~>Jf(1l — vw) 
However, for nh — ~, Equation [45] reduces to the algebraic 
equation 
Yui -—-r)idi—-vy+rP- Yi ¢+ri(l — ve] —rP =90, 
ri 

whose only acceptable root is 

r? = (1 — v)\(3» — 1) + 2V/(1 — 2» + 2y*)} < 1. [48] 
Hence, the phase velocities given by Equation [45] never 


? This frequency equation is given by Voigt (6). 
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reach the values of plane strain, however large the ratio h/a may 
become. This is due to the anticlastic curvature present in the 
classical theory even when the width of the plate is very large. 
Prevention of the anticlastic curvature could be obtained, within 
the framework of the classical theory, by couples 


M, = —»M, 


along the free edges, and this would raise the phase velocity to 
the value for plane strain. To obtain suppression of the anti- 
clastic curvature when the edges are free would require that finite 
rotations be taken into account 
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Curves computed from the solution of Lagrange’s equation are 
shown in Figs. 4 and 5, fory = 1/4and vy = 0.3, respectively, and 
for three values of na. These are to be compared with the results 
from the first-order equations shown in Fig. 2. The presence of 
anticlastic curvature in the Lagrange theory is the cause of the 
difference between the two. The first-order theory does not con- 
tain displacements which could produce anticlastic curvature and, 
in this respect contains an additional constraint, resulting in 
higher frequencies. For example, for vy = 0.3 anda = h, Fig. 2 
gives an excess of 1.3 per cent over the velocity of generalized 
plane stress, whereas Fig. 5 gives less than 0.05 per cent for na = 
0.1. 

However, it should be noted that for h/a — © the solution of 
the first-order equations corresponds to zero amplitude of the 
transverse displacements v, and hence to the correct deformation 
configuration of plane strain. 
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A Donnell Type Theory for Asymmetrical 


Bending and Buckling of 
Thin Conical Shells 


By PAUL SEIDE,' LOS ANGELES, CALIF. 


Equations, somewhat rnore accurate than those recently 
presented by N. J. Hoff, are derived for bending and buck- 
ling of thin circular conical shells under arbitrary loading. 
These equations reduce to Donnell’s equations for thin 
cylindrical shells when the cone semivertex angle becomes 
very small and the minimum radius of curvature of the 
median surface approaches a constant At the 
other end of the scale the equations reduce to the well- 


value. 


known equations for flat circular plates when the cone 
In addition, 
for the entire range of cone semivertex angles the equa- 


semivertex angle approaches a right angle. 


tions reduce to the known equations for axisymmetrical 
bending when variations of the displacements around the 
circumference The problem of bending is re- 
duced to the solution of a single fourth-order partial dif- 
ferential equation with variable coefficients. 


vanish. 


INTRODUCTION 


THEORY for the bending of thin circular conical shells 
under arbitrary loading was recently presented by N. J 
Hoff 


in the expressions for middle surface strains and curvatures, a 


A . ot 

1)? who showed that, by neglecting certain terms 

set of equations that reduced to Donnell’s equations for cylindri- 
| 


cal shells in the limit could be obtained. The approximations 


were such that it was recommended they not be used for cone 
In the present paper it 
is shown that, by retaining certain terms omitted by Hoff, a theory 


Donnell’s 


semi-vertex angles a greater than 30 deg. 


which reduces to three well-known limiting cases- 
theory for cylinders, the flav circular plate, and axisymmetrical 
bending and buckling of cones—is obtained. The equations also 
can be expressed in a form that is somewhat more recognizable. 
Unfortunately, the equations are subject to the same difficulty as 
Hoff’s equations, that of not being solvable in terms of known 
functions except for special cases. These equations, however, 
should yield more accurate results when solved approximately by 


the various methods available. 


It is interesting to note that the 
equations are related to those for a circular plate in the same 
manner as Donnell’s equations for a cylinder are related to those 


for a rectangular plate 
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tion. 

? Numbers in par 
the paper. 

Presented at the Applied Mechanics Division Summer Confer- 
ence, Berkeley, Calif., June 13-15, 1957, of Tae American Socrety 
oF MecuantcaLt EncIneers 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 13, 1956. Paper No. 57—APM-42. 


Technical Staff, The Ramo-Wooldridge Corpora- 


entheses refer to the Bibliography at the end of 


547 


BENDING 


Middle-Surface Deformations and Stresses of Conical Shell. Ex- 


pressions for middle-surface strains and curvatures of a deformed 


conical shell are given by Love (2) as 


l O*u cos a On 


stsin?a of s?sin?'a OG 


0 l ( Ow ) 
- + cos a 
sin @ Os s 06 j 


displacements in cone 
distance from the vertex 
circumference (see 


angular measurement around 


Fig. 1 


In the present investigation, the strains are retained in the 
form given by Equation [1], but the curvatures are modified by 
deleting the terms involving the circumferential displacement 
Experience has shown that these terms are negligible for cylindri- 
cal shells and they vanish identically for flat circular plates (a = 


90 deg, cosa = 0). Then 


O*u 
os? 


] O*u 
s* sin? a og? 


0 ( l Ow ) 
. “ 
x s1n @ O8 s oO 


The force and moment resultants are related to strains and 
curvatures by 
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NoraTion ror Conitcat SHELL 


Notation For Co-Orprnates, DisPLACEMENTS, AND SURFACE 


(b 


M, = —D(x, + xe) 
Mes 


My = 


—Dxe T VX.) 
—Me, = D1 = V)X00 j 

Equilibrium Equations and Boundary Conditions. The equa- 
tions of equilibrium and boundary conditions may be established, 
as in Hoff’s paper, by minimizing the potential energy of the 
conical shell. The potential energy is given by the strain energy 
of the cone minus the work done by external loads and is ex- 
pressible as 


O2 8: 1 
U -{ i | $v + Neeg + N 08 — Mx, 
a J a = 


— Moxe + 2M exw) — (Su + @v + we) f sin a ds d@ 
Ow 


ssina oé@ 


_i _ — Ow 
— Nu + Nov — M, — + Mo 
a ds 


oo x0) 


8 = a | 
sin a d@ 
=e 


No +N a Pe 
NN gv | = mw wet y ar ae 
- *ssina 00 * ds 
6=6; 

ds 
6= 9, j 


+ Gwe) 


By substituting into Equation [5] the equations for middle-sur- 
face forces and moments in terms of strains and curvatures 
(Equations [3] and [4]) and strains and curvatures in terms of 
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Notation For Force anp Moment Resvu.tants 


displacements (Equations [1] and [2]), taking the first variation 
of the potential-energy expression, and eliminating variations of 
derivatives of the displacements by integration by parts, the 
following expression is obtained 
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For minimum potential energy, the first variation of U must 
vanish. Since du, dv, and dw are independent in the interior of the 
shell, each of their factors under the double integral sign must 
vanish to yield the equations of equilibrium. Similarly, the fac- 
tors of each of the variations in the line integrals or the variations 
themselves may vanish, as well as the last corner terms. This 
procedure yields the following equilibrium equations and a typi- 
cal set of boundary conditions: 
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It will be noted that, unlike Hoff’s equation for equilibrium, in 
the radia! direction, Equation [7c] does not contain Poisson's ratio 
in the operator acting on w. 

Transformation of the Equations. The Equations of Equi- 
librium [7a] and [7b] are identical with those for plane stress or 
strain in polar co-ordinates, when the transformation 


ee 


is made (3). The quantity @ is the angle measured on the de- 
veloped cone surface between the two generators corresponding 
to 6 = Qand @. This circumstance suggests that the introduc- 
tion of a stress function F would be in order since the number of 
unknowns is thereby reduced from three (u, v, and w) to two (F 
andw). Then N,, N», and Ng can be expressed in terms of the 
strese function F as 
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The problem of the bending of a thin circular conical shell 
under arbitrary load has thus been reduced to the problem of find- 
ing the solutions of a single fourth-order differential equation 
which yields values of the deflection w perpendicular to the shell 
wall and the stress function F, the real and imaginary parts of 
¢%, respectively. Force components may be obtained from the 
stress function. With these force components and the deflection 
w, the displacements u and v may be obtained from Equations 
[1] and [3]; i.e. 
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Unfortunately, in general, the solutions of Equation [17] are un- 
established. A discussion of Hoff’s paper by Pohle (4) indicates 
that attempts at series expansions are apt to be useless from a 
numerical standpoint in view of the poor convergence of the 
series. An investigation of the solution of the equation should be 
the subject of further studies. 


BucKLING 


Differential Equations. For the problem of buckling of circular 
conical shells, we proceed in much the same way as in part J, with 
some extensions. The displacements u, v, and w and the forces 
and moments N,, Ne, Nw, M., Me, and M, are now taken as the 
additional displacements, forces, and moments in the shell after 
buckling occurs. The deformed shell prior to buckling is assumed 
to be close enough to its original conical shape so that Equations 
[1] and the modified Equations [2] may still be used for strains 
and curvatures. The potential-energy expression must be modi- 
fied by adding to it the energy stored in the plate during buckling 
by the middle-surface forces and moments present prior to 
buckling. In computing this additional energy, the nonlinear 
stretching of the middle surface must be taken into account. The 
nonlinear terms suggested by Langhaar (5) will be used in the 
strain expressions; i.e. 
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Then to the potential energy expression (Equation [5]) must be 
added the term 
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where the subscript 0 indicates the computed stress state prior to 
buckling. 
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Minimization of the potential-energy expression then yields the 
following differential equations and typical boundary conditions, 
where a stress function F has been introduced for the additional 
stresses after buckling occurs 
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Terms involving the initial moments M,, M,,, and M4, vanish 
by virtue of equilibrium Equation [7c] and the boundary condi- 
tions given by Equations [8] and [9]. 

Equation [245] can be transformed to a more usual form if we 
proceed as follows: Consider the terms involving the middle- 
These can be written as 


2) £3 (w 2) 
ds e ob \ ab 


surface forces. 
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The terms in brackets may be replaced by —S and 
spectively, in view of Equations 
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The first three terms are the usual radial components of middle- 
surface forces and can be shown to be of the same form as those 
for flat circular plates. 
tial and generator-suriace force components normal to the de- 

The surface forces do not vary in 
radial equilibrium equation can be 
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Thus, for buckling under concentrated load the problem can be 
reduced approximately to solving a single fourth-order homogene- 
ous equation of the type encountered in the section on solution of 
bending problems. For other problems similar tricks may prove 
possible for special cases, but, in general, recourse to variational 
methods, using the potential-energy expression already established 
or the differential equations by means of the Galerkin method, 
seems called for. 


Discussion 


It can be shown that the equations derived in the foregoing re- 
duce to well-known equations for special cases. 

1 By letting the cone semi-vertex angle a approach zero, and 
the distance from the vertex s approach infinity, while the projec- 
tion of this distance on a plane perpendicular to the cone axis (s 
sin @) approaches a constant value R, the Donnell equations (6) 
for a cylinder of radius R can be obtained. These are somewhat 
more general than usual since surface forces have been included in 
the bending equations. 

2 By letting the semivertex angle approach a right angle, the 
equations for bending and buckling of a flat circular plate may be 
obtained (7). 

3 By letting variations in the @-direction vanish in the bend- 
ing equations, another form of the Meissner equations for a cone 
(8) can be obtained. This is somewhat more general than 
Timoshenko’s derivation since surface forces are included. The 
equations in their present form contain some extraneous solutions 
since the compatibility equation can be integrated once. 
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4 Finally, by letting variations in the 6-direction vanish in the 
approximate equation for buckling under axial load, an equation 
similar to that derived elsewhere by the author (9) can be ob- 
tained. Again this is of higher order than is actually necessary. 

It can thus be seen that the equations as derived are of fairly 
general application and should be accurate for the entire range of 
cone semi-vertex angles. Further study should be given to the 
fourth-order partial differential equation whose solution is 
necessary for bending problems; and to approximate methods for 
solving the buckling equations, in particular to reasonable func- 
tions for deflection surfaces of buckled cones. 

AutTsor’s Note Appep IN Proor: It has been 
author’s attention that Equation [17] is similar to Equation 
(11.8.11) of “Theoretical Elasticity’’ (by A. E. Green and W 
Zerna, Oxford University Press, 1954, p. 401) derived for the 
general shallow shell. It should be pointed out that the main 
difference between the equations is that in Equation [17] the 
deflection w is normal to the shell middle surface, while in shallow 
shell theory the deflection is normal to some projective plane 
Equations similar to Equations (24] for the stability of a general 
shell are given by V. 8S. Vlasov in his paper, “Basic Differential 
Equations in General Theory of Elastic Shells,’’ 1944 (available 
as NACA TM 1241, Feb., 1951), which was pointed out by Prof 
Kempner in his paper, “Stability Equations for Conical Sheils’ 
(General Electric Company Memo 531-56, July, 1957). Equa- 
tions similar to Equations [15] for the bending of the general 
shell are given as well, although their derivation is not as straight- 
forward. The author has not been able to obtain a copy of H 
M. Mushtari’s paper, “A Few Generalizations About the Theory 
of Thin Shells With Applications for Solving the Problems of the 
Stability of the Elastic Equilibrium” (Prikl. Mat. Mekh., vol. 2, 
1939), but believes that equations similar to those of Viasov 
and the present paper may be found therein. 
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Cylindrical Shells Under Line Load 


By R. M. COOPER,* SANTA MONICA, CALIF 


The problem of a line load along a segment of a genera- 
tor of a simply supported circular cylindrical shell is 
treated using shallow cylindrical shell equations which 
include the effect of transverse-shear deformation. The 
line load is first treated as a sinusoidally-varying edge load 
over the length of the shell, with boundary conditions pre- 
scribed along the loaded generator such that the continu- 
ity of the shell is maintained. The solution for the prob- 
lem of a uniform line load over a segment of a generator is 
obtained from the preceding solution, using the principle 
of superposition. By means of a numerical example it is 
shown that the results predicted by the Donnell equations 
for the stresses are in excellent agreement with those 
obtained from the system of equations employed here. 
However, the radial displacement predicted by the Donnell 
equations is in error by as much as 20 per cent in the range 


of shell geometry considered. 


INTRODUCTION 
HE PROBLEM of line loads applied along a generator of a 
thin, finite cylindrica! shell having simply supported end 
conditions has received considerable attention in the litera- 
ture. These solutions were obtained by employing different 
approximate theories where the effects of transverse shear defor- 
mation and norma! stress have been neglected. The problem has 
recently been re-examined by Hoff, Kempner, and Poble in (1),* 
where a historical account of the line-load problem is given. In 
the classical Donnell equations (2) are used to ob- 
itions‘ for sinusoidally distributed loads 
uniformly distributed loads along a seg- 


reference (1 
closed 
and series solutions for 


tain form 60 


ment of a generator of the shell 

In the present paper, dealing with cylindrical] shells under line 
loads, use is made of a system of equations which constitute a 
special case of the shallow shell equations given by Naghdi (5), 
where only the effects of transverse-shear deformation have been 
retained. The general solution of this system of equations is ob- 
tained for a simply supported cylindrical shell and the resulting 
coefficients are evaluated for the case of a sinusoidally distributed 
line load along a generator of the shell. As in (1), the solution 
for the case of a uniform line load over a segment of a generator 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research under Contract 
Nonr-1224 (01), Project NR-064-408, with the University of Michi- 
gan. 

* Design Specialist, 
Professor of Engineering Mechanics, 
Assoc. Mem. ASME 

* Numbers in parentheses refer to the Bibliography at the end of 
the paper 

*It has been shown subsequently by Hoff (3) and Kempner (4) 
that within a certain range of shell geometry the higher-order terms of 
more complete classical shell theories do not significantly alter the 
results as found via the Donnell equations 
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the Society. Manuscript received by ASME Applied Mechanics 
Division, December 6, 1956. Paper No. 57—APM-28. 
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is then obtained in series form using the sinusoidally varying load 
solution and the principle of superposition. A numerical ex- 
ample isgiven for a uniform line load distributed over one twentieth 
of the total length (//L = 
radius-to-length ratio of one to four (a 
of shell thicknesses. 

It may be mentioned that the dynamical counterpart of the 
leads to results 


1/59) of a generator of a shell having a 


L= | 


«), for a broad range 


approximate system of equations used here 
for phase velocities and amplitude ratios (in connection with the 
propagation of elastic waves in infinite cylindrical shells) which 
are in remarkable agreement with those obtained by means of a 
more complete system of equations (6). The character of the 
shallow-cylindrical-shell equations employed in this study is such 
that upon the neglect of the effect of transverse-shear deforma- 
tion, they reduce to the Donnell equations of classical shell 
theory. From the numerical example given, it is found that the 
results predicted by the Donnell equations for the stresses, as 
given in (1), are in excellent agreement with those obtained by 
means of the shallow-cylindrical-shell equations which include 
the effects of transverse-shear deformation. The radial dis- 
placement predicted by the Donnell equations, however, may be 
in error by as much as 20 per cent, in the range of shell geometry 


considered 


Basic Equations or SHaLLow CYLINDRICAL SHELLS 


The co-ordinate system is taken on the shell middle surface 
with the origin at the mid-section; the z-axis is along a generator 
and s is measured along a circumferential arc. The third co- 
ordinate {, measured positively along the outward normal to the 
middle surface, together with z and s as lines of curvature form a 
right-handed orthogonal triad, Fig. 1. The radius from the shell 
axis to the middle surface is denoted by a. 

The components of displacement along the axial, circum- 
ferential, and radial directions are approximated by 


= u(z,s) + {B(z, 8 
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and the stress-strain relations which are consistent with Equations 
[1], as given in (5),5 are 


NV we [2 +e(2+2)] 
'* (1 — »*) Loe ds aj?! 
Eh [2 + 

G@ — 4) Las 


Eh* [28 + 28] 
12(1 — v*) | de ds |’ 


Eh’ ag 0g 
Mo =——— i 
t, a | e+ | 
Eh [=+= 
21+) or ds | 
___—E [ 22: _ 28, 
~ 24(1 + pL Os or 
Eh ow 
= KK | — + 
7 ro 8. | 
_ Eh 


dw 
Vv, =«———_| — | 
2 «git ds +6, } 


where E is Young’s modulus, vy is Poisson’s ratio; wu(z, s), 
v(z, s), and w(z, s) are the components of displacement at the 
middle surface, 8, and 8, are the changes in slope of the 
normal to the middle surface in the axial and circumferential 
directions, respectively, and the transverse-shear coefficient «x 
has the value 5/6. 

As in (5) and (6), substitution of Equations [2] into the stress 
differential equations of equilibrium for shallow cylindrical 
shells (in the absence of body forces), and subsequent uncoupling* 
of the resulting displacement equations of equilibrium yields 
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and xk = °/, as noted earlier. 
For future purposes, Equations [3d] and [3e] are rewritten in 
terms of V, and V, as follows 


5 These relations are also contained in reference (7). Inclusion in 
the stress-strain relations of the effects of the transverse normal com- 
ponent of stress *¢, would require terms involving ¢ and ¢? in the ex- 
pression for W in Equations [1]. See (7) for details. 

* In a manner similar to that carried out in (6) and (8). 
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It may be noted that Equations [3b] and [3c] do not yield inde- 
pendent homogeneous solutions, and that the homogeneous solu- 
tions of Equations [3d] and [3], or [3f] and [3g] can be made to 
satisfy the same second-order partial differential equation. 

Upon neglecting the effects of transverse-shear deformation the 


last two of Equation [2] yield 


Ow 
s, = -—, 
Oz 


and the remaining Relations [2] then reduce to the stress-strain 
relations given by Donnell, while Equation [3a] reduces to the 
corresponding eighth-order differential equation of the Donnell 
theory. Equations [3f] and (3g) reduce to the familiar expres- 
sions of classical theory, obtained directly from the moment equa- 
tions of equilibrium. Equations [3b] and [3c] are already identi- 
cal with the corresponding Donnell equations since the expres- 
sions involving membrane stresses and the extensional displace- 
ments u(z, s) and »(z, s) have the same form as those given in (2), 
and the effect of transverse-shear deformation appears in the 
flexural terms only. 

The boundary conditions appropriate to the system of Equa- 
tions [2] and [3], as given in (7), are as follows 


= N, or u, prescribed 
= N,, or u, prescribed 
= M, or 8, prescribed 
= M,, or 8, prescribed 
= V, or w prescribed 
where the bar denotes a prescribed edge resultant and the sub- 


scripts n and ¢ refer to the normal and tangential directions along 
an edge curve, respectively. 
CYLINDRICAL 


ror Simpty SvupporTep 


SHELLs 


GENERAL SOLUTION 


For simply supported cylindrical shells, the boundary condi- 
tions at the ends, by Equations [4], are 


N, =v = M, = 8, = w = 0, z=+ 


If the displacements are assumed to have the form 


W(z, s, £) = w(z, 8s) = Ae” cos né 
U,(z, 8, £) = u(z, 8) + {8 (2,8) = (B+ fB,)e*sin ne }. 


U,(z, 8, £) = o(z, 8) + £82, 8) = (C+£C,)e” cos nt 


where 
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and 
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are identically satisfied. Introduction of 


[3a] yields 


then Conditions [5 


the change of variables from [7] into 


= O*w 
~~ a z 2 - => 
Vu l bY 1 Se 0 
. 


h\? / 
; / 12x, 
r / 


[8 | leads to the following 


where v? : 24 97/37, - 
and substitution from Equations [6] into 
eighth-order characteristic equation 


Gt — b'"G + nt = 0 {9} 


where G = \? — 9°. The parameter 7 is treated as known since 
it is fixed by the order of the harmonic m and the shell geometry 
which determines r/L. For the range of the parameters b* and 7 
encountered in the present problem, the roots of Equation [9] 
may be written in the form 
Gig = (n/V/ 2 P; F iPs) = Mia " 

[10] 
Gi, = (9/V 2 —-P, ¥ iPy) = XA. — 
The occurrence of P, in both roots of Equations [10] is a conse- 
quence of the requirement that the sum of the roots is zero, since 
a cubic term is not present in Equation [9]. The corresponding 
values of A which satisfy Equation [9] have the form 


1 + if, As iB, 
if, 3, 
iBs, Xe 1B: 
iB:, As 2 — Ds 


where only the roots having negative real parts will be retained 
since the roots which have positive real parts imply indefinitely 
increasing radial displacement with increase in s, in the range 0 
<s<2mra. It may be noted that the displacements assumed in 
Equations [6] represent the first term of an infinite series in the 
s-direction. An interesting geometrical interpretation for the 
displacements is offered in (1), where it is further remarked that 
most often only the first term of this series is necessary for a satis- 
factory approximation to the displacements. 

Following introduction of the change of variables given in [7 
and the displacement Equations [6] into [3b] and [3c], the coeffi- 
cients B and C are obtained in terms of A for each of the four roots 
A; (é = 1, 2, 3, 4) retained from Equations [11]. The displace- 
ments u, v, and w are accordingly given by 


P 
cos Be 


V2 
P; | 
nt a Be | + 


Aye" ™" 


Joa + ve + 224 
[4a we V2} 


= P 
+ de-| - * cos Bye — < 
V2 


P 
+ st sin ae | + Ag~™ [ 


> 


Pes 
> cos Bie 4+ > Sin Be 
V2 


= ¢ 008 Bae — 


Ve 


v= — | Aiea [V; cos Bie — V; sin 8,9) 


+ Aye~™*[V, cos 8.9 +V; sin Be!) 
+ A,~ =" [Vs cos 629 — V, sin Be} 


- 


+ Ag~™*(V, cos Bio + Vz sin a1 | — cos n& | 
an 


where 


-y 


—a,P; P, 
4 2 + at 
V2 * [« ee al 5 | 
8,P; 


V [a % 
= a _ py - -— — , 
3 i} \ n /2 V2 
a P, 
= a | 1 + v)y + A 


[a i= 
= —a;| (1 + v) —i- 
: : m V2 


w= | 4 —me (B. cos 8,0 + B, sin 8,0) 


Vy; = 


P 
VY, = Cal's 
V2 


/2 


and 


+ Ae~@*[|—B, cos 8,0 + B, sin Bw) 


+ A, e~™* [B, cos Be + B, sin Bo} 


B; sin all cos n= 


+ Age~ = [—B, cos Bae + 


“ here 
2 


B, = P,P R :_ Pp, =~ 
2 


B, = P,P,, 


The roots a,, 8; are related to the 


2’ 2a:D: 


The homogeneous solutions of Equations [3f] and [3g] are ob- 
tained by introducing a stress function x such that 
Ox » ox —_— 
+ Va e-— 17 


ds ” Oz 


[7] and [17] into the homogeneous 


Substitution of Equations 
equations of [3f] and [3g] leads to the single second-order partia 
differential equation 


r \?2 
ty - 10(2)'x=0...., (18) 
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whose solution leads to the homogeneous solutions of Equations 


[3f] and [3g]. 
The particular solutions of V, and V, are obtained following 


substitution of Equations [7] and [6] into [3f] and [3g]. Em- 
ploying a procedure similar to that employed in the foregoing 
to obtain B and C in terms of A, the particular solutions are 
found to be 


Vip = {Ae ™* [N; cos Big + N, sin Big) 
+ Ay~™? [—N, cos 8g + Ns sin §,¢)} 
+ Aye~™* [N, cos Bae + N:2 sin 8) 
+ Age? [—N; cos Bg + N, sin Bg)} Kn sin nt | 
Vip = — {Ae [R, cos Big + R, sin Big) 
+ Ae~™* [—R, cos Be + R; sin Bg) 
+ Arze~@* [R, cos Bag + R:z sin B.¢) 
+ Age~@* |—R; cos Bap + R, sin 8}}K cos nt 


where 


R, = —B,Ny — Ni, R; = —a,N; + BN; 


R, = —BN, aa aN2, Ry = —aN, + BN: 


and 

1 
2P, P+ =) 
—— + —————— 
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P: ES -P; 


1 
Pe [P,* aa P+’ ~- c(P? a Pip | 
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1 
-s2, 





{p| spe — P;?? 
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c? 


d 1 
— + ‘| + — [Pt — Pit —d’ + e'(Pe + Pale 
c 





P; , ; 
Pit + Pe 
( OP, ERs acid 
1-— + —— 
c c? 
a’ \ 


2P. 
— — (P,* + Py) -— -c'> 
ce c { 


— — -. —_— Ps 


i oP 24 P\ 
(14 EPA 
c c? 


aP, 
c 


‘ —(P;? + P,*) 


d’ | 
(P+ Pay + eel } 
c? f j 

As in (1), the coefficients A, are first evaluated for the problem 
of a sinusoidally-varying load along the generator s = 0. The 
solution for the problem of a uniform line load over a segment 
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of the generator s = 0 is then obtained by using the principle of 
superposition. The latter solution is in the form of an infinite 
series whose terms are derived from the harmonics of the sinu- 
soidally-varying load solution, in accordance with the well-known 
technique for representing a function by its Fourier series. 


Suup.y Suprortrep CyuinpricaL Saetts Unper SINUsOIDALLY 
Varyine Line Loap 


The sinusoidally-varying load is treated as an edge load, 
equally distributed between the edges s = 0* and s = 0-. 
Boundary conditions from Equations [4) are written for s = 0 
such that continuity of the shell is maintained. Thus 


ag Nis -™ 8, = M,, = 0, Ve = ¥ COs né, s = 0.. (23) 


where 2V = 27 cos né is the applied load per unit length along 
the generator, acting radially inward. 
The solution of Equation [18] is obtained by assuming 


x = P(¢) sin ng 24) 


Discarding those solutions which imply indefinitely increasing 


shear resultants with increase in s, the solution for x is given by 
Fe~ de «: ft 
x = Fe sin 7é, 


From Equations [17] 


Vig 


From the Boundary Conditions [23 


Ve=Viet+ Vig = Pe 


1 Ow 5 -+d 
r Oo 5 Gh 


(1 — v) o( = h? (2 
rt BEL dy 10r \ a 


On adding and subtracting 


M.. - 


h? OV, 
10r O€ 
to Equation [27c], employing [27b] and observing that 


ove, 23 dV 
og og 
by Equations [19], [20], [21], and [22], it can be shown that F =0 
and only particular solutions for V, and V, are required in this 
problem. 

The four boundary conditions from Equations [23] not involv- 
ing M,, lead to solutions of the four 4; in a manner completely 
analogous to that given in (1). On substitution of Equations 
[12] and [13] into the first two of [23] and forming the sum and 
difference of the resulting equations, then combining the latter 
results with Equation [276], 4; and A; can be eliminated, yielding 


o - @P; + BP, 


i, = = 
5 amP, — &P; 


[28] 


where 
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By combining the « 
13] in a slightly different 


and Ay 


manner and using Equation [28], A, 


are obtained in terms ol i, as follows 
Ag a: 

B,*(a;" 

S3,B,*P, 
a, P, 


ja,B,*P a, PB," B,*)t 


3.P { 


3,B,"P 


aaP, 


B.P4(B,* + B,*){ 
BPs { 
[23], 


A, is final ) ined explici from the last of Equations 


using [28] anc 1 is given by 


BP.) ? 
+ B*) ¥ 


] aaP, 
K a,* 
where 


y = VP 


E (*)’ n 
12(1 y)\ rj] 24/2 


The circumferential and axial stress couples M, and M, are ob- 


12}, [13], and [14 


ising Equations 


tained following substitution of Equations 
into the appropriate equations from 


2) and 
19} and [20] in the last 2 


of Equations for 6, and §,, giving 


M, : Lye S, cos { + S; 


sin Di 


cos Big + S, sin Sie 


cos Deg + S, sin Boy 


S, sin Buy 


— xX cos hg — X; sin Bie + Ag 


+ A,ye~™* [X, cos Bap + X, sin By) + 


quations from Equations [23], [12], and 


P, 
B,* + 
9 


and the ippropriate expressions for wu and } . have bee 


given in Equations [14] and [19], respectively 


This completes the solution for the sinusoidally-varying load 


problem by means of the shallow cylindrical-shell equations 


given in (5), where the effect of transverse-shear deformation has 


been retained The corresponding results from the Donnell 
I £ 


equations have been given in (1), and may be obtained from the 
results given here by putting the parameter b equal to zero. The 
roots a; and 5. become the roots of Equations 9| with 6 = 0 
the P; all become equal to unity, the B; and B,* reduce to unit) 


are obtained from Equations [28], [30 


i 


or zero, the A; , and [31 
following substitution of the new values noted, and Equations 
(141, [19], [32 


in (1 


, and [33] accordingly reduce to the results given 


Simpcy Svurroxtep Cytinpricat SHeitits Unper Unirorm Lint 


LoapD 


The 


first represented by its Fourier series 


iniform line load over a segment of the generator s 
It is assumed that 


2V 


where / is the length over which the line load is distributed, P is 
the resultant force of the load applied to the shell, and 2V is the 
radial force per unit length, directed radially inward, acting or 


the shell. Then, by the usual method, it is found that 


nBI 


= sin 
"mal 2L 
P., will be used in place of P in the sinusoidally-varying load solu- 


tions, taking m = 1, 3, 5, . . ., and the solution for the uniform 
line load given by Equations [34] is then obtained by summing as 
many of the weighted harmonics as are necessary for the desired 
accuracy of the results. 

a shell with a/L = '/, 


'/+5 and a range of values of a/h, including that for which 


As an example, consider the case of 
/L= 
the Donnell equations yield results which are in good agreement 
with a more complete classical theory.‘ Denoting the system of 
equations of (5), as employed in this paper, as system I and the 
Donnell equations as system II, the variation of w:/win with a/h 


—a¢g [—X; cos Be TT X, s1n Bg 


. : —— ) Dr 
Ag~@* |—X, cos Bap +X; sin Bo } ? 


» 
cos nt 
= ne 
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VARIATION OF Ratio oF wi/wit Versus a/h at z = s = 0 
ror a/L = 1/4,1/L = 1/20 


Fic. 2 


Summary or Resvutts at z = 1/2, s = 0 ror Fixep 
Vatves or (a/L) anv (1/L 
(a/L) = '/, (L/L) = '/2 


TaBLe | 


a/sh Maun/Ma 
5 1.022 
10 1.010 
30 1.002 


Vieu/Ver wr/wi 
1.009 1.136 
1.003 1.058 
1.000 1.009 


is shown in Fig. 2, for z = 0, s = 0; i.e., at the mid-section of the 
shell and directly under the line load. 
V.u/V.1 at z = 1/2, s = 0 are given in Table 1 for several values 
of a/h. The corresponding ratios were not computed for the 
membrane stresses V_, N,, and N,, = N,, since there is no essen- 
tial difference in these stresses as given by the two systems. 

M, and V, were not computed at z = 0,s = 0. The compli- 
cated intermingling of parameters in each of the terms of the 
series for M,: makes a general proof of the convergence of 
the series untractable. For the numerical example given here, the 
convergence of the series for M,: follows from the comparison 
test, since the series for M,1: converges’ and it was found that 
term by term M,; < Marr. 

Between 13 and 19 terms have been included in the various 
series to obtain results accurate to three digits, in all cases 


w/w, Min/Ma, and 


CONCLUSION 
From the numerical example, it is found that the results pre- 
dicted in (1) by the Donnell equations for the bending couple M, 


7 See paragraph 11 of reference (1). 
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and the transverse-shear resultant V, are in agreement with those 
obtained in the present analysis, which includes the effect of 
transverse-shear deformation. These results are especially in- 
teresting inasmuch as there is a significant difference between the 
expressions for V.1 and V.1: from a theoretical standpoint. The 
former is obtained from the solution of a second-order differential 
Equation, (3f], which plays a key role in determining the proper 
number of boundary conditions in the problem, whereas V1 is 
computed directly from a moment equation of equilibrium and 
plays a minor role throughout. On account of the boundary con- 
ditions employed in the line-load problem, the homogeneous solu- 
tion of V1 vanishes and the numerical difference between V1 and 
V 11 is accordingly found to be negligible here. 

On the other hand, the error in the radial displacement w, as 
predicted by the Donnell equations undergoes a marked increase 
as a/h decreases from 30 to 5, in the case considered. This dif- 
ference is evidently due to the neglect of the effect of transverse- 
shear deformation in the Donnell equations. 

Although the parameter directly controlling the influence of 
transverse-shear deformation is 6*, in the various expressions of 
the foregoing analysis it appears in the form 8 = 6*n/+/2. Since 
7 = mmrr/L and (r/L)is determined by h/a and a/L from Equa- 
tions [7], the terms due to transverse-shear-deformation effects 
become more important with increase in a/L or in the order of 
the harmonic, m. It is this complicated intermingling of parame- 
ters which makes a study of the convergence of the series for 
M,; and M, untractable, and which makes the possibility of a 
solution in the form w: = wr: + correction due to shear deforma- 
tion very unlikely. 

From the foregoing results, it is evident that the stresses may 
be computed by means of the Donnell equations with good ac- 
ver, depending 


curacy for a wide range of shell geometry. Hows 


on the shell geometry and the ratio of [/L, the neglect of the 


; 


effect of transverse-shear deformation may lead to a significant 


error for the radial displacement 
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Behavior of Cylinders With 
Initial Shell Deflection 


By M. E. LUNCHICK!' anv R. D. SHORT, JR.,2 WASHINGTON, D. C. 


Evidence is presented which indicates that, for stiffened 
cylinders fabricated by welding, initial deflections exist for 
the shell between frames. The initial deflections of the 
shell of a stiffened cylinder were measured and found to be 
approximated closely by a second-degree curve. Using 
the mathematical expression for the initial deflection 
curve, a theoretical analysis was made for a cylinder sub- 
jected to external hydrostatic pressure, resulting in ex- 
pressions for the additional deflections and stresses caused 
by the initial deflection of the shell. Since the initial de- 
flections of the shell for internally and externally framed 
cylinders were found to be of opposite sign, the theory is 
offered as a possible explanation of the observed differences 
in behavior between internally and externally framed 
cylinders. 


INTRODUCTION 


HE THEORETICAL analysis of closed stiffened cylinders 

subjected to external hydrostatic pressure has been treated 

by a number of investigators. Considerable progress has 
been achieved in that more refinements have been made to the 
theory. Continuous refinement is necessary and desirable in 
order to increase the accuracy with which stresses and collapse 
pressures can be predicted, thus resulting in more satisfactory de- 
signs of stiffened cylinders. 

Von Sanden and Gunther (1)* obtained the basic solution for 
the deflections and stresses for a stiffened cylinder which was per- 
fectly circular, had a shell of uniform diameter, and consisted of 
a material that deformed elastically at all times. Von Sanden 
and Gunther neglected, however, to account for the moments de- 
veloped in the longitudinal direction due to the pressure on the 
ends of a closed cylinder. Salerno and Pulos (2) in their solution, 
however, accounted for the longitudinal moments due to the 
pressure on the ends of a closed cylinder. Bodner and Berks (3), 
Galletly and Bart (4), and Donnell (5) obtained expressions for 
the stresses developed in the shell of a stiffened cylinder resulting 
from out-of-roundness in the shell. 

Another source of imperfection is the initial deflection of the 
shell between frames. Previously, measurements of this type of 
imperfection had been made at the Taylor Model Basin for ex- 
ternally framed cylinders. It was found that the shell between 
frames was initially convex toward the exterior of the cylinder, but 
no analysis had been made of the influence of these initial deflec- 
tions on structural! behavior 


' Head, Structural Evaluation Section, David Taylor Model Basin 
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the paper 
Presented at the Applied Mechanics Division Summer Conference, 


Berkeley, Calif.. June 13-15, of Tue American Socrery 
or Mecuanicat ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 2, 1957. Paper No. 57—APM-35. 


1957, 


Wu, Goodman, and Newmark (6) analyzed the problem of a 
cylindrical shell with a dent varying in depth along the longi- 
tudinal direction. They derived the governing displacement 
equations of equilibrium. However, they did not examine the 
type of imperfection which is axisymmetric in form, nor did they 
consider the influence of stiffening rings on the elastic behavior of 
the cylinder 

In the present paper the initial deflection of the shell is re- 
ported for an internally framed cylinder. It was found that, for 
this case, the shell was initially convex toward the interior of 
the cylinder. These initiai deflections, when magnified, cause the 
cylinder to resemble an accordion; hence this type of imperfec- 
tion will be referred to hereafter as initial accordion deflection 

It is conjectured that the initial accordion deflection is due 
mainly to the contraction of the welds between frame and she! 
These contractions of the weld induce moments at the frames 
which bend the shell toward the frame. This results in 
curvature of the shell for external framing and concave curvature 
for internal framing, considering the curvature from the exterior 
of the cylinder 

An analytical solution will be derived for the additional de- 
flections and stresses resulting from initial accordion deflectior 
when the cylinder is subjected to external hydrostatic pressure 


convex 


The resulting theoretical analysis is applicable to both interna! 
and external framing. The theory will then be used to explain 
some of the differences in behavior between internally framed and 
externally framed cylinders. 


MeasvuReMenNtT or Inrr1at Accorpron DeFr_LecTion 


Initial longitudinal contours of an internally framed cylinder 
were measured at the David Taylor Model Basin. These measure- 
ments were taken along two generators of the cylinder 90 deg 
apart. The method of measurement was developed to provide 
not only the maximum deviation of the shell from that of a perfect 
cylinder but also the contours of the shell between frames 

The arrangement devised for measuring these contours is shown 
in Fig. 1. The cylinder was placed with its axis horizontal. A 
rod with an Ames dial gage (accurate to 0.001 in.) attached at one 
end was clamped to another horizontal rod graduated in inches 
This graduated rod was placed in the radial plane containing a 
line scribed on the surface of the shell along one generator. As 
can be seen in Fig. 1, the graduated rod was supported on vertical 
stands. The Ames dial gage was moved horizontally along the 
line scribed on the cylinder, and deflection readings were taken 
at the frames and at five intermediate points. By this procedure 
measurements could be repeated to within 0.001 in. Plots of 
measured initial accordion deflections are shown in Fig. 2 

In Fig. 2 plots of the following equation also are shown 


4 z* 
L (2 ts =) 4 


where w, is the initial deflection at any point, z is the co-ordinate 
measured along a generator from an origin located at a frame, L is 
the frame spacing, and A is the maximum initial deflection of the 
shell. The terms just defined are indicated in Fig. 3. In plotting 
Equation [1] the maximum initial deflection A was set equal to 


w= 


ooY9 
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the observed value at mid-bay, considered positive toward the 
axis of the cylinder. From Fig. 2 it can be seen that the measured 
deflection contours and the curves represented by Equation [1] 
are in fair agreement. 


DERIVATION OF DIFFERENTIAL EquaTION oF EQUILIBRIUM OF A 
StirFENED CYLINDER Wits IniT1aL AccorpION DEFLECTION 


The moment M, resulting from the pressure on the ends of a 
closed cylinder of radius R is 


M, = — Nw; +t Ww) 


where w, is given by Equation [1], and V, = —pR/2 (the axial 
load per inch of circumference), and w denotes the additional 
radial displacements from the initial deflection surface, taken 
positive when inward. The deflections w are caused by the ap- 
plied pressure p which is considered positive when applied ex- 
ternally. If it is assumed that the initial accordion deflection 
contour does not change about the circumference of the cylinder, 


the moment M, is obtained by combining Equations [1] and [2], 


thus 
4 2 
M, = -N, (2 - z)44 ' 
L L 


The differential shear resulting from the moment M, can be ob- 
tained by taking the second derivative of Equation [3], thus 


a°*M _ f du 8A 
= -N, ). 4) 
dz? dz? L? 
The differential equation of equilibrium for a cylinder of per- 
fectly uniform diameter 22 is as follows (7 


d‘*w z : _ dt 
D = Pp rae re: ° E N, " 
dz* t? dz? 
where E is Young’s modulus, yu is Poisson's ratio, ¢ is the shell 
thickness, and 
Et? 
121 — yp? 


D= 


The last term on the right side of Equation [5 
shear resulting from the moment caused by pressure on the ends 
of the cylinder. When Equation [4] is substituted for the last 
term of Equation [5], the differential equation of equilibrium 
governing the deformation of a cylinder with an initial accordion 
deflection, expressed by Equation [1], is obtained as follows 


is the differential 


d‘w : w 
D =p un, - R 


d*w 8A 
n+, 
dz‘ R 4 ) 


dz? 4 L 
Equation [6] also can be written 
d*w d*w pR? ( m ) 
+ 4a‘p? = + 4a*i wo — 1- 
dz‘ a E Et 2 


- Fa] 


= (0 
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If a change in variable is made in Equation [7] as follows 


pR* ( m 
Z=—{1- 
Et . 2 


a simplified expression is obtained 


d‘Z 


dz* 


a 
+ 4a8? oF + sad = 0 ea 


SoLuTiIon or DirrerentTiaAL Equation oF EQUILIBRIUM FOR A 
Stirrengep Cy.tinper Wits Inrriat Accorpion DEFrLectTion 


Equation [11] is a linear differential equation and its solution 
can be shown to be of the form 


Z = C, sinh Ky sing Ket + C; sinh Ky cos Ayr 


+ C, cosh Kyz sin Ker + C, cosh Kz cos Kez {12} 


where 


a(l — a*§*)* 


[13] 
and 


Ky = a(1 + a8)" [14] 
For the geometries generally used in practice, values of the 
parameters K, and K; are rea] and positive 

As a result of symmetry and continuity, the following boundary 
conditions are assumed to exist (see Fig. 3) 


At 
{15} 


z=U0. w= w& 


116) 


w= Ws 


aw 


z= L, 


where w» is the deflection occurring at a frame. When the four 
boundary conditions of Equations [15] to [18] are substituted 
into Equation [12] and ite first derivative, four equations are ob- 
tained which, when solved simultaneously, yield expressions for 
the four coefficients of Equation [12] as follows 


[ K; sin KsL — K, sinh = | 


= > Z; . 19 
| Ks sinh ALL + K, sin KL : 


| K; (cos Kyl. — cosh Kyl.) 120) 
~ LKe sinh K\L + K, sin KL |** 


K,(cosh K,L — cos K,L) ] 
- on Basen J Ze 


% | 8 Kal. 
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When Equations [19] to [22] are substituted into Equation [12], 
the variable Z can be expressed in terms of its value Z, at a frame 
as 

f(z) 


—= Z 


Z 
G 


fae es 


S(z) = Ke sinh Kiz cos KA L — z) 
+ K, cosh K,z sin KL — z) 
+ K, sin Kgz cosh K,(L — z) 
+ Ky cos Ker sinh KL — z). [25] 
and 
G = Ky, sinh K,L + K, sin K,L..... 26) 
The value of the parameter Z at the frame denoted as Z, can 
be cbtained by considering the equilibrium of radial forces at the 
frame, which is assumed to deform as a thin ring. Referring to 
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Fie. 4 Forces at a Frame 


Fig. 4, the summation of radial forces at a frame is as follows 
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where the derivatives of the deflections are evaluated at the frame 
as indicated. In terms of the variable Z, Equation [27] can be 
expressed as 
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Substituting Equation [24] and ite third derivative evaluated at 


z = 0 into Equation [28] and solving for Z, yields 


~ 4) 
‘ 4A F 
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; (A + bt)G + 2K,Kecosh K,L — cos K,L 
When Equations [10] and [29] are substituted into Equation 
[24], the general expression for the deflection of a stiffened 
cylinder with the assumed form of initial accordion deflection 
results 
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Then 
w= w, + Wy.......... 


The deflection w, is the deflection for a stiffened cylinder of 
uniform diameter. It is the solution for the same boundary condi- 
tions of the identical differential equation of equilibrium solved 
previously by Salerno and Pulos (2). The expression for the de- 
flection w, given by Equation [32] is in a different form than that 
presented by Salerno and Pulos and is considered to be simpler to 
evaluate. The deflection wa represents the additional deflection 
due to an initial accordion deflection. 


ADDITIONAL Stresses AND Strains Due To InitT1aL AccorDION 
DEFLECTION 

The engineer and designer are generally more concerned with 
stresses than deflections. Once the deflections are known, it is a 
relatively simple matter to determine stresses and strains in terms 
of deflection and its derivatives. 

The expression for the circumferential membrane strain ¢,,, is 
well known as (7) 


Ew pR 


Tne = thE: [35] 


t i 


Introducing Equation [34] into Equation [35], the total mem- 
brane stress in the circumferential direction is 


Ew, + pR + Ew, (36 ] 

Cn = . : ——., [: 
mo R 7 21 R 
The first two terms on the right side of Equation [36] represent 
that portion of the stress for a cylinder of perfectly uniform 
diameter. On the other hand, the last term is that portion of the 
total stress attributed to initial accordion deflection. Thus the 
additional membrane stress ¢,,34 in the circumferential direction 
due to initial accordion deflection can be expressed as 
Ewa, 
C44" 
oa R 


where the additional deflection w, is given by Equation [33]. 
The total bending stress o,, in the longitudinal direction on the 
surface of the cylinder is given by 
+. ae 
C; = ~~ WwW... 
_ 2(1 — wu?) 
or since 
w= wv, WA--e.s- 
rm Et . Et 
ié, 
21 — py) * 
The component 9;,4, attributable to initial accordion deflection, 
of the total bending stress in the longitudinal direction is as 
follows 


+ idbg....... [39] 
1 =~. 9 t j 
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0; a+ = yh, 
= ————— 
ao A1— yp?) > 
where id, is the second derivative of Equation [33] which is found 
to be 
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(41) 


The bending stress o,5 in the circumferential direction due to 
initial accordion deflection is then simply 


Fgh = MOS 


+4 ae 
O.6i4 = - ws 
og 2 (1 — p*) 
The circumferential stress ¢,, on the surface of the cylinder 
attributable to initial accordion deflection is the sum of the addi- 
tional membrane and additional bending stresses. Thus, adding 
Equations [37] and [42] 
Ew, ree Et 43) 
Ts = a 
os R 20-2 "As i 
where the terms w, and ii, can be expressed by Equations (33) 
and [41], respectively. 

The stress ¢,4 in the longitudinal direction on the surface of 
the cylinder due to initial accordion deflection is simply the ad- 
ditional bending stress given by Equation [40], as the membrane 
stress in this direction is not altered by any initial accordion de- 
flection. Thus 

Et 


+ t : 44) 
a1 — pw? es (24) 


g,4 = 

The choice of signs in Equations [42] and [43] is dependent 

upon the location of the point at which the stress is determined. 

Keeping in mind that all radially inward deflections are con- 

sidered positive, for cylinders subjected to external pressure the 

additional stresses due to initial accordion deflection on the exterior 
surface of the cylinders are 

Ewa, yu Et 


eee oe eee [45] 


Et 
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4 


and on the interior surface are 


” Ews u Et 
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u A‘ 
Et al 

O24; = , 4 . u 
2(1 — p?) 24 

If the stresses in Equations [45] to [48] are expressed in terms 
of strain using Hooke’s law for biaxial state of strain, the strain 
€¢4 in the circumferential direction and the strain €,4 in the longi- 
tudinal direction, both attributable to initial accordion deflection, 
can be obtained as follows 

Wa 
€g4 = R ° 

and for a point on the exterior surface of the cylinder 


- Wa 
- w — Son 
7 *s 


Sis = — 
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and for a point on the interior surface 


ag wa 
Esa 2 wi B R 
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Discussion 


In order to examine the influences of initial accordion deflection 
on structural behavior, calculations were conducted for a hypo- 
thetical cylinder. The geometry selected was as follows 


L/2R = 0.1 
t/2R = 0.005 

A/lA = 05 
b/L = 0.05 


Pressure-strain curves were computed for this geometry and are 
presented in Figs. 5,6, and 7. The strains in the circumferential 
direction and the strains in the longitudinal direction were in- 
vestigated at a mid-bay point. These strains were computed by 
the linear theory of von Sanden and Gunther and the nonlinear 
theory for no accordion deflection and several ratios of initial 
accordion deflection to shell thickness. Figs. 5 to 7 were deter- 
mined only for positive values of A or for internal framing. 

It can be seen from Fig. 5 that for internal framing an initial 
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accordion deflection increases the deflection (or circumferential! 
strain) at mid-bay. On the other hand, a theoretical analysis 
would indicate that the deflection at a frame would be decreased 
owing to initial accordion deflection. The discrepancy between 
strains for a perfectly uniform cylinder and one with initia! 
accordion deflection becomes much more pronounced for strains 
in the longitudinal direction. This is indicated in Figs. 6 and 7; 
in Fig. 7 it should be noticed that the initial accordion deflection 
can even cause the internal longitudinal strain to change sign from 
compression to tension. 

Of course, the additiunal strains resu!ting from initial accordion 
deflection increase as the magnitude of the initial deflection in- 
creases. Measurements on stiffened cylinders at the Taylor 
Model Basin have indicated that the ratio A/t generally varies 
between 0.1 and 0.2. The values of 4/t shown in Figs. 5 to7 are, 
therefore, realistic. It is evident from examining Figs. 5 to 7 
that, when stiffened cylinders are designed to withstand higher 
pressures, the linear theory of von Sanden and Gunther becomes 
eventually inadequate. Recourse must then be had to a non- 
linear theory, taking into account initial accordion deflection 

Figs. 5 to 7 show the variation of elastic strain with pressure 
for an internally framed cylinder. For an externally framed cylin- 
der the additional strains due to initial accordion deflection are of 
opposite sense to those for an internally framed cylinder. This is 
true, as for an externally framed cylinder the initial accordion de- 
flection is convex toward the exterior of the cylinder. On the 
other hand, the initial deflection is concave for the case of an in- 
ternally framed cylinder. The differences in sign of the additional 
stresses between internally and externally framed cylinders sug- 
gest the possibility of differences in strength between internally 
framed and externally framed cylinders. 

Calculations were made to ascertain whether the difference in 
strength between internal and external framing was significant. 
In particular, the strength of cylinders against axisymmetric 
yielding was examined. It was reasoned that the initial accordion 
deflection being axisymmetric would have the greatest influence 
on that mode of failure involving excessive axisymmetric deforma- 
tions. On the other hand, a circumferential imperfection such as 
shell out-of-roundness would be expected to play a predominant 
role in failure by shell buckling during which numerous lobes form 
around the circumference of the cylinder. In actuality, welded 
stiffened cylinders have both types of imperfections, out-of- 
roundness superimposed on an initial accordion deflection. How- 
ever, as the pressure for failure (of perfect cylinders) by axisym- 
metric yielding becomes smaller in relation to that by shell 
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buckling, the initial accordion deflection would exert an increas- 
ingly greater influence on the collapse pressure. This being the 
case, the collapse pressures to be discussed are less than the shell- 
buckling pressures in order for the conclusions drawn to be valid. 

In examining the strength of stiffened cylinders against axi- 
symmetric yielding, the pressure at which yielding would occur at 
an exterior point at mid-bay was determined for the geometry 
previously selected under the assumption that the cylinder is 
initially stress-free. This particular point was chosen since 
failure by axisymmetric yielding is usually associated with a criti- 
cal stress condition there. The criterion of yielding was taken as 
the octahedral shear stress or Hencky-von Mises criterion ss 
follows 

g,* = 0,2 + a4 — o,0% 


where o, denotes the compressive yield strength of the material. 
The pressures p, at which yielding would be initiated were de- 
termined for different values of yield strength. Actually, the 
calculations were made for various ratios of yield strength to 
modulus of elasticity, ¢,/Z. In addition, the pressures p, were 
determined for a range of values of the ratio of initial accordion 
deflection to shell thickness, 4/t, and for positive values of A/t 
associated with internally framed cylinders and also negative 
values of A/t for externally framed cylinders. 

2, 
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Results of these calculations are shown in Fig. 8, which is a 
nondimensional plot of p,/E versus A/t for two values of the 
ratio ¢,/E. In effect, the pressure for initiating yielding is 
plotted against initial accordion deflection for yield strengths of 
60,000 and 75,000 psi in the case of steel. The pressures p, are 
plotted in Fig. 8 for both internal and external framing. Fig. 8 
vividly illustrates the large divergence in pressures to initiate 
yielding between the two types of framing as the initial accordion 
deflection increases. At A/t = 0.1 and o,/E = 0.0025, the dif- 
ference in p, for the two types of framing is 18 per cent; for a 
value of A/t = 0.2, it is 40 per cent. 

The question arose as to whether the influence of initial ac- 
cordion deflection was significant for cylinders of low yield 
strength. Accordingly, the ratio of p,s, the pressure to initiate 
yielding for a cylinder with a ratio A/t = 0.1 to the value p,,, the 
pressure at yielding for a cylinder with no initial accordion de- 
flection, was computed for various values of ¢,/Z. Again this 
was done for both internally framed and externally framed 
cylinders. The results are shown in Fig 9, which indicates that 
the influence of initial accordion deflection on the onset of yielding 
can be almost as severe for low yield strength as for the higher 
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yield strengths. Fig. 9 does indicate, however, that as the yield 
strength increases the influence of initial accordion deflections be- 
comes gradually more severe. 


Summary anp CONCLUSIONS 


A theoretical aualysis of a cylinder with initial accordion de- 
flection indicates that the theory of von Sanden and Gunther may 
be inadequate for certain geometries and for sizable initia! ac- 
cordion deflections. The influence of initial accordion deflection 
is greater on the longitudinal strains than on the circumferential 
strains. Sizable initial deflections result in additional strains that 
cannot be neglected. If failure is associated with yielding of the 
shell at mid-bay, an internally framed cylinder may be appreciably 
weaker than an externally framed cylinder when the cylinders are 
fabricated by welding. Lastly, it was found that the influence of 
initial accordion deflection on failure by axisymmetric yielding 
cannot be neglected for low-yield-strength materials. 


ACKNOWLEDGMENTS 


The authors wish to express their appreciation for the critical 
review of this paper given by Dr. E. H. Kennard, Chief Scientist, 
Structural Mechanics Laboratory, David Taylor Model Basin. 
In addition, the authors are indebted to Mr. M. A. Krenzke, who 
assisted in making measurements of initial accordion deflection 


BIBLIOGRAPHY 


1 “The Strength of Cylindrical Shells Stiffened by Frames and 
Bulkheads, Under Uniform External Pressure on All Sides,”’ by K. von 
Sanden and K. Gunther, Taylor Model Basin Translation 38, March, 
1952. 

2 “Stress Distribution in a Circular Cylindrical Shell Under Hy- 
drostatic Pressure Supported by Equally Spaced Circular Ring 
Frames,”’ by V. L. Salerno and J. G. Pulos, Polytechnic Institute of 
Brooklyn Aeronautical Laboratory Report No. 171-A, June, 1951. 

3 “The Effect of Imperfections on the Stresses in a Circular Cylin- 
drical Shell Under Hydrostatic Pressure,"’ by 8. R. Bodner and W. 
Berks, Polytechnic Institute of Brooklyn Aeronautical Laboratory 
Report No. 210, December, 1952. 

4 “The Effects of Boundary Conditions and Initial Out-Of- 
Roundness on the Strength of Thin-Walled Cylinders Subject to Ex- 
ternal Hydrostatic Pressure,” by G. D. Galletly and R. Bart, Jour- 
NAL OF AprPLiep Mecuanics, Trans. ASME, vol. 78, 1956, pp. 351- 
358. 

5 “Effect of Imperfections on Buckling of Thin Cylinders Under 
External Pressure,”’ by L. H. Donnell, Journnat or Aprtiep Me- 
cHanics, Trans. ASME, vol. 78, 1956, pp. 569-575. 

6 “Effect of Small Initia) Irregularities on the Stresses in Cylindri- 
cal Shells,” by T. S. Wu, L. E. Goodman, and N. M. Newmark, 
University of Illinois Structural Research Series No. 50, April, 1953. 

7 “Theory of Elasticity Stability,”” by S. Timoshenko, McGraw- 
Hill Book Company, Inc., New York and London, first edition, 1936, 
pp. 424-425. 





Stress Concentrations in a Strip Under 
Tension and Containing Two Pairs of 
Semicircular Notches Placed 
on the Edges Symmetrically 


By A. ATSUMI, SENDAI,’ JAPAN 


Distributions of stresses in an infinite strip of finite 
breadth under tension and containing two pairs of equal 
semicircular notches placed symmetrically on the edges 
are studied theoretically. The state of decreasing of 
stress concentration is studied and compared with those 
corrected by M. Isida or newly determined by the author 
in their calculations as the reliable results of Ling’s prob- 
lem of an infinite strip of finite breadth under tension and 
containing two semicircular notches placed symmetri- 
cally on the edges. 


INTRODUCTION 


HE distributions of stresses in a semi-infinite plate under 

tension applied parallel to its straight boundary and con- 

taining a semicircular notch were given theoretically by 
F. G. Maunsell (1)* in 1936. In 1947, the problem of an infinite 
strip of finite breadth under tension and containing two semi- 
circular notches placed symmetrically on the opposite edges was 
solved by Chih-Bing Ling (2), but the results given by him have 
been shown to be unreliable Reliable values of stress concentra- 
tion for this problem have been determined theoretically by 
M. Isida (3) and the author (4) and experimentally by R. E. 
Peterson (5) and M. M. Frocht (6). In 1952 and 1953 solutions 
were given by Chih-Bing Ling (7) and M. Isida (8) for the strip 
with a pair of semi-circular notches under pure bending and by 
O. Tamate (9) for an infinite strip under uniform tension and 
pure bending containing a semicircular notch. 

Although it appears important for us to know how the values 
of stress concentration in a strip decrease as the notches increase 
in number, there appears to have been no theoretical investigation 
which gives much information about the problem; some experi- 
mental investigations (10) have been made, however. In this 
paper the distributions of stresses for the problem mentioned are 
determined theoretically; the reduction of the stress concentra- 
tion is studied and the results obtained are compared with those 
corrected by M. Isida or newly determined by the author as the 
reliable results of Ling’s problem. 
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sity. 

? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif., June 13-15, 1957, of Tue American Society or 
MECHANICAL ENGINEERS 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958 for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, January 14, 1957. Paper No. 57—APM-41. 


Meruop or ANALYSIS 

We consider the strip to be unnotched and calculate the radial 
and tangential stresses along the circumference of each notch 
resulting from the applied tensile force. We then apply to the 
edge of each notch stresses equal to the negative of the stresses 
resulting from the tension. Thus we wish to find a complete set 
of stress functions, such that the stresses at infinity and along the 
straight edges vanish while the radial and tangential stresses at 
the edge of each notch may be set equal to the negative of the ra- 
dial and tangential stresses resulting from the tension. A method 
for constructing these stress functions was first suggested by R. C. 
Knight (11), and used since by many investigators of the problems 
of strips with notches or holes. Following this method we first 
obtain the individual stress functions for an unnotched strip with 
concentrated longitudinal and transverse forces applied at pointe 
corresponding to the center of each notch. For the present prob- 
lem this would correspond to eight stress functions—four for 
longitudinal forces at each notch and four for transverse forces 
ateach notch. We next arrange these stress functions so that they 
are symmetrical about one axis and symmetrical and antisym- 
metrical about the other axis. For the present problem these 
correspond to the loading conditions shown in Fig. 1. 

We take as our final stress functions the functions obtained by 
differentiating x, and x3 an odd number of times and x: and x, an 
even number of times; thus 
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Since this stress function is symmetrical about the x and y-axis, 
it is sufficient that the stress conditions on the edge of any of the 
notches be satisfied. If a new system of co-ordinates r, @ is taken 
at the center of one of the semicircular notches and the stress 
function referred to that system and expanded in a Fourier series 
with respect to the angle 0, we must have 

1 


2 T(1 — cos 26)... [2a] 


1 sin 20 

t= — rod =— 3 tmn2 

atr = afor 7/2 < 6 < 3/2, where T is the uinform tensile stress 
at infinity. Equating coefficients of cos n@ and sin n@ on the left 
side of Equations [2a] and [2b] to the corresponding coefficients 
on the right side then gives us an infinite set of equations for the 
undetermined coefficients a,, b,, c,, and d,, which yields the solu- 
tion of the problem. Stresses in the notched strip are then given 
by 
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FUNDAMENTAL Stress Functions 


Let the strip of isotropic and elastic material be bounded in the 
z, y-plane by the lines y = +b, and grooved by two pairs of semi- 
circular notches of equal radius a(<b), with the centers at the 
points O,(h/2, b), Ox —h/2, —b), O« —h/2, b), OLA/2, —b). 

The present problem is to determine the distributions of stresses 
in the notched strip, shown in Fig. 2, under a uniform tension 7 
applied parallel to the straight edges in its plane. Here, under the 
usual conditions of generalized plane stress, we will find a solution 
of the biharmonic equation Y‘x = 0 satisfying the boundary 
conditions of two straight edges and four rims of semi-circular 
notches of the strip being free from stresses and the stresses at 
infinity being equal to the uniform tension 7’. 

We start with the fundamental stress functions x:, X2, Xs, and 
X shown in Fig. 1. These are given in the following by using the 
stress functions found by Howland (12) 
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= z/b, 7 = y/b, B =h/b, 8 = sinh u, = cosh u 


g 
S = sinh un, C = cosh un, 2 = sinh 2u + 2u 


As the stress system in the present problem should be sym- 
metrical about the y-axis, we have to find the even functions in x, 
which may be obtained by differentiating x, and xs; an odd 
number of times and x: and x, an even number of times with re- 
spect to —&. The functions representing an unbalanced force at 
the center of each notch also must be excluded and the functions 
having no residual stresses at infinity must be obtained. These 





are defined as follows 
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To express these functions in terms of the polar co-ordinate, re- 
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The second part can be obtained by straightforward algebra. 


The following expansions will be used 
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Hence, by omitting the trivial terms which produce no effect 
on the stresses, we obtain the following expression of U2, 
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The coefficients in Equation [19] are to be related by the equa- 
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In a similar manner, detailed expressions of the other functions 
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lL, = (—)* cos (n + 1)6/2(n + 1)y*** 
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SOLUTION OF THE PROBLEM 
Now, the required stress function may be constructed in the 
form 


x= ® + > (a2,U 2 + be V2 +o +1 U ett 
s=0 
+ dee: Veer)T. . . [28] 


where d2,, ba, Cosi, and ds; are parametric coefficients to be 
determined from the boundary conditions at the rim of the 
notches, that is, at p = A(a/b) and w/2 < @ < 3/2, the stresses 
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Xo is the function which, in the absence of the notches, repre- 
sents a uniform tension 7 along the strip. Its expression in the 
polar co-ordinates is 


1 . 
Xo = 4 b*T p* (1 + cos 2@)...... [30] 


It is readily seen that the stress function thus constructed gives 
a uniform longitudinal tension 7 at infinity of the strip and no 
stresses along the straight edges. 

To satisfy the boundary conditions at the rim of the notches 
the stresses o, and 7,6 of Equation [28] are first obtained with 
the aid of Equations [19] to [26] and expanded at p = A into 
Fourier series between 6 = 2/2 and @ = 3x/2 as required by the 
rim. It develops that the resulting expansions contain terms of 
cosines and sines of even multiple of @ only. The terms of odd 
multiples of @ are expanded into the following series 
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For brevity, the equations thus given are not shown here. 
Then they are equated to zero and two sets of equations are con- 
structed so that the coefficient of each term may vanish identi- 
cally. The boundary conditions at the rim are thus satisfied. 
These sets of equations may be replaced as follows 
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A similar method of successive approximation as shown in 
Ling’s paper (2) is taken to determine the unknown constants in 
the equations. Solving each set of the first fifteen equations given 
by [32a}-[32c], [33a}-[33c] after setting S, = 0, 7, = 0, we de- 
termine the first approximate values of d+; and C+: Sub- 
stituting the values in the remaining equations with 8S, = T, = 0, 
we determine those for a, and b:,. Their second approximate 
values are determined similarly but taking the values of S,, 7, as 
those calculated using the first approximate one instead of as 
zero. The same process is repeated until the required degree of 
convergence is given. 

It may be noted that the method is valid in so far as the subse- 
Tho igh it 
But 
it may be seen later in the numerical examples that this method 


quent approximate values obtained are convergent. 
is necessary to prove the convergency, we do not give it. 


gives results to any required degree of approximation. 


Numerical EXaMPLes 

The numerical calculations have been carried out for the cases 
X = 0.25 and 0.10 with 8 = 1.0. The values of cy along the 
periphery of the notch and that across the minimum cross section 
of the strip and the values of ¢, on the straight edge have been 
given for two cases. 

First, an evaluation of the integrals in Equation [27a] is to be 
discussed, while the integrals ],, J, have been calculated by 
Howland (13), and J,’, J,’ have been discussed by the author 
(14). The evaluations of the remaining integrals follow closely 
that of 1, ~ J,’. Using these values of the integrals the co- 
efficients in U2,, Vs,, Usexs, Versi were calculated and then the un- 
known constants @2,, be,, Co+1, and ds,+; were determined. Finally, 
using Equation [28], the values of the stresses required were 
calculated with negligibly small errors. 

In Tables 1 to 5 and Figs. 4 and 5, these results are shown and 
are compared with that given by M. Isida and the author for 
Ling’s problem mentioned in a previous section. 


Discussion OF REsvuLts 


From a consideration of the results given in this paper the fol- 
lowing conclusions seem to be justified: 


1 The maximum stress is found at @ < 180 deg at the edge of 
each notch. For each case of 8 = 1.0, = 0.1, andA = 0.25 it is 
found at @ = 180 deg and @ = 175 deg and its value is 2.987 and 
2.867, respectively. The latter is about 1 per cent greater than 
the value of the stress produced at 9 = 180 deg on the periphery. 

Although no experimental work has been done corresponding 
to this case, the closest comparison possible is to the values of the 
photoelastic test for the case of neighboring two notches given by 
A. J. Durelli, R. L. Lake, and E. Phillips for 1/(2A) = 2 and 5(10). 
It may be said that a very satisfactory agreement is shown, con- 
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sidering, in the case cited, the ratio between the width of plate 
and the radius of the notch is 18:1. 

2 The values of stress-concentration factor for the case 
treated in this paper are smaller than the values for the case of 
two semicircular notches of the same geometry treated by Chih- 
Bing Ling. This rate of decrease becomes larger as \ increases 
and becomes conspicuous along the periphery near the other 
notch on the same straight edge. This is shown in Figs. 4 and 5 
in which the results, given by M. Isida or the author for the prob- 
lem treated by Ling, are adopted for comparison, since the results 
given by M. M. Frocht (6) seem to be slightly too small. 

3 The stress on the straight edge between two notches is ten- 
sion if the notches are distant. As they come close together, this 
tension rapidly decreases and once tends to change into compres- 
sion of a very small amount. 

The stress outside the notches is almost the same one given by 
the author for Ling’s problem. This means that the effects of the 
other notches are not shown outside the notches. 

4 The stress across the minimum section of the strip has an 
asymptotic value which is larger than that given by the author 
for Ling’s problem. 
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TaBLe 1A VALUES OF Gis, bas, C2041, das41 FOR A = 0.25, 8 = 1.0 
a2,/b? be,/b? Cosi /b? dooys/b* 
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TaBLeE 1B VALUES OF Gas, bas, C2o41, doy FOR A = 0.10, 8 = 1.0 
Q2,/b? be./b* Cory /b? drys) b? 
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IN 
9.2 0.3 0.4 
A —_—- = 
Fic. 5 Stress Concentration Facror [K = cémaz(1 — d)/T] 
(I, Factor re-examined by M. Isida for Ling’s problem. II, Factors given 
for present problem. III, Factor of 7g at crown of the notch.) 
Taste 5 Va.ves or ¢,/7T ALONG THE Straicat Ence Berween 
Norcues ror § = 1.0 
0.15 0.20 0.25 0.30 


0.08 0.34 0.52 0.63 
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A/p =«é0.. 10 
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The Sector Problem 


By G. HORVAY' anv K. L. HANSON,? SCHENECTADY, N. Y. 


On the basis of the variational method, approximate 
solutions 


fAr)h,O), filr)g.@), FOHAr), FOG Ar) 


of the biharmonic equation are established for the circular 
sector with the following properties: The stress functions 
f,h, create shear tractions on the radia] boundaries; the 
stress functions f,g, create normal tractions on the radial 
boundaries; the stress functions F,H, create both shear 
and normal tractions on the circular boundary, and the 
stress functions F,G, create normal tractions on the circu- 
lar boundary. The enumerated tractions are the only 
tractions which these function sets create on the various 
boundaries of the sector. The factors f,(r) constitute a 
complete set of orthonormal polynomials in r into which 
(more exactly, into the derivatives of which) self-equi- 
librating normal or shear tractions applied to the radial 
boundaries of the sector may be expanded; the factors 
F,(0) constitute a complete set of orthonormal poly- 
nomials in @ into which shear tractions applied to the cir- 
cular boundary of the sector may be expanded; and the 
functions F,/’ + F, constitute a complete set of non- 
orthogonal pelynomials into which normal tractions ap- 
plied to the circular boundary of the sector may be ex- 
panded. Function tables, to facilitate the use of the stress 
functions, are also presented. 


INTRODUCTION 


ANY ANALYSES of circular sectors are confined to in- 
vestigation of the stress conditions in the neighborhood 
of the corner where the two radial boundaries meet. 

J. H. A. Brahtz (1)* wrote a fundamental paper on the subject 25 
years ago; and then the problem lay dormant until rather re- 
cently. The renewed interest in the subject may be ascribed 
partly to the recurrent need for a practical solution of this im- 
portant class of problems, partly to the improved mathematical 
techniques that have since become available. Mellin transform 
methods (2, 3), biharmonic eigenfunction-expansion methods 
(4, 5), conformal-mapping methods (6), and combinations of 
these and modified techniques (7) are the favored approaches 
in these investigations. Because of the laboriousness of these 
rigorous approaches, the problem along the circular arc is usually 

1 Research Associate, Metallurgy and Ceramics Research Depart- 
ment, General Electric Research Laboratory. Mem. ASME. 

? Advanced Engineering Program, General Electric Company, on a 
4-month assignment in the Metallurgy and Ceramics Research 
Department, General Electric Research Laboratory. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the Applied Mechanics Division Summer Conference, 
Berkeley, Calif.. June 13-15, 1957, of THe American Society 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 Wesi 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 10, 1957. Paper No. 57—APM-30. 


not resolved, or is handled only in approximation (8).** It 
seemed highly desirable te develop an approximate method which 
takes all boundary conditions rigorously into account and utilizes 
the conventional techniques of Fourier analysis. The success of 
the variational method for the rectangle problem (11, 12, 13), 
utilizing orthogonal boundary polynomials, suggested an ex- 
tension of the method to the sector problem.‘ 

Using the radius of the sector as a distance unit, Fig. 1, and 
assuming that loads are applied only at the boundaries @ = +w 
and r = 1 of the sector, and that these loads maintain force and 
moment equilibrium (i.e. we deal with a static problem), the 
problem of the elastic loading of the sector is reduced to deter- 
mination of the stress function ® from the equation 


Fic. 1 Crreviar Secror 


3? l 
‘@ = 0, = a 
Vv (v= ph- 


subject to the boundary conditions, the stresses 
orb om od 3 


—— + -, _ ... [2a] 
r206? ror J dr rdé sin 


obey prescribed conditions at r = 1, the stresses 
oh o oa 
——, = = — 

or? or 1d6 


= 


obey prescribed conditions at @ = +w. 

We may assume that all boundary data are decomposed into 
even and odd constituents in 9, so the effects of only even or odd 
loads in 6 need to be considered. We shall use the bar above a 
quantity to denote boundary values at r = 1, the circumflex 
above a quantity to denote boundary values at @ = +w, and the 
inverted circumflex above a quantity to denote boundary values 
at 90 = —w 

6(¢) = o(1, 8) 
G(r) = o(r, +w) 
a(r) = o(r, —w) 


Because of the evenness or oddness of the boundary tractions, the 
data ¢, 7 also specify a, r. 


* See also references in item (7) of the Bibliography. 

‘For the special case of the semicircle the use of bipolar co- 
ordinates permits rigorous solution of the problem along the arc 
(9, 10). 

* Indeed, the simpler problem for the circular sector, V4 = 0, was 
solved in this manner several years ago, in (14). A variational ap- 
proach for the triangle stress problem was used recently by I. K. 
Silverman (15), but the paper stopped short of trying to satisfy all 
boundary conditions. For a complete bibliography on the method of 
orthogonal boundary polynomials, see (17). 
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We proceed to the method of self-equilibrating functions by 
splitting off from the stress function ® the component 


, 6 . «6 
®, = ag* + r*/* | (a; + byr*) cos — + (cp + dr*) sin 4 
2 2 


rh xO 
+ r*/* | (a, + bsr*) cos + (¢2 + der*) sin — 
Ww w® 


with the nine coefficients ao, . . ., d: so determined that each 
boundary r = 1, 6 = +w, 6 = —wis under the remaining stresses, 


by itself in force and moment equilibrium 


= 


cos 0)d@ = 


\(t,— &,) sin 8 


f- (3, — 31) cos 6 
= | 


~~ (7 — 7) sin 6)d0 = 0 | 
Ge — Gm)dr 
1 
- f (te — 
0 


oe — Omn)dr 


I - w 
= f (oe — o#)rdr = 0 
0 } 


@, is a rigorous solution of V‘® = 0, and its associated stresses 
Solution for the nine coefficients of 
is elementary, and we shall 


are labeled ¢,:, Om, 71. 
Equation [3] from Equations [4] 
assume that it has been carried out.’ 
The problem is then reduced to determination of a stress func- 
tion ®, which matches the remaining self-equilibrating tractions 
along the radii @ = +w and gives zero ¢, and r at r = 1, and 
determination of another stress function ®, which matches the 
remaining self-equilibrating tractions along the arc r = 1 and gives 
The expressions of ®,, ®, will be ob- 


=wW. 


zero gg and fT on @ = 
tained in the form of series 


, = >) filr)iAsrlO) + Brg(O))......... [5a] 


(5b) 


@, = >> PA0)(CHAr) + DiGAr)). 


where f,(r), F:(@) are complete sets of orthogonal polynomials in 
terms of whose derivatives the boundary tractions along the radii 
and the circular arc, respectively, may be expanded; the products 
SArh{O), . . .. F(0)GA{r) are approximate (variational) eigen- 
solutions of the biharmonic equation.* 


SOLUTION OF THE RapIAL PROBLEM 


The requirement that the products f,(r)h,(@) [or fi(r)g,.(@)] 
give, on using Formulas [2], zero shear and zero normal stresses 
atr = 1, finite stresses at r = 0, implies 


fA1) = f_'(1) = f,(0) = f,"(0) = 0........... [6] 


This leads to the requirement that the self-equilibrating poly- 
nomials f,(r) contain r*(1 — r)* as a factor. Using fir) = 


7 Expression [3] holds for 20 < x. For 2w > x the terms r*/2e 

(a, cos r@/2w + a sin +@/2w) must be replaced by 
r—*/2@ (By? cos r0/2e + Dyr* sin r6/2w) 

The cases 2w = +r, 2w = 2 are exceptional and must be treated by 
special methods 

* This method of approach was first proposed in (16). 

* The term ‘‘self-equilibrating”’ is used to point out that the average 
of f,’(r), average and moment of f;’’(r) vanish over the range 01. 
These are immediate consequences of the Boundary Conditions [6]. 


30'/*r(1 — r)? as the initial function, and orthonormalizing in 
accordance with 
, 1 Llke=l 
4.) = fy Mn hrddr = 
, Ok #1 
one is led to the recurrence relations (k > 2) 


SAr) = my lrfen + afin + fea), (Sf, =) | 
el 


a, = -{ fear *dr * 
0 


1 
h = - ff, Seafeor*dr 
0 
1 


ny? = f, Irhia + afin 


and hence to the complete orthonormal set of polynomials 


+ by fe-a)*r ~*dr 


SAr) = Nixfr 
xX: = rl — r)* 


Xs = xi7r — 2 


Xs = Xai 12r? — 8r + 1 


Xs = x2165r*? — 180r? + 54r — 4) 


Xe = xe(143r* — 220r? + 110r? — 20r + 1) 


NZ = 24, N¢ = 630 


The r~* factor in the integrand of Equation [7] follows from 
the requirement that 4’’? appear in Equation [13] with the co- 
efficient, unity. The completeness of the Set [9] with respect to 
the Boundary Conditions [6] follows from the completeness of 
the powers r*(n = 0, 1, 2, . . .)in the interval 0 to 1, with respect 
to inhomogeneous boundary conditions (Weierstrass’ theorem) as 
follows: From the Weierstrass set we must extract a subset which 
obeys the four homogeneous Conditions [6]; the lowest such 
polynomial, f2(r), is of 4th degree.*° Since the orthogonalization 
process insures linear independence, and since all powers r* are 
utilized, one is assured of the completeness of the set of poly 
nomials f,(r) with respect to Conditions [6] 

The functions f,(r)(k = 2, .. 
different from Equation [9], in Table 1(a), the integrals 


| 1 a. 
3 r-1f,"tdr, f, rf,’"*dr, ja r—¥f.dr 


are listed in Tables 1(b, c). The functions f,(r), r~*f,(r), r 
Sx’"(r) are tabulated in Table 2. 

The functions h,(@), 9,(@) satisfy the boundary conditions (¢ 
= even function in 8, 0 = odd function in @)" 


., 6) are listed, in a form somewhat 


f,"(r), 


h,'(+w) = +1, Af(tw) =0 for r(—w) = —r(w), 


od —w) = 
h,(+w) = 0 for T(w), 
od —w) = ow) = 0 


h,(+w) = 1, r(—w) = 


* The subscript k of f/i(r) agrees with the degree of the (,’’(r 
polynomial. 

1! We omit subscript k of f, g, h in Equations [10]—[14], of a + is 
in Equations [15}-[17], and of A, L, M, P, Qin [17], for the sake of 
simpler notation. 





(a) Self-Equilibrating Polynemials, f(r) = ¥, }\(r). (b) Sealer Products 
7 BA gine fr idine 


VS5eb = 5.772256 2 2.3 

2 V6 = 8989795 29/5 27.3031/5 
V5-607 © 1404913767 207 27.375" 
2V6 = b.8989795 27. 305393/Se7 
3 V2-5e7 = 25.0996008 h 27630230k3 


(c) Expansion Coefficients, fre? f(r) ar 


nel n°*2 n*3 a*7 o-68 


1.8257L19 0.456355 0.18257h2 0.0912871 0,05216h1 0.0217350 0.015245 
-0.40821,83 0.3265986 0.249490 01632993 0.1108103 0.0563771 020420619 
029660918 0,2h15229 022070197 0.172516h 0,1380131 0.109260k 0.0867810 0.0695293 
-0.4082h83 0.1866278 0.169131h 021516351 0.1341387 0.116642i 0,1003831 0.0860271 
0.7171372 0.149036 0.1394k33 0.1294831 0.1195229 021095626 0.099602h 


Tasie 2* NumeErRIcat VALvEs For fi(r), r~*fi(r), r~'fe'(r), AND fe"(r) 
f(r) £,(r) tle) t,(r) #*es(e) Fess) eee) 


0 r) ° 6 10. 9SELS + -19.59592 26,98275 
0.0°2104132 0.0°4703008 «0,0 5628436 0.0°692917 10. 30595 “16 .88663 20.9419 
0,01235799 0,02059859 0.911534 9.366056 11. 16488 
60636553 0.03756245 ~0.0°9325208 7.887205 0.043379 
0,08903915 0.01649029 04064833093 6.517898 5.703082 
0.102170 00451751 0.1153808 $.258137 =7.60507S 
0.1925587 -0.1273656 0.1426278 4.107919 4.792833 
0. 2U1SaS6 0.205023 0.096 30047 3.0672b6 1 
0.283807 0. 2475063 0. 0191 Tl 2.139618 1.007875 
0. 3154882 -0.2337169 0.105960 1.32k536 ? 2.344993 
043355143 0.150906 ’ 2. 5024908 5.252h00 
0. 3423266 0 7.245688 
0.33552h3 .4929503 } 8.092709 
0. 3154682 0. 8763561 7.697819 
©,.2834807 -1.190217 6.121882 
0.241556 <1. 31453 3.582268 
1.36906 0.u526555 
-1. US <2. 795972 
0. 31kS7k2 -1.190217 Sol 5.297323 
061706325 -0.8763562 4.387799 
0.05139613 04929503 . 5.007TK9S 
0.07 9uabi3s -0.2103255 . <2. 918775 
° ° - 


reir) 3(r) mr) 


5.477226 10. 95b5 26. 98275 
5.260327 9.666208 13.54% 
b. 943.96 7.83233 -3.01058% 
b.k36553 16,28832 
3.957295 0.73290Lb “16.6328 
3.50SU24s 1.112938 9.02619 
32080939 2.037850 2.264278 
0.30 2.683840 2.272248 13.85376 
2.314126 2.020440 ° 23.07389 
nko 1.971801 1.460731 2.05531 
Oks 1.656861 0.752191 27. Tih 
0.50 1.369306 0 21. 73707 
1.109138 0.679359 ~w.6un 
0.60 0.8763561 1.205683 0.60 b.l05379 
0.65 0.6709601 0.65 =21.26972 
0.4929503 1.27863h 0.70 37.1589 6, 980556 
0.75 043823266 0. 9952052 0.75 1.369306 -b8.4555h Ste. TTBS 
0.80 042190890 0. 7058530 1.66273k 0.80 0.432780 -90.77778 96.2677 
0.85 0.1232376 004353968 1.452890 1.702268 0685 2.57h296 1-38. 94920 “126.0583 
0.90 0.05477226 0.2106561 045200965 0.939702 1.39102 0.90 5.039088 -7.013826 377. 66989 
0.95 0.01369306 0.0569S06s 0.153263 0.3223528 005725265 0.95 26.7169 Sl. 16682 $7. 80022 
0.98 0072190890 0409523616 0202715664 0.061K3320 0, 11922k05 0.98 9.666208 103.0172 207.0284 
1,00 0 0 ° ° ° 1,00 10. 95ah5 48. 98979 Lah. 9136 32. 7286 


* The f; columns may be regarded as reliable to 6 decimals; the f,” col to 4 decimals; the others to 5 decimals. 
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od—w) = ow), | 
tT(—w) = r(w) = 0 


g{+w)= 1, g,“(+w) = 0 for 


..{11) 
g{+w) = +1, g,/(+w) = 0 for 


gk —w) = —o¢w), T(—-w) = rw) = 0) 


Writing the stress function ®, as a product fj), (or f,g,), the ex- 
pressions for A, (or g,) are determined by minimizing the strain- 
energy expression'* 


1 w ad | 
U = at dé [o,2 + og + 2r? 


+ 2x(r? — o,0%9))rdr... 


.. [12] 


Noting Equations [2], [6], [7], and placing » = 0 in Expression 


[12], there results 
2E6U = 6 i d6 f [r-f*h’"? + (2r-2f"? — 4r-4f*)h”* 
+ (f'? + 9-9" )h dr = 5 f*. A’? — (4 — 2 (rf) a? 
+ (rf’? + r-f) h*}d0 = 0 [13] 
Hence, h,(@) (or g,(9)) obeys the differential equation 
A + (4 —2(r-9f") hk" + Of'2® + fh = 0... [14] 


from which we obtain the solutions, even and odd in 6, appropriate 
to Conditions [10], [11] 


h,, = Ly, cosh af cos 86 + M,, sinh af sin 80 } 


“ 


hie = Py sinh a6 cos 86 + Q,, cosh af sin 80 


L,, cosh a8 cos 86 + M,, sinh a@ sin 88 | 


Su = 


gee = P,, sinh af cos 86 + Q,, cosh af sin 80 | 


A,, = 8 sinh 2aw + a sin 286 


A. = 8 sinh 2aw 


= —2sinh awsin Sw, A,M, = 2 cosh aw cos Bw 


—2 cosh aw sin Sw, AQ, = 2 sinh aw cos Bw | 
| 
| 


AL 
AP, 


AL —aP, T BQ,), 4M, = 4{-—8P, = aQ,) 


A(—al,+8M,), 4,0, = A(—8L,-— aM,) 


and 


a, + iB, = root of 
m* + (4 — 2 (r-¥f,"))m* + (rf,'2 + r-¥,) = 0... [18] 


which has positive real and imaginary parts (a, — #8, and 
—a, + i8,, —a, — if, are also roots). The first five roots are 
plotted in Fig. 2, and are tabulated in Table 3. The coefficients 
Lia, - - -» Qe 8Fe tabulated in Table 4. 

The functions f,j,, f,g, resolve the problem of the sector which 
is free of loads along arc r = 1 and which has only self-equilibrating 
tractions fT — 71, ¢¢ — és applied on the boundaries @ = +w. 


12 The stress function is, as well known, independent of » for simply 
connected plane figures. The value of » in Equation [12] may there- 
fore be chosen arbitrarily. » = 0 is the simplest choice. 
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Fic. 2 Roors ag + if or Eicenvatve Eqvation [18] ror Case 
Waere Sevcr-Equitisrzatinae Tractions Ant PrescaiBep ALONG 
@ = +w, Zeno Tractions ALonGr = | 


Tue Roors (a: + 18:) or Cuaracteristic EquaTIon 


18] 


TaBie 3 


ae Be 

1.367782 1.367782 
2.849019 2.077718 
4.595238 3.019307 
6.604660 4.173912 
8. 864806 5.530352 


Qo qn a 


For we may expand the integrals of the tractions into the poly- 
nomials 


- - “ 
-r f [7(r) — rilr)]dr = alr) = Asfet+ Asfa +... 


f ar f, [¢ep) — Gn(p)\dp 
= G(r) = Befa+ Bafa t+... | 
A, = (r-Yidx,), By = (7-4 idx) 


and then Series [5a] is the approximate stress function for the 
radial problem. According to whether the given loadings 
T(r, +w), oe(r, +w) are even or odd, we insert above the even or 
odd expressions of the functions /,, 9, as given in Equations [15] 

One may rightfully inquire whether the same h,(@) are obtained 
when the entire series 2A,/,(r)h,(@) is placed into the Dirichlet 
Integral [12] as when the terms f,(r)h,(@) are placed there in- 
dividually, The answer is: Certainly not, unless the in- 
tegrals of the cross products f,(r)f/(r), f,'(r)fi'(r), f(r yh'"(r) 
which would arise in [13], were the complete series inserted into 
[12], turned out to be negligibly small. The selection of the 
Ir), ff) functions as precisely orthogonal eliminates the inte- 
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n/2 
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6 
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~0.1305895 
0.1224,252 
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~0.06767384, 
003464499 


~0.2521768 
01638091 
—0.05927368 
~0.01235022 
~0.07 8488641 


0.328204 

0.101762, 

~0,01250731 
0,0°3645273 
0.0°3193515 


~0.3171996 

~0.04023707 
0.0°1088771 
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0.0°1587585 
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~0.0106095%, 
0.071201,0% 
0.0°722952h 

~0,0° 2896748 
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0.0°1334,581 

040° 48514064 
-0.0°4,035513 
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~0.0°5986349 
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~0,073381158 
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~0.01283512 
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~0.0°1234467 


0.04705512 
~0.0274,5972 
0.075383, 
~0.0°1590852 
0.0°2963459 


~0.04667338 

~0.02166679 

~0.0°1255063 
0.0%5920105 
040° 2i4k44980 


~0.08967079 
~0.01087959 
0.0°14,72578 


0.0°14,0307 


~0.0°239870%, 
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4455372 
~0.7183346 
0.218056 
008486269 
~0.03585519 


1.236067 
0.228109 
~0,06018519 
~0.01230178 


le 


0.9972655 
0.9718661 
0,8627836 
06223860 
0.3367819 


0.957599 
0.694,9069 
0.2750329 
004534391 


~0.0°8487830 ~0.01117776 


-0.6199447 
~0.1033178 
~0.01246991 


08107132 
02836804, 
0,01863199 


0.0°3645595 -0,01347722 
0.0°3193533 ~0.0°3513727 ~0.0°6717896 


~0.3785000 

~0.03991551 
0. 
06074476219 


0.0°1587585 


042461902 
~0.010594,01 
0.0°1201,71 
0.07229523 
~0.0°289671,8 
0.113481 
0.0°1335157 
0.0°4851,068 


~0.0°035513 
~0,0°2180229 


0.546769 

0.05741645 
—~0,01675702 
~0.07362038%, 

0.0°2315183 


042854435 
0.01487 5is 
~0.0°9310077 
~0.0°2303855 
0.0°3920100 


0.0742945% 
~0.0264401,08 
~0.072186099 

0.0°8677032 

0.0°60618:,5 
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0.04,264,4,73 
—0.171,6568 
—0.091,58070 

0.06923300 

0.15737617 


01649580 
0.131947 
0.1846531 
0,.1092287 
0203467748 


03242526 
042340234 
0,09706296 
0.01599455 


0.4258530 

0.163299 

0.021,41303 
~0.0°8176273 
~0.0°3505069 


0.418992 
008396897 
0.0°2139615 

~0.0°6927569 

0.0°5654489 


0.3321270 
0.02821725 
~0.0°1533261 

~~. 
0,0°3332172 


Pag 


1837803 
3.762541 
1.465837 
0. 7098075 
0.3362865 


2.961570 
0.8358785 
02702672 
0.0L4,81,385 
-0.01117949 


1.130215 
0.27%46066 
0.01.8,0823 

—0.0234,78L8 

0.0°3513737 


045340105 
005579220 

~0.01675937 

~0.07362039%, 
0.0°2315183 


0.2500510 
0.092972 
~0.0°9310443 
~0.0° 2303854 

0.0°3920100 


0.06210746 
~0.0264,1350 
~0.0°2186096 

0.0°8677031 

0.0°60618%,5 


See 


4.19115 
2 39543 
04358779 
0.04216216 
0.1552253 


~0.9036318 
0.08754935 
0.181582, 
0.1085966 
003467212 


0.21134,03 
0.2278210 
009666229 
0.02599659 
~0.0°6717876 


0.3897264, 
0.161445 
002442671, 

~0.0°8176247 

~0.0° 3505069 


0.3853735 
0.08379058 
0.0°213963, 

~0.0°6927567 

~0.0° 5654489 


043141765 
0.02823086 
~0.072533259 
~0.0°782834,8 


0.0°3332172 


* The last digit shown in the entries is unreliabe. 


grals of the cross products f,(r)f,(r). But it is found, in addition, 
that the orthogonality of f,(r), f;(r) insures a near orthogonality 
for the f,’(r), f,'(r) and f,’"(r), f;'"(r) functions, and so renders the 
integrals of these cross products negligible in first approxima- 
tion. This tremendously simplifies the variational method as it 
permits one to dispense with the variational determination of the 
series 2A, f,(r)h,(6) for problem after problem, and replace it by 
the individual determination of the functions h,(@), once and for 
all. The power of the method of orthogonal boundary poly- 
nomials derives from this simplification. 


SoLuTion oF Proptem ALonG Arc 
Our starting point now is the definition of the orthonormal 
polynomials 
F0) = w~ /*4(0/w) =~"? f(y) 
where 
f(y) = (3/16)5-7)'(1 — y*)? 
f(y) = (3/16)(5-7 - 11)'/(1 — 4*)*y 
f(y) = —(3/32\7 - 13)'/*1 — y*)%1 — 11y*) 
} 


are the well-known “‘self-equilibrating polynomials’’ for the inter- 


val —1 < y < 1 (reference 11),'* which give zero shear, zero nor- 
mal stress 


0; FA+w) 


f.(+1) = §,/(+1) = 


at the two end points, and are orthonormalized according to 


Llk=l 


F 1 
ih) = f_ Why = 5 
,k # 


ljk=l | 


(FF) = f°, FAOR (a8 = | 
-° 0,k <1 


By placing"* 

o, = r*HF" +r“ H'P | 
H''P 
7 = (r-*H — r“H’)F’ 


os = [24] 


/ 


13 In (11) the functions i(y) were denoted by fe(y). We now use 
bold-face print to distinguish the arc function i (@/w) from the radial 
function f,(r). 

4*To simplify notation, we omit the subscripts k in Equations 
[24]-[26], [29]. 
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into the strain-energy integral, Expression [12], and setting the 


variation equal to zero we obtain 


2E8U = sf, rdr £; \a"F 


+r-HH (2FF" — 4F") 


+ rH’ 2F"? + F) 
+ r-4H4 PF’? + 2F)\d0 
+ 2(F"))r*H” 


= l. (H’? + (1 


+ 4F"*) r-*H*|rdr = 0 25] 
On noting Equations [22] and [23], there results the differential 
equation 

rH" —rH 

2— 40-%") H = 0 


rH + 2rtH 
which is solved by 


= artim 


Hir 


(fi. > && > 0 
Here 
28 | 
denote the complex roots, with positive real and imaginary parts, 
£,4, & denote the positive real roots of 
i, ft + 4a-%(F,"2 , 
+ (o-4,!" — 40~%,) = 0 29) 


f+ — 4o9+ (4 -! 


Real and imaginary parts of the first three roots are plotted in 
If & + in, is a complex root, 
£,, are real roots (this 
The 


Figs. 3(a, 6) versus w in full line. 
then so are &, — 1n,, 2 — &, = im, if &.. 
may happen only for w > 70°) then so are 2 — &,,2 — fy 
roots are tabulated, up to k = 9, in Table 5." 

For treating the problem of the ring sector, 0 <r; © r < 1 
(r, = inside radius, 1 = outside radius), all four roots enter the 
analysis (boundary conditions are prescribed on both inner and 
outer arcs), but for the full sector 0 < r < 1, with which we are 
concerned, only the two roots with the largest positive real parts 
are needed. It will be noted that for w > w/2 there may be only 
one root with & > 2. This indicates that, disregarding very 
special tractions where the modes of {2 (or the modes of both ¢; 
and ¢{;) are missing from the load, infinite stresses are bound to 
occur in the corner, r = 0, when w > 90° (or whenw > 135°). The 
fact that self-equilibrating boundary tractions may funnel their 
effect into another portion of the structure and create there an in- 
However, this conclusion 

Fig. 3(a) shows the very 


finite stress, is rather unexpected. 
agrees with the resulis of Williams (5). 
close agreement of £ derived from our approximate equation, 
Equation [29], and the value derived from Williams’ rigorous 
equation (our [ — 1 is Williams’ A)" 


% The scalar products (f;’?) and (f;’ 
reference (11). 

* All four roots were computed independently with an IBM 650 
digital computer which utilizes eight digits. The results were 
rounded to seven digits in the Table, and where all values of & (or 
m; or fa and 2 — fie, Ss and 2 — &) were not identical the mean 
value is shown with the averaged digits indicated by lowered print. 

1 Authors are indebted to the Referee for the remark—in addition 
to his many other helpful suggestions—that reference (19) (not availa- 
ble to the authors) contains rigorous values of & + ins also for higher 
k; the agreement of rigorous and variational & is very good for the 
available k; the agreement of rigorous and variational ™ is very good 
for k = 2, and less good for higher k. 


"2) are tabulated in Table 3 of 



























































2/3 29/3 


b) 
Fie. 3 Roots & + tm or Ercenvatve Equation [29] ror Case 
Wuere Seir-Equraistitine Tracrions Are Prescripep ALONG 
r = 1, 2tro Tractions ALonG @ = +a 


For comparison, the real part of lowest root of Williams’ exact Equation [30] 
as copied from Fig. 1 of his paper, is also shown, in dashes 


+(f — 1) sin 2w 


i 


sin [2a(f — 1)] = 


The similarity of the present Figs. 3(a, 6), and Figs. 3(a, b 
(17) also may be pointed out. 
Solution [27] may be written (for the full sector) in the case 
of complex roots, as a linear combination of functions 
. » | 
Air) = 9,7 r** sin (7, In r) | 


. 
[31 


Gir) = r*s [cos (m, In r) + m1 — &) sin (ms In r)] | 


These functions have the property that 
H0) = H,'(0) = G0) = G,(0) = 0....... [32a] 
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TaBLeE 5 Tue Roos & + ine, te, fs OF CHARACTERISTIC Equation [29] 

gs: §, Ve $, 23 5, 7s 5. 7s 
2/l2 8.941290 —h27707, 14.97015 5.80279, 21,069i6 7.821h6, 27.51925 10.201L9 
«/6 ie 993618 2.00157, 7.993298 2.78980, W.0h976 3.826841  — 1h,26332 5203642, 
fy 3.689713 1.170957 5.671595 1.729524 7.705499 2.455417 9.846348 3428499), 
*/3 3068950 0.660091, 4.513993 1.17758 6.035196 1.73636, 7.639159 2.385564 
5u/l2 2.676179 -2h2373, «=» -3..822K2 © 0. 7391277 = S.03K505 = 1,27 334, 6.315926 1.82512, 
/2 — ¢ 3036K293 0.36297L, be 68S 0.99064, = SeTNTZ2 = LASIK, 
19/2 — ——_ 0 3089055 9464233,,  4e806159 1.130786 
2x/3 Ly —_ 0 3-SWO6. 0,3K68K, 335557 0, BB2GLZ 
3e/ Le 3.2217 0 oo 0 32970325 0.6615h6, 
su isseree = ° aeazss «= 8 igearre «= 8D Out, 
us/z isso iemao 8 aeggeers «Suh 126504, 

a 2.515378 © 2.972622 . 3.351276 e 3.588017 ° 

1.558173 1.580551 2.101514 2.900133 

eg §, 76 &, 71 §, 7s §, 75 
=/l2 3k. 34360 12.97171 41.59870 16.1510, 49.2827 19.74507 57 llb8h 23.7517, 
1/6 17.67478 6.435). 21.29989 8.03536, 25-1bh37 928399, 29.2093 12,.84902 
wf 12,11985 4.23384, 1453609 5.31201,  —-17..09673 6.52363, 19.8085, 7.86943, 
/3 9343407 3.11517, 11,15505 3.93643, 13.07667 4.85k33, 15.1087h 5.87055, 
5u/l2 7.678387 2.426918 9.127136 3.09958, 10.6605 3.843651 12,289h2 b. 66363), 
«/2 6.569100 1.95792, 7.775792 2.531654 9.056147 321620,, 1041033 3.85308, 
7a/i2 5.77702 «1.608807 6.81107, 2.116922 7.908102 2.66828, 9.068525 32687, 
2u/3 5.18h22h 1.33bLi2, 6.088014 1.79735, 7.0b7472 2. 8.16903 3.06165, 
u/s h.723h2h 1.108023 5252607, 1.58056, 6.378463 1,9927h7 7.280406 2.4 756b, 
50/6 bo355320 4912617, =» 5.076938 «= 143269, 5.83600 L.Th79T, «62655005 21GB, 
lis/l2 hO5L665 0.7358h6, hk. 709857 1.143626 50406306 1.5k21,, 6.143589 1.95559, 

. 32804632 «0566227, bOU335 «=, 982827, 5042200 1.36516, 5.717669 «1, 7ShB 

Hfi)=0, H,(1)=1............. [32b] 


Gf1) = G,(1) = 1.. 


For the case of real roots, the combinations appropriate to Equa- 
tions [32] are 





pike — pike 
Hr) =< ———_— 
esis EY * 3 
a ani eee 33] 
Ofer) = Gat =e = 
bra — Eup J 


From Equations [24] and [32c] it is seen that the functions 
F,(9)G,(r) do not give rise to shear tractions on r = 1. In con- 
trast, the functions F,(@)H,(r) give rise to both shear and normal 
distributions along r = 1. 

The solution of the “arc’’ problem is carried out in two steps. 
First, ghe F,H, functions are matched to the difference between 
the o€zinally prescribed shear stress 7 and the shear stress pro- 
duce(GZat r = 1 by ,, by expanding the integral of this difference 
into @thogonal polynomials 


6 oa 
ws f (+ — 7,40 = 4,, = » (F,®,,) F, 


=> C,F@).... 


(A = 0 for 7 — 7, even in 0; A = w for? — 7; odd in @) 
In this fashion one obtains the stress function 


, = 2C,F (O)Air)............-- 


Note that the function ,, creates radial tractions, 3s,, along the 
arcr = 1. 

In our next and final step we construct a stress function for the 
radial traction 


[34] 


[35] 


R(@) mE, — On — Bree... cc ceeess [36a } 


which acts on the are, by expanding 2(@) in terms of the non- 
orthogonal polynomials F,'’ + F, 


R(O) = TDAP,” + F,).........00-- [36] 
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and writing 
$,, = ZD,F(@Gfr).... 


Probably the simplest way of determining the coefficients D, is 
to construct the auxiliary orthonormal polynomials* 
FO) = ng[Fs’’ + Fs] 
F(0) = nF,’ + Fs) 
FO) = nl[Fo + Fe + aS) 
FO) = mlFe” + Fy t+ oF2 + OF t+... +eFeal | 
a, = — (F,” + F,)5:), b = —(P,” + F,)5.), 
nm, = (F,'? — 2F,") +1—af —bf—...—-—¢? 
in particular 
,? 1 + (w-4,’"2 — 2a ~*f"*) 
MN —n, (w- Fy” — wo ~*f,'t,’) 
l — a? + (w~,’* — 2u-%,") 
—ne (w~45"ta”” — 2a e'Fy’) 
—ng{(w~%e""E,"” — Qa-fy'f,’) + bets) 
1 — ag? — be? + (w-4,’* — Qo”) | 


where the coefficients are so selected that 


‘ kat] 
f< 5005,0)00 = « , 


[39] 
Ok #!l 


Then we expand R(@) in terms of 5,8) 


R(@) = = (F,R) F (0) = 24, FL0) [40] 
and finally rearrange Expression [40] in the form of Formula 
(36d }.*? 

We conclude 


?, = ?,, T d,, . . [41] 


is the approximate stress function of the problem along the are, 
and the complete solution te the sector problem is obtained in the 
form 


@ = o, + $, + 9, 


Application of the present method to solution of the thermal 
plane-strain problem (16) of the “sectioned cylinder subject to 
an r* temperature distribution” will be presented in a separate 
paper (18). The new results do not bear out the original esti- 
mates. 


% We write the general formula for k == even. 
k = odd is similar. 

” The integrals (f,’’f:’’) and (f’f:’) needed in the evaluation of 
are tabulated in references (11) and (13). 


The expression for 


+ re 
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Force in the Plane of Two Joined 
Semi-Infinite Plates 


By J. T. FRASIER‘! anp LEIF RONGVED? 


The stress due to a force parallel to the plane of two 
joined semi-infinite plates is obtained from the three- 
dimensional state of stress produced by a force operative at 
a point interior to one of two joined semi-infinite elastic 
solids. The variation in the traction on the interface of a 
steel and aluminum plate is shown graphically. 


INTRODUCTION 


r YHE Papkovitch functions for a force at a point in the inte- 
rior of one of two semi-infinite elastic solids joined across a 
plane boundary have been determined by Rongved.* 

Using a method introduced by Flamant,* Rongved’s solution is 
applied here to find the state of stress caused by a force parallel to 
the plane of two joined semi-infinite plates and which is operat:ve 
at a point in one of the plates. The solution is given in closed 
form in terms of arbitrary values of the elastic constants of the 
two materials. The details of the solution are rather lengthy, so 
it will only be outlined here and the results presented. 


Meruop or SoLution 


The solution is in two parts: (a) for a force normal and (6) for 
a force parallel to the interface of the plates. Proper superposi- 
tion of these two solutions will give the state of stress caused by a 
force with any inclination to the interface. 

The first step of the solution is to use the Papkovitch functions 
to express the stress components ¢,,, ¢,,, and ¢,, for the three- 
dimensional solution in the general form 


o = Pf(z, y, z) 


where P is the concentrated force acting at the point (O, O, c). 
Next, in the Expressions [1] P is replaced by a uniformly dis- 
tributed line load Q, acting over the infinitesimal length dy; this 
gives 


o = Of(z, y, z)dy 


The Equations [2] are then integrated with respect to y between 


1Du Pont Fellow in Engineering Mechanics, The Pennsylvania 
State University, University Park, Pa. 

2 Member of Technical Staff, Bell Telephone Laboratories, Inc., 
Murray Hill, N. J.; formerly, Assistant Professor of Engineering 
Mechanics, The Pennsylvania State University, University Park, Pa. 

* “Force in the Interior of One of Two Joined Semi-Infinite Solids,” 
by L. Rongved, presented at the Secon2 Midwestern Conference on 
Solid Mechanics, Lafayette, Ind., September 8~9, 1955. 

‘Sur la Répartition des Pressions dans un Solide Rectangulaire 
Charge Transversalement,”’ by Flamant, Comptes Rendus, Academie 
des Sciences, Paris, France, vol. 114, 1892, p. 1465. 

Contributed by the Applied Mechanics Division and presented 
at the Fall Meeting, Hartford, Conn., September 23-25, 1957, of 
Tue AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 23, 1955. Paper No. 57—F-7. 


the limits minus and pius infinity. This integration gives the 
stress components ¢,,, 7,,, and ¢,, in two joined semi-infinite 
solids subjected to a uniformly distributed line load of force on a 
line parallel both to the interface of the solids and the y-axis. 
These stress components are of the form 


“og OS, ge [3] 


and represent a state of plane strain. By performing the standard 
transformation of elastic constants* we obtain the corresponding 
plane-stress solution, i.e., the state of stress in two joined semi- 
infinite plates of unit thickness subjected to a force uniformly 
distributed through the thickness of the plate and operative at 
the point (0, c), Figs. 1 and 2. 


A. E. H. Love, 
1944. 


8“The Mathematical Theory of Elasticity,”’ by 
Dover Publications, New York, N. Y., fourth edition 


Force Direcrep Normat To Inrerrace or Two Jormvep 
Semi-Inrinire PLates 


Fie. 1 





Fic. 2 Force Direcrep Paratier To Inrerrace or Two Jormep 
Semi-Inrinite Plates 
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REsULTs 
The stress components in the plates due to a load Q, directed 
normal to their interface, Fig. 1, are* 
Gee = {Q,/4x}{(1 — vz — €)/ri? — 21 + vez — €)/ri* 
— ((1 + vw) Kez + c) + O11 — v)Kic]/r* 
+ 2K,(2(1 — vez + cP — 21 + vieXz + c) 
— (3 — v)z%z — c)]/re* — 16(1 + v)Kyer*2(z + c)/rs'} . . [4] 
o., = {Q,/4r}{—(1 — vz — c)/ri* — 21 + vz — €)*/ri8 
+ [Kez +c) — 21 — v)Kyec}/r:* 
+ 2Ki(z + c)[4(2 + vee + c) 
c? — &1 


— (3 — yz 4 + v)e*}/rs* 


— 16K,(1 + v)ce(z + c)*/rs*} 
o., = {Q,2/4x}{—(1 — ¥)/ni* — A1 + vz — c)®/ri* + Ko/rs* 
+ 2K,[2(3 + v)elz + c) — (3 — v2 + c)* — WL + ve?) /re* 
— 16K\(1 + v2 + c)*%cz/re} . (6) 
1 — yp’ X1 + v) 


yp’ — (1 — v1 + vd) sr? 


pl + (1 — »X3 — v’)I/r;? 
+ vy’ + (3 — ve) /rs* 


+ v’)((1 + ve + (3 — vp’ )/ri4} 


l+vXl—v 


3 - vu") nj 


1+ vp t+ (3 — vp’) 


1 — v){((l + v1 + Pv) 


vyX3 — v)}/f{ 


-_ Vv yp’ 
+ (3 — v’)u) (C1 + vp + (3 — +p’) 
Ky 


T% 


Ya’ +B v’)p) 


r" 


p is the shear modulus, and »v is Poisson's ratio. 

The stress components due to a force Q,, directed parallel to 
the interface of the plates, Fig. 2, are 
iQ(1i +» 
Ky, r;* 


+ 
+ 2K,z} —((1 + vp) + (3 — v)p’ )z?/ 
(wu + pw’ L + v) + Qp(l — vee + cP /(1 + oe + pp’) 
— &3 + vez + c)/(1 + v) + 6e*} /rs* 
+ 16K,2r*cz/rs¢ > 
On = {Qf1 + v)/4e}{(1 — ve (1 + vy? 
— 2x(2 — c)*/ri* + Kyt/rs* 
+ 2Kyr[2c? + Al — vez + c)/(1 + v) 
- (3 — vz + c}*/(1 + v))/rs* 
. + v)] /r* + 16Kycr2(z + c)?/rs*} . .. . [11] 


* A prime denotes expressions and elastic constants related to the 
plate occupying z < 0. 


Ces tr} < — (1 — vp) /(1 + vr? — 22*/r,* 


... [10] 
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+ 4r%c[u(l — v’ 1 + v) 

pb’ — vl + v’)//(C1 + vd 

(3 — vp’ + vp’ + (3 — v’)p int 

2r%(z2 — chl + v’)/[(1 + vw’) + (3 — v’)yjri*>... [15] 


— 


where 
K, = {—3u%1 — v3 — vw’) + wy’ (1 + v1 — pv) 
+ 41 — v’ 1 — 2v)) + wpe {(1 — v1 + v’) 
— Sr(1 + v’)/(1 + v) + 4n(3 — v))J 
+ wl — vl + v3 — v1 + vw + pw’) + de 
+ (3 — v)p’)[(1 + vp’ + (3 — v’)u) 
K, = {—w1 — v3 — vp’) + wry’ ((1 — v3 — v’) + 400 — v’)) 
+ pu""|(3 — v1 + Sv — By’ — wy’) |/(1 + v) 
+ pl — v3 —yKl + v’)/14+ Aut wl +r) 
+ (3 — v)p')[C1 + vp’ + (3 — v’ dy) 
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— v’)[(l + v1 + v) + wl — di} / 
2r(1 + vo’ Ku + pw’) [C1 + vp’ + (3 — v’)p) 


p'(l 


ve — w')/(1L + vp’ + (3 — vp) 
—v' Xl +7) 
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+ (3 — v)p’] 


Figs. 3 through 8 show the distribution of these stresses over 


the interface (z = 0) of plates having elastic constants approxi- 
mately equal to those of steel and aluminum 





Stress-Strain Relations and Vibrations 
of a Granular Medium’ 


By J. DUFFY* ann R. D. MINDLIN?* 


A differential stress-strain relation is derived for a 
medium composed of a face-centered cubic array of elastic 
spheres in contact. The stress-strain relation is based on 
the theory of elastic bodies in contact, and includes the 
effects of both normal! and tangential components of con- 
tact forces. A description is given of an experiment per- 
formed as a test of the contact theories and the differential 
stress-strain relation derived from them. The experiment 
consists of a determination of wave velocities and the ac- 
companying rates of energy dissipation in granular bars 
composed of face-centered cubic arrays of spheres. Ex- 
perimenta! results indicate a close agreement between the 
theoretical and experimental values of wave velocity. 
However, as in previous experiments with single contacts, 
the rate of energy dissipation is found to be proportional 
to the square of the maximum tangential contact force 
rather than to the cube, as predicted by the theory for 
small amplitudes. 


INTRODUCTION 


r YHE relation between stress and small strain in a granular 


medium may be derived from a study of the behavior of the 

individual grains of the medium considered as elastic bodies 
in contact. In previous studies (1, 2, 3, 4)* the relation between 
the contact force and the displacement of the grains was based on 
Hertz’ theory (5). In the present paper both normal and tan- 
gential components of contact force are considered. While the 
classica] theory of Hertz is retained, the theories of Cattaneo (6), 
Mindlin (7), and Mindlin and Deresiewicz (8) make possible the 
inclusion of the tangential components of the forces at the con- 
tacts between grains. The stress-strain relation is found for the 
case of a medium composed of elastic spheres arranged in a face- 
centered cubic array. 

As a result of the nonlinearity in the relation between the nor- 
mal component of contact force and the displacement, the stress- 
strain relation is nonlinear. Furthermore, since the relation be- 
tween the tangential component of contact force and displace- 
ment is inelastic, the stress-strain relation depends upon the entire 
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loading history of the medium. Accordingly, the stress-strain 
relation is given as an incremental one. 

The derivation itself is performed by satisfying simultaneously 
two independent sets of conditions. The first of these expresses 
the requirement that equilibrium be maintained when an arbi- 
trary incremental load is applied to the medium. This require- 
ment alone, however, is insufficient for a unique determination of 
the forces and displacements, and a second set of conditions must 
be imposed. This requires that relative displacements of ma- 
terial points in the medium be compatible. Satisfying these two 
sets of conditions simultaneously provides a relation giving incre- 
ments in relative displacements in terms of increments in applied 
load. 

In general, integration of the differential stress-strain relation 
will entail considerable difficulty. The relation is nonlinear, and, 
in addition, the integration must be performed over the entire 
loading history of the medium. However, in the investigation of 
problems of wave propagation, the differential relation may be 
used without integration, provided the stress increments ac- 
companying the wave disturbance are small in comparison with 
the initial stress on the medium. Experiments were performed 
in which waves of small amplitude were propagated in granular 
bars. It was found that the wave velocities agreed closely with 
predicted values based on the differential stress-strain relation. 

Contact theory, in addition to giving the relation between load 
and displacement, predicts that the frictional energy loss ac- 
companying the wave disturbance will vary as the cube of the 
amplitude of the displacement when the tangential forces are 
small (8). In this respect the experiments of granular bars did 
not corroborate the theory, giving a rate of energy dissipation de- 
pending on the square of the amplitude. This result is in agree- 
ment with previous experiments (9, 10) on single contacts. 


Parrs or SPHERES 


If two identical elastic spheres are in contact under the action 
of a force N, the Hertz theory gives, for the contact radius a and 
the displacement a 


a = (3(1 — v)NR/Sy)'” 
@ = 2[3(1 — v)N/SuR'*)"*.... 


where F is the radius of a sphere, and » and y are, respectively, 
Poisson’s ratio and the shear modulus of the material of the 
spheres. From these the normal compliance 


C = da/dN = (1 — v)/2ya..... 


may be obtained. 

The theory was extended by Cattaneo (6) and Mindlin (7) to 
include a component of force 7’, tangential to the contact surface 
According to this theory, when a monotonically increasing tan- 
gential force is added to a contact under a constant normal force, 
slip occurs at the contact surface, starting at the circumference of 
the area of contact and progressing radially inward so that the 
portion on which slip occurs is an annulus of outer radius a and 
inner radius 


ce = a(l — T/fN)'* 
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where f is the coefficient of friction. The relative tangential dis- 
placement of the centers of the two spheres is given by 


6 = 3fN(2 — v) [1 — (1 — T/fN)*/*)/Syua 
yielding 
S = di/dT = (2 — v)/4pa(i — T/fN)'”....... (6) 


for the tangential compliance. The Expression [5] for the tan- 
gential displacement has been confirmed experimentally by 
Johnson (9). 

Mindlin, Mason, Osmer, and Deresiewiez (10) studied the 
effects produced by reversals of direction of the tangential force. 
This theory shows that, as a result of slip, the relation between 
force and displacement changes upon reversals of the direction of 
the tangential force. If the tangential force oscillates between 
+T*(<fN), a stable cycle is obtained after the first quarter 
cycle. The existence of an annulus of slip and Equation [4] for its 
inner radius were verified experimentally in this investigation. 
Experiments by Johnson (9) confirmed the relation between load 
and displacement as well as the existence of an annulus of slip. 

Mindlin and Deresiewicz (8) further extended the theory to 
include the addition of a varying force of constant obliquity across 
a contact surface under an initial normal force, No. The theory 
provided the load-displacement relations for first loading, first 
unloading, and for the subsequent stabilized cycle. In the sta- 
bilized cycle, if the tangential component of force oscillates be- 
tween +7", the tangential compliance during loading is given by 


2-yp 
S => 6 
: 4yua { 


, i? +k | 
ta-of aso] 


where 
L = T/fNo 
6 = f/B 
For the unloading part of the stabilized cycle, the compliance S, 
is obtained by reversing the signs of @ and L. 


For small L*, the frictional energy less per cycle, obtained from 
the area of the load displacement diagram, is given by 


F = (2 — vXT*)X1 — 6)/18pafNo.......... [8] 


L* = T*/fNo 
B = dT/dN > f 


for the stabilized load cycle, where ap is the radius of the contact 
circle corresponding to the normal force No. 


Face-CEenTERED CuBic ARRAY OF SPHERES 


As a result of the inelastic behavior at the contacts, the stress- 
strain relation for a granular medium depends upon load history. 
Until load history is specified it is appropriate to express the 
stress-strain relation in terms of differential increments of stress 
and strain. It is to be noted that the incremental stress-strain 
relation must involve the compliances which, themselves, depend 
on the history of the loading. 

Consider a medium composed of identical spheres in a face- 
centered cubic array. Take as an element of the medium the cube 
shown in Fig. 1. This cube is chosen to contain a sufficient por- 
tion of the medium to define the arrangement. Increments of 
force dP;, act on the faces of the cube, Fig. 2, and are assumed 
to be distributed among the spheres in proportion to the areas of 
their sections exposed on the faces of the cube. Incremental 
stress components are defined by do,; = dP;,/8R*, where 8R? is 
the gross area of a face. Each sphere in the medium is in contact 
with twelve other spheres. By the definition of a face-centered 
cubic array the disposition of these contacts on the surfaces of the 
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spheres is the same for each sphere in the medium; i.e., the 
spheres are indistinguishable one from another as far as disposi- 
tion of contacts with other spheres is concerned. At the contacts 
between spheres the normal and tangential components of incre- 
mental force are designated by dN and d7’, respectively. Sub- 
scripts 7, j, k (¢ #7 = k) are used to identify contacts. Each one 
of i, j, or k may be any one of z, y, orz. A contact with its normal 
in the 7, j-plane has force increments dN,;,d7;,,and d7,, in which 
no significance is attributed to the order in which subscripts are 
written. It may be seen, Fig. 3, that the contact normals always 
lie in the co-ordinate planes. Hence, dN,, lies in the i, j-plane, 
while the tangential components d7;, and d7,, are chosen to lie 
in and normal to the i, j-plane, respectively. The contact nor- 
mal, however, may have either of two possible orientations in a 
plane and a prime is used to designate forces at a contact having 
a normal whose components are of unlike sign. 

The first step in the derivation of the stress-strain relation for 
the medium is to find expressions for the increments in the forces 
at the contacts between the spheres in the cube (i.e., dN,,, d7;,;, 
and dT,,) in terms of the increments in force dP;,;, applied to the 
faces of the cube, Fig. 2. Once this has been done, then, since the 
contact forces dN,,;, d7;;, and d7,, and the relative displace- 
ments of the centers of the spheres are related through the com- 
pliances, the relative displacements can be obtained in terms of 
the unknown compliances and the increments of applied force 
dP;;. One set of relations between the increments of contact 
forces, dN,,, dT,;, and dT, and the increments of applied force 
dP;, is found by requiring that equilibrium be maintained when 
arbitrary increments in applied force dP,; are added to the faces 
of the cube. However, equilibrium conditions alone do not pro- 
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vide sufficient equations to be able to solve for the increments in 
contact forces. The additional necessary conditions are provided 
by requiring that the relative displacements of the centers of 
spheres be compatible. Together, the equilibrium and the com- 
patibility conditions are sufficient to determine the increments in 
the contact forces uniquely in terms of the compliances and the 
relative displacements of centers of spheres. 

Consider the representative cube, Fig. 1, in equilibrium under 
an arbitrary initial stress imposed on the medium. If an arbitrary 
increment in stress is added to the initial stress, then the forces 
on the faces of the cube will be increased by corresponding incre- 
ments dP,,, Fig. 2. It is now desired to find the unknown 
increments in force at the contacts between the spheres within 
the cube which result from the addition of the increments in force 
dP;; on the faces of the cube. Suppose that the stress increment 
in the medium is taken temporarily as homogeneous. Then, in 
going from one sphere to another, the contact forces will be equal 
at contacts having corresponding positions on the surfaces of the 
spheres. Since each sphere has 12 contacts, the number of un- 
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However, for each 
sphere the contact forces at diametrically opposed points are 


known contact-force components will be 36. 


equal, so that only 18 of the contact forces are independent. The 
problem is to find these 18 increments in contact forces, dN ,,, dT, 
and d7,, for arbitrary increments in the forces dP,,, 
the faces of the cube. Not only must the cube as a whole remain 
in equilibrium under the action of the increments in applied forces 
dP,,, but each sphere and each portion of a sphere, Fig. 3, within 
Since the portions of 
spheres in the cube are acted upon both by applied forces and by 


‘jy 
applied on 


the cube also must remain in equilibrium. 


contact forces, the equations of equilibrium provide expressions 
relating the increments in applied forces to the increments in 
contact forces. By writing equilibrium equations for various 
portions of spheres in the cube it may be shown that there are 9 
independent equations expressing equilibrium of increments in 


force. These are given by any three of the following equations 


4dT,, + 2\/(2KdN,, + dN,, — aT,, + AT, 
= dP,, + 4P,, + dP,, 
4d7 


+ 24/(2\(dN,,’ + dN,, — 4T,,’ + aT,, 


= dP,, + dP,, — 4P,, 
4dT,, — 2\/(2)(dN,,’ + AN,,' 


= —dP,, + dP,, + 4P 


— aT,’ + aT,,') 


4dT,,' — 2x/(2dN,, + aN,’ — dT,, + AT,,') 


= —dP,, + dP,, — dP, 


and six others obtained by cyclical permutation of subscripts 
Moment equilibrium equations are given by three of the type 
aT,,’ — aT,,)R 

— (dT,,’ — aT,, + aT,,’ + dT,,)vV/(2)R/2 = 0... [10] 
These equations, however, are not independent of Equations [9], 
so that equilibrium considerations yield only 9 equations to be 
solved for 18 unknown components of force. The problem is thus 
statically indeterminate; additional] equations must be obtained 
from conditions of compatibility of relative displacements of cen- 
ters of spheres. 

Components of relative displacements of the centers of spheres 
are designated by da;,, dé,;, and dé,,, to correspond, respectively, 
to the forces dN ,,, dT;,, and d7,, Fig. 4. Consider the centers of 
spheres F, B, and G in the element of volume, Fig. 1, noting that 
spheres F and G are in contact at a point within the cube. In 
order that the displacements of the centers of these spheres be 
single valued, the vector distance around the closed path through 
the centers of the spheres must vanish both before and after the 
medium is strained. Hence the sum of the relative displacements 
of the centers of these spheres around the closed path must 
vanish. An expression of this condition for all possible paths 
connecting the centers of spheres in the medium is given by any 
three of the following equations 


Vv 2 dé,,) te —da,,’ Tr da,, = dé,’ + dé,, 
vV 2(db,,) = +da,, — da,,’ — db,, — d,,' 


2(dé,,") 


—da,, + da,, + db,, + db,, 


V 2(dé,,') = 
and six others obtained by cyclical permutation of subscripts 
Equations [11] may be expressed in terms of force increments by 
using 


+da,,’ — da,,' — db,,' — @,,' 


da;; = 


db,; = 8,aT;, db,’ = 8,,;'aT,,;' 
= S.dT x, db,’ = 8,'dT,' 


CaN ,;, da,;' = C,,'4N,,’ 
[12] 


} 
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where subscripts identify the contact (and no summation con- 
vention is employed). After substitution of Equations [12] into 
Equations [11], the latter along with Equations [9] furnish 18 
independent equations containing the components of the applied 
forces dP;,,;, and the 18 independent components of contact forces 
dN,,, 4T;,, and dT,,, which it is desired to determine. However, 
these 18 equations are not linear in the components of contact 
forces since the equations contain the compliances; and the 
compliances, as may be seen by Equations [3], [6], or [7], are 
themselves dependent upon the contact forces, either directly or 
through the radius of the contact circle a. Indeed, even the ex- 
pressions which are to be used for compliances depend upon load 
history. Hence, Equations [9], [11], and [12] can be solved for 
the components of contact forces, dN,;, d7,;;, and d7,,, only as 
functions of both applied forces dP;;, and compliances. 


Inrt1AL Isorropic Stress 


A solution was first obtained for the case of small increments in 
stress applied to a medium under an initial isotropic stress 7». If 
the loading history up to this initial stress is homothetic then it 
may be shown from considerations of symmetry that the initial 
contact forces are all equal and have no tangential components. 
Using Equations [9] and the definition of stress, we find the initial 
contact forces to be Ng = +/(2)(R%eq). In addition, since the 
loading history at each contact is the same, the initial compliances 
do not vary from contact to contact. If, to the medium under 
the initial stress a, additional arbitrary increments in stress are 
applied such that the ‘otal stress never departs from the initial 
stress by more than a small increment, approximate values for the 
compliances may be found by letting L* — 0 in the expressions 
for compliances. Thus, using Equations [7], one obtains for the 
tangential compliance 


S = Sp = Sy = (2 - v)/4 pd 


and the normal compliance is given by Equation [3] if a is re- 
placed by a. For a given initial stress these compliances may be 
considered as constants; and Equations [9], [11], and [12] furnish 
a set of simultaneous linear equations in the increments of contact 
forces. The solution of these equations yields the following ex- 
pressions 


aN,,, aN,,' = ~/(2)[(k + 1(dP,, + 4P,,) 

— (k — 1)dP,, + 2k(k + 3)dP,,/(k + 1)]/8(k + 3) 
aT,, = dT,,' = /(2)dP,, — aP,,)/4k + 3) 
aT,,, 4T,,’ = (dP,, + aP,,)/4(k + 1) 


| 
| 
.. [14] 


where 
k = S/C = (2 — v)/&1 — v) 


and 12 others obtained by cyclical permutation of subscripts. In 
these expressions the upper signs refer to unprimed contact forces 
and lower signs to primed contact forces. 

Having determined the contact forces it is now possible to ob- 
tain expressions for relative incremental displacements of the 
centers of spheres in terms of applied incremental forces. For 
example, the z-component of the relative incremental displace- 
ment of the centers of spheres A and D, Fig. 1, is given by (see 
Fig. 4) 


dA,, = (da,, + d5,..)/+/2 + (da,,’ + db,,")/r/2 
or 
dA,, = C{(3k + 1)dP,, 


+ (k — 1)(dP,, + dP,,)|/4(k + 3)...... [15] 
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by using Equations [12] and [14]. The same expression for dA,, 
may be derived by using any other pair of neighboring spheres 
whose centers lie on a line parallel to the z-axis. The correspond- 
ing relations for dA,, and dA,, are obtained by the same method, 
and are expressed by a cyclical permvtation of subscripts in 
Equation [15]. Defining incremental extensional strain as 


de, = dA,,/2./(2)R 
where 24/(2)R is the length of an edge of the cube, one obtains 
de,, = /(2)RC{(3k + 1)do,, 

+ (k — 1Xdo,, + do,,)]/2(k + 3). . [16] 


for the z-component of incremental extensional strain. 
Incremental shear-strain components are defined as the changes 
in the angles between adjacent faces of the cube. For example, 
the change in the angle CDA, Fig. 1, is obtained by adding to the 
z-component of the displacement of C relative to D the y-com- 


” ponent of the displacement of A relative to D, and dividing by the 


length of a side, 24/(2)R. This sum is 
dy,, = (da,, + db,, — da,,’ — db,,’)/4R 
+ (da,, — db,, — da,,’ + dé,,’)/4R 
which becomes 
dYe, = [2\/(2)RS/(k + 1)]de,,..... [17] 


by using Equations [12], [14], and the definition of stress. The 
same expression for this component of incremental shear strain 
may be obtained by basing the derivation on the change in the 
angle formed by any other two edges of the cube which lie in the 
z, y-plane. 

From differential strain-stress relations of tie type of Equa- 
tions [16] and [17] one obtains the differential stress-strain 
relations 


do,, = ¢ude,, + Cw(de,, + de,,) 


, , | 
do,, = ende,, > Cr! dé,, + de...) 


dc,, = eude,, _ Ci( de... + de,,) 


do,, = 2cude,, 


ye 

do,, = 2ude,, 
9, 

do 2cude,, 


(144) 42 8f te _7 
/(2)R\ C 3) 2—yvi 21 — vp)? 


f= s raat . 3) ee Free 7 
“ 2/(2)R\C 8 2(2 — v)L 21 — v)? 


Inrt1aL Isorropic AND Untax1AL Stress 


When an isotropic stress is applied homothetically to a medium 
composed of identical spheres in a face-centered cubic array the 
forces do not vary from one contact to another. Hence, in deriv- 
ing the stress-strain relation given by Equations [18], it was not 
necessary to distinguish between different contacts in the medium 
in the expressions for the compliances. As a result, integration of 
Equations [18] over finite increments in stress is limited to incre- 
ments in which the stress remains always isotropic, because for 
any other stress increment the contact forces and hence the 
compliances will vary from contact to contact. To obtain a stress- 
strain relation which may be integrated over other than isotropic 
increments, the derivation must be performed anew, distinguish- 


where 


Cu = 2cu 
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ing between compliances at contacts with different loading his- 
tories. 
As an example of such a derivation, consider the case in which 
the stress, in terms of the co-ordinate axes in Fig. 1, is given by 
. 


Fen = Ty, = %, C4, = % +, 


Cys = Tp = Tn, = 0 


and for which the entire load history is one which always can be 
described by variations of g,anda,. Then during the entire load 
history, the three planes through the center of the elementary 
cube, Fig. 1, which are parallel to the co-ordinate planes are planes 
of symmetry. Also the vertical planes through the diagonals 
of the horizontal faces are planes of symmetry. For each pair of 
contacts lying on opposite sides of planes of symmetry the con- 
tact forces must be mirror images of each other. Hence 


, 


Ney = Noy’ Ny = Ny! = Na = No 


. [20] 


y - lo = 0, ee > Bos = -T. nrg ~T.' 


Tee = Tee! = Ty, = Ty’ = Ta = Ta’ = 0 


during application of this load. Since contacts with identical load 
histories have equal compliances, one can define 


C=C, =C G=C, =C C3 


sy? 


S,=S,,=8 


(21) 
: aed 
S&S =8, =8 ' 


which may be inserted in Equations [12]. These compliances 
are still unknown. However, Equations [9], [11], and [12] may 
be solved simultaneously to provide expressions for the incre- 
ments of contact forces in terms of the compliances and the 
increments of applied load. Such a solution gives 


dN,,, dN,,’ = BC: + S:XaP,, + 4P,,) 


—BYS, — Cy dP. + V(2)B SP,, 


aT,, = aT,,’ = 2B,CS{dP,, — aP,,) 

aT,,, 4T,,' = ~/(2)B:CAS: + S,\dP,, = aP,,) 
dN,,, aN, 
— B,S,S, (dP,, — dP,,) + BC, + S:)dP,, + BAP,, 


.’ = B,C\(aP,, + aP,,) 


aT,,, T,,' = B,C\(dP,, + dP,,) 
— B,CS8(dP,, — dP,,) — BAC, + C.)dP,, 

+ BAS, — 5,)CAP,, 
aT,,,47,,' = BCdP,, = V/(2)B:CXS: + 5,)dP,, 
aN,,, 4N,,’ = B,C\(dP,, + dP,,) 

+ B,S,SAdP,, — dP,,) + BC; + S:P,, + BaP,, 
aT,,, dT,,' = —B,C(dP,, + dP,,) 
+ B,C,S,(dP,, — dP,,) + BC, + Cy)dP,, 
+ B{S, — 5,)CdP,, 
‘= tBCdP,, + /(2)BCA(S8: + S)dP,, 





aT,,, aT,, 


where the upper signs refer to the unprimed contact forces and 
lower signs to the primed contact forces, and where 


B, = 1/4+/(2\(2C, +C, 


B, = 1/2x/(22C8, + 25,5, + S825, + 8:5, + C25, + C252) 


B, = 1/4y/(2)(2C8, + S,C, + 8S; 
By = 1/4(C, + S,) 
Bs = B{25S,5, al 8,5, 2 8,5,) 


Proceeding with the solution of the problem by the same 
method as that used for the initial isotropic stress, one obtains 
for the differential stress-strain relation 


do,, ~ Cudé,, + Cide,, T Crd E,s 


do,, = Cnde,, + Cude,, + cude,, | 


| 


d¢,, = Cude,, + Cyde,, + Cud€,, 


do,, = Wude,, 


= 2cle,. 


= 2ude,, 


2)R 
= (C.-' + 8,-")/V/(2)R 


. \/2y (2)R, a= (Cc, + 5.71) /2y 2)R 


1 l 28,+ 5+5, 
- - — 
24/(2)R | C; 


25,55 - S; C4 T 3 
As pointed out before, the compliances in these equations depend 
upon stress history, and are determined for each particular case 
in accordance with the results given in reference (8). 

To obtain the strain resulting from finite increments in stress it 
is necessary to integrate Equations [23] over the stress history. 
However, integration of these equations is limited to increments 
in stress describable in terms of variations of g, and ¢,. To de- 
termine the compliances in Equations [23] the contact forces 
must be obtained by an integration of Equation [22]. Using the 
definition of stress, and inserting the values of stress given by 
Equations [19] into Equations [22], one obtains for the quantities 
to be integrated for the contact forces 


aN,, = BeR*((3C, + S:)doo + (C; — S;)do,] 
dN,, = BR(3C, + S:)doo + (Ci + S;)de,) 
dT,, = —BR(C, — C:)do, + (Cs + C,)de,] 


B= V(2)/(2C, + C; + 83) 


and, as a result of Equations [20] 
dN,, = aN,,’' 
dN,, = aN,,’ = dN,, = aN,,' 
aT,, = aT,,' = —dT,, = —dT,,’ 


and the remaining tangential forces are zero. At each step in the 
loading history, the expressions for the compliances are the same 
in Equations [23] and [24]. If, for any particular case, Equations 
[24] can be integrated, the compliances can be evaluated and, 
hence, the coefficients in the differential stress-strain relation will 
be known functions of stress. 

For infinitesimal increments in stress Equations [23] may be 
used without integration to give the relation between stress and 
strain. The medium must be under an initial stress whose entire 
history is describable in terms of o» and ¢,, and the additional 
arbitrary increments in stress must be such that the total stress 
never departs from the initial stress by more than a small incre- 
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ment. The compliances are made to depend solely on initial stress 
by finding the limit as the increments in the contact forces ap- 
proach zero. The values of the initial contact forces to be used to 
determine the compliances are obtained by an integration of 
Equations [24] over the past stress history up to the initial stress. 
Once this integration has been performed Equations [23] may be 
used directly for the relation between stress and strain. 


APPLICATION OF DiFFERENTIAL Srress-Strain RELATIONS TO 
Wave PROPAGATION IN A GRANULAR Bar 


The differential stress-strain Relations [18] are applicable, 
without integration, to a study of the problem of wave propaga- 
tion as long as the stress increments accompanying the wave dis- 
turbance are small in comparison with the initial stress on the 
medium. Experiments were performed in which compressional 
waves were propagated in granular bars. These bars were con- 
structed of steel bearing balls arranged in a face-centered cubic 
array and were subjected to an initial isotropic stress o). As may 
pe seen from Equations [18] the medium is anisotropic, so that 
the velocity of compressional waves in a bar of the granular 
medium depends upon the orientation of the bar with respect to 
the symmetry axes of the medium. The axes of the granular 
bars constructed were oriented in either of two directions: bar A 
in the [100] direction, and bar B in the [110] direction. (These 
orientations were chosen to avoid a coupling with flexural waves.) 
If the linear dimensions of the cross section of the bar are suf- 
ficiently small in comparison with the wave length, the elementary 
theory of longitudinal vibrations of slender bars may be em- 
ployed to find the expression for the wave velocity in terms of the 
material constants. In the present case, we find. 


2c12? 28 —7v)f 3u%e, |” 
Cu + Cis (8 — 5v)L2(1 — v)? 





Py? = tn — 


4eu(en — 2 (en + 2¢12) _ 


Welw + (Cn — Cr2)(Cu + 2er2) 


ee ee 
(4 — 3v)* + (8 — 7v\(2 — v)L_2(1 — v)* 
where py is the mass density of the granular medium, i.e., the 


density of the material of the spheres multiplied by 7/3+/2, the 
packing of the spheres. For steel balls the velocities become 


Puts? = 


Vp = 13500,/* fps. . . 


[26] 


v4 = 13300,'/* fps, 


where > is in pounds per square inch. 

It is interesting to compare the velocities in Equations [25] 
and [26], which are based on the theories of Cattaneo (6), Mind- 
lin (7), and Mindlin and Deresiewicz (8), with the expressions 
obtained when the effect of the tangential forces acting at the con- 
tacts is neglected. If only normal forces act at the contacts the 
elastic contants of the medium are 


C1 = Qe = 2eu = 1/\/2RC 


so that 


ams oe Fax up yt = | —3H0_ |” 
Puta ™ 3 L201 — »)* eh oP 


give the velocities of longitudinal waves for slender granular 
bars. These velocities are 


v4 = 8000,'/* fps, vg = 98009'/* fps 
for bars made of steel balls. 


DESCRIPTION OF EXPERIMENT 


The granular bars were constructed of steel bearing balls 
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Description OF GRANULAR Bars 
Length Number Number 
longitudinal axis Length, to width of spheres of contacts 
of bar in. ratio in bar in bar 
[1, 0, 0] 4.243 7.99 1201 5796 
{1, 1,0} 5.1266 8.12 1869 9228 


TABLE 1 
Miller indexes for 


Fic.5 Expermentar Bar Unver « Pressure or 1 At™ 
The balls were 
held in place by an externally applied hydrostatic pressure, Fig. 
5. Velocities of longitudinal waves were determined by resonance 
tests, and the rate of energy dissipation was found from observa- 
tions of the decay of free vibrations. 

The stainless-steel balls (AISI No. 440C) were of '/, in. diam 
and of either of two dimensional tolerances: +50 X 10~* in. or 
+ 10 X 10-*in. The balls were cleaned in successive baths of 
carbon tetrachloride, toluol, and acetone, and carefully packed in 
a face-centered cubic array. During packing the arrangement of 
the balls was preserved by holding them in a box. The inside 
of the box contained indentations to prevent rolling of the balls and 
the box was lined with a thin rubber sheet (0.007 in. thick). After 
packing was completed, the rubber sheet was wrapped about the 
The sealed bag was evacuated, 


arranged in a face-centered cubic array (Table 1). 


array of balls, closed, and sealed. 
locking the balls in place and permitting the bar to be removed 
from the box. Evacuation was performed through a glass tube 
piercing the rubber sheet at the mid-point of the bar, ie., at a 
node of the odd harmonics. 

During the tests the bar was supported along its entire length by 
a polished lucite surface lubricated by a thin coat of powdered 
tale. This type of support avoided bending of the bar, which 
would have changed the values of the compliances at the con- 
tacts between the steel balls. 

Wave velocities were found from measurements of resonant fre- 
quencies of the bars. The drive was provided by an induction coil 
and a permanent magnet placed at one end of the bar. At the 
other end a crystal phonograph pick-up connected to a vacuum 
tube audio-voltmeter measured the response of the bar. Maxi- 
mum-voltage output determined the resonant frequency, and the 
shape of the output was observed on an oscilloscope. 

In order to measure the amplitude of displacement of the ends 
of the bar a short piece of a sewing-needle was inserted in a 
sphere at each end of the bar and made to protrude through the 
rubber sheet. The tip of the phonograph needle was placed 
against the projection. Calibration was performed at various 
frequencies over a range of amplitudes by comparing output 
voltage with known amplitudes as measured by means of a 
microscope. 

Energy dissipation was determined by photographic observa- 
tion of the decay of free vibrations. The exciting voltage 
was cut off by a synchronizing switch which also initiated 





DECEMBER, 1957 


the single sweep of the oscillograph. Observation of the steady 
motion immediately before cut-off was provided by using a varia- 
ble time delay in the switch. Amplitude calibration was per- 
formed by measuring the voltage output of the phonograph pick- 
up prior to cutoff. The frequency of the vibrations provided the 
time scale. 


Resvu.ts or Resonance Tests 


Figs. 6 and 7 show experimental frequencies together with 
theoretical values. Results are in close agreement with predicted 
values, and closer to values based on the theory which includes 
both normal and tangential contact forces than to values based 
on the theories which neglect tangential contact forces (1, 2, 3, 4). 
In addition, as the dimensional tolerance of the balls is improved, 
the measured velocities tend to approach the theory which 
includes both the norma! and tangential contact forces. 

In the case of higher tolerance balls the dependence of wave 
Variation 
sth power of pressure was followed down to about 10 


velocity upon pressure was very nearly as predicted. 
the ' 
psi, changing slowly for lower pressures. For the [110] orienta- 
tion velocities decreased more rapidly with pressure presumably 
because, in this orientation, the balls on the edge of the bar did 
not all lie within the same vertical plane, so that the packing was 
loosened by the weight of the balls themselves. 
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In a close-packed arrangement of identical spheres under an iso- 
tropic stress the normal forces at the contacts would all be equal, 
as would the relative approaches of the centers of the spheres in 
contact. However, this is not true in practice, because of dimen- 
sional variations in the balls 
relative approach, Table 2, shows that in this experiment there 
probably were contacts which did not make at all, even in the 


A comparison of tolerances with 


case of the better tolerance and the highest pressures used. Thus 


TaBie 2 


Max Max 
normal shear 
stress, stress, 

No, lb psi psi 

0.01105 86300 26750 
0.0276 117100 36300 
0.0552 147200 45600 
0.0812 167000 52000 


Contact 
radius, 
in. X 10~* in. X 10 jp 


INTIAL NORMAL CONTACT FORCE (POUND xi0*) 
! 
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the stiffness of the medium is diminished and wave velocities are 
reduced as compared with a bar of identical spheres. Such an 
effect should be more pronounced for poorer tolerances and at 
lower pressures. Experimental results are consistent with these 
conclusions. 

Referring to Fig. 6, it may be seen that a change in tolerance 
affects the levels of the experimental curves. This may be 
ascribed to the fact that the difference in tolerances between the 
two samples of balls used is large compared to the relative ap- 
proaches, so that presumably the number of contacts making is 
substantially larger in one bar than in the other. In addition, for 
the poorer tolerance balls, the change in relative approach for a 
pressure change of | atm is smal] as compared to the dimensional 
tolerance, so that the number of contacts making is probably not 
very different at the two pressure extremes. As indicated in Fig 
6, the change in slope with pressure for the poorer tolerance balls 
was much less than for the higher tolerance balls, for which, pre- 
sumably, there is an appreciable change in the number of contacts 
making as the pressure is changed by 1 atm. 

Additional improvements in the tolerance probably would pro- 
duce further increases in wave velocity. However, once the di- 
mensional tolerances become less than the relative approaches it 
is expected that the changes in the wave velocity would be 
smaller. 
the theoretical relation between stress and strain is 
limited to differential increments, it was necessary in the experi- 
In order to 


Since 


ment to limit stress increments to smal] quantities. 
determine the effect of the magnitude of the stress increments 
used, measurements were made of the variation of resonant 
frequency with amplitude of motion. It was found that the fre- 
quency was increased by about 1 per cent when the amplitude of 
the end of the bar was reduced from 12 X 1077 to 2 K 107° in 
The frequency tests were made at the latter amplitude. 


Beravior or SpHeres 1n Contract tn a Face-Centrerep Cusic Meprum Unper AN Isorropic Stress 
-Hertz theory ——-—————--—_ 


Normal Tangential 
Relative compliance, compliance, 
approach, in. x 10-4 : x 10 
1.178 1.428 
0.869 1.053 
0.690 0.837 
0.607 0.737 


Dimensional tolerance 
of balls in 
experiment, 

—in. X 10-*— 
Lower Higher 


+10 
+10 
+10 
+10 
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The compliances used in the theory were derived on the basis of 
elastic spheres, and evidence indicates that the yield limit of the 
material was not exceeded in the tests. No difference in wave 
velocity could be found at low pressures between bars composed 
of new balls and the same bars after they had been loaded to 1 
atm. 

There are other factors to be considered in comparing experi- 
mental and theoretical values of wave velocity. First, the small 
difference in observed wave velocity as obtained by the first and 
third harmonics (0.75 per cent) is an indication that wave length 
was sufficiently long in comparison with the lateral dimensions of 
the bar to be able to use Equations [25] to give the theoretical 
values of wave velocity. It also should be pointed out that there 
were factors which were known only approximately. The effec- 
tive length of the bar, that is, the distance between the planes at 
which the waves were reflected, is unknown, in the case of a bar 
composed of spheres. The length used was measured between 
centers of end spheres. Lastly, the values of the elastic constants 
of the steel balls are necessarily only approximate values. 


Enercy Dissipation rn A GRANULAR Bark 
The logarithmic decrement 6, defined by 


was obtained from observation of the decay of free vibrations. In 
this expression A; and A;+; are successive amplitudes of the dis- 
placement of the end of the bar as determined, in this experiment, 
from oscillograph records of the decay. 

Since the relation between stress and strain is assumed linear, 
the experimental values of energy loss, per cycle, of the bar may 
be obtained from 


whenever 6?< 1; where W, is the maximum elastic energy of the 
bar during a cycle. Under the assumptions of the classical one- 
dimensional wave theory, the incremental strain energy per unit 
length of the bar is given by 


2 
dens | (aor 
Cu + Cu 


where S is the cross-sectional area of the bar, and where do and 
de are, respectively, the increments in the longitudinal com- 
ponents of stress and strain in the bar. By taking a sinusoidal 
displacement distribution along the length of the bar one obtains 


S/Ar 2¢13? 
W, = —({ — Sree Oe 
. l (4 [ow ty + | 


where A is the amplitude at the end of the bar and / is the length 
of the bar. 

The theoretical frictional energy loss per cycle for the bar (F) 
was found by a summation of the energy dissipated at the in- 
dividual contacts as given by Equation [8], and by taking a 
sinusoidal displacement distribution along the length of the bar. 
The damping tests were performed on bars oriented in the [100] 
direction, in which case 


Fy, = 293.9 X 10%0.816 — f*)A*/foy'/* 
and, from Equations [28] and [29] 
Wr = 4.54 X 10a, /A?.............. 


1 1 
2 Sdade = 2 s[e. - 


for the size of bar used. 
Resvutts or Decay Tests 


Values of logarithmic decrement were obtained from oscillo- 
. graphic recordings of the decay of free vibrations. Measure- 
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ENERGY DISSIPATED PER CYCLE INBAR (10'° In. LBS.) 


| oy *10.57 Psi 


ou 
ve} 2 3 4 867890 


AMPLITUDE OF DISPLACEMENT AT ENO 
OF BAR (Im. x 107") 


Fie. 8 Tyrricat Variation or Enercy Loss rer Crcie Wits 
AMPLITUDE 


ments were made of the displacement of the end of the bar as the 
amplitude decreased from 5 X 10-7 to 1 X 10~7 in. The results 
indicate that the logarithmic decrement is independent of the 
amplitude of displacement in this range. The energy dissipated 
per cycle, therefore, varies as the square of the amplitude, whereas 
the theory of Mindlin and Deresiewicz (8) predicts variation as 
the cube, Fig. 8. Although the logarithmic decrement did not 
vary with amplitude of displacement, its magnitude depended on 
the initial pressure on the granular bar. For the bar composed of 
the better tolerance balls the values of logarithmic decrement 
ranged from 0.054 at a pressure of 14.7 psi to 0.129 at a pressure 
of 1.92 psi. For the bar composed of the poorer tolerance balls 
the logarithmic decrement was about 25 per cent smaller. How- 
ever, the dependence of the rate of energy loss on the square of 
amplitude of displacement was obtained for either tolerance of 
balls and for the entire pressure range of the tests. The significance 
of these results can be better evaluated when considered in con- 
junction with the results of the experiments of Mindlin, Mason, 
Osmer, and Deresiewicz (10), and of Johnson (9) on single con- 
tacts. 

In his experiments, Johnson found, in general, close agreement 
between his results and predictions based on the theories of 
Mindlin (7) and Mindlin and Deresiewicz (8). This applies, in 
particular, to the tests which Johnson performed on the relation 
between the tangential force and the displacement for initial 
loading, for repeated loading, and for dynamic loading. As re- 
gards the damping tests, however, Johnson found that the energy 
loss was approximately of the magnitude predicted by the theory, 
but that the variation did not follow the predicted dependence on 
amplitude of displacement. In particular, he found that at very 
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siall amplitudes the damping loss followed approximately a 
# ;uare law and only approached the law predicted by the theory at 

rge amplitudes. A similar dependence on amplitude of dis- 
{iacement had been obtained previously by Mindlin, Mason, 
@smer, and Deresiewicz (10) in their experiments. 

All of the measurements of energy dissipation, to date, indicate 
that the assumed law of Coulomb friction is a reasonably good 
approximation over the portion of the annulus of slip where the 
relative displacement of the continguous surfaces is large, but not 
in the neighborhood of the inner edge of the annulus where the 
relative displacement is small. At very small 7/f/N the latter 
region predominates and, accordingly, the theory fails to predict 
the correct law of energy dissipation. Since the dissipation is 
small, the stiffnesses are not appreciably affected by it and the 
theory gives good results for load versus displacement and for 
velocities of propagation even for small displacements of the 
spheres. 

Fig. 8 shows the theoretical and experimental values of the 
rate of energy loss at the contacts. The curve marked “Extrapo- 
lation of Johnson’s Results’ was obtained in the following way: 
Yor smal] amplitudes of oscillation Johnson shows that his re- 
cults tend toward a value given by the expression 


Wp = 0.02(T*)*/ya. . . 


for the dissipation per cycle at a contact. If this value is multi- 


plied by a factor of 
1 — ppt 


to account for the effect of an oblique force, and if the values are 
summed over all contacts in the granular bar one obtains the re- 
sults given in Fig. 8. A similar method was used to extrapolate 
the. results of Mindlin, Mason, Osmer, and Deresiewicz. Al- 
though the experiments do not yield the same rate of energy loss, 
they all agree in that they give a dependence on the square of the 
amplitude of displacement whenever this amplitude is small. 

With respect to dependence of energy dissipation upon pres- 
sure, the significance of a comparison of the present tests with 
theory is somewhat uncertain since results, in this case, varied 
with dimensional tolerance. The theory predicts that energy dis- 
sipation will vary with the —'/; powe: of initial pressure, while 
experimental results give a dependence on approximately the 
—1/_ power. 


593 


The principal source of error in the present tests affecting meas- 
urements of energy dissipation is the degree of cleanness of the 
balls. Thus improper cleaning of the balls (using only acetone 
for instance) easily doubled the values obtained for W,. Another 
factor affecting energy dissipation was the dimensional] tolerance 
of the balls. This influences Wy mainly through the number of 
contacts which will or will not be made within the granular bar. 
It was found that the value of Wr was lower for the poorer toler- 
ance balls indicating that in this case dissipation occurs at fewer 
contacts. An increase in pressure will increase the number 
of contacts. However, for the pressure range over which the tests 
were made, this increase in the number of contacts was probably 
small. It had been expected that the change in the dimensional 


tolerance would not affect the variation of Wr with amplitude of 
displacement. This was borne out experimentally, and thus the 
results showing a variation of Wr with the square of the amplitude 
of displacement appear reliable from this standpoint. 
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The Elastic Coefficients of the 


Theory of Consolidation 


By M. A. BIOT®' anv D. G. WILLIS* 





The theory of the deformation of a porous elastic solid 
containing a compressible fluid has been established by 
Biot. In this paper, methods of measurement are de- 
scribed for the determination of the elastic coefficients of 
the theory. The physical interpretation of the coefficients 
in various alternate forms is also discussed. Any com- 
bination of measurements which is sufficient to fix the 
properties of the system may be used to determine the co- 
efficients. For an isotropic system, in which there are four 
coeflicients, the four »measwrements of shear modulus, 
jacketed and unjacketed compressibility, and coefficient 
of fluid content, together with a measurement of porosity 
appear to be the most convenient. The porosity is not re- 
quired if the variables and coefficients are expressed in the 
proper way. The coefficient of fluid content is a measure 
of the volume of fluid entering the pores of a solid sample 
during an unjacketed compressibility test. 
strain relations may be «xpressed in terms of the stresses 
and strains prod=~<d during the various measurements, 
to give four expres: veleting the measured co fRcicuis 


io the origina! : es<cs of the consolidation theory. 
Th came method /« +« <i» extended to cases of anisotropy 


The theory is directiy applic Fe ‘+ linear systems but also 
may be applied to incremental variations in nonlinear 
systems provided the stresses are defined properly. 


1 INTRODUCTION 


HE theory of the deformution of a porous elastic solid 

containing a viscous compressible fluid was established by 

Biot in several earlier papers (1, 2, 3, 4). In reference (1) 
the isotropic case is considered, and in reference (2) the theory is 
generalized to anisotropic materials. General solutions to the 
elastic equations are established in reference (3). The theory of 
wave propagation in such systems is examined in reference (4). 

Gassman (5, 6) has examined the properties of “open’’ and 
“closed’”’ porous elastic systems corresponding to the case of con- 
stant pore pressure (o = 0) and constant fluid content ({ = 0), 
respectively. The elastic properties of a porous solid were con- 
sidered by Geertsma (7) who described methods for their measure- 
ment with jacketed and unjacketed compressibility tests, in the 
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case of a homogeneous and isotropic porous matrix. Hughes and 
Cooke (8) described measurements of pore volume and porosity in 
jacketed compression tests, which would apply to a system con- 
taining an incompressible fluid completely filling the pores. 

In the present paper methods of measurement are described for 
the determination of the elastic coefficients of references (1, 2, 3, 
4). The physical interpretation of the elastic coefficients in 
various alternate forms is also discussed. 

In Section 2 it. is shown that the elastic coefficients A, NV, Q, and 
R may be expressed in terms of four directly measurable coeffi- 
cients yu, «, 6, y, and the porosity factor f. It is pointed out that 
under certain assumptions the coefficient y does not need to be 
measured if we know the fluid compressibility c and already 
have measured 6 and f. Other elastic coefficients wu, \, a, and M 
are discussed in Section 3. They may be expressed in terms of the 
measurable coefficients u, x, 6, and y without reference to porosity. 
Use of the constants u, A, a, and M are more convenient in ap- 
plication to consolidation problems, i.e., when the inertia forces 
are neglected, while A, NV, Q, and R have been introduced in con- 
uccuon with wave propagation (4). 

In addition to these four measurements it is possible to measure 


directly the constant a by a fifth and entirely independent 
measurement. This redundant information results from the fact 


that it is possible to define five physically different coefficients, 
two of which must be equal as a result of the assumption that 
we are dealing with a conservative elastic system. The redun- 
dancy thus provides a check on the validity of this assumption. 

In Section 4 the case of transverse isotropy is considered using 
a different method and different measurements, and the case of 
general anisotropy is discussed in Section 5. 

The measurements described are directly applicable to linear 
systems. They also will apply to incremental variations in non- 
linear systems such as those having unconsolidated porous ma- 
terials, provided the stresses are defined properly. This will be 
discussed in Section 6. 


2 Tue Isovroric Case 

The stress-strain relations for the isotropic case (2) are 
O,, = 2Ne,, + Ae + Qe 
Oy, = 2Ne,, + Ae + Qe 


0,, = 2Ne,, + Ae + Qe 


C,, = Ne,. {1] 
G,, = Ne,, 
o,, = Ne,, 


o = Qe + Re 


in which the o;; are the forces acting on the solid portions of the 
faces of a unit cube of porous material, and o is the force acting 
on the fluid portions. 

The average displacement vector of the solid has the com- 
ponents u,, u,, u,, and that of the fluid U,, U,, U,. The solid 
strain components are then given by 
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Ou, Ou, , W, 
é = —_ = a pees ete. 
Or Oy Or , 9] 


@ ™ 5, T Cyy T Cos 


The fluid dilatation ¢ is given by 


ry > 1 
em Us , Wy , W, (3) 
Or oy Oz 


It should be pointed out that this expression is not the actual 
strain in the fluid but simply the divergence of the fluid-displace- 
ment field which itself is derived from the average volume flow 
through the pores 

ns {1 ] attention is called to the fact that the proper- 


ties of line ue would lead to five distinct elastic co- 
off; « that there exists a potential energy for 
» four the number of independent 

elastic coo i his is the reason why the constant Q which 
appeal i] is the same as in the three first 
atic y of formulating this property is by 


stating 2 coefficients is symmetric with 
respect to the main diagonal. This symmetry property appears 
throughout when dealing with both isotropic and anisotropic 
media, and is further illustrated by Equation [30] and in the 
treatment of anisotropic media in Sections 4 and 5. The sym- 
metry property is the reason for the redundancy in the measure- 
ment of the elastic coefficients. As will be pointed out, it is 
possible to derive the quantity /(Q + R)/R from two independent 
physical measurements 

Four independent measurements, in addition to the porosity 
f, are required to fix the four elastic coefficients A, N, Q, and R. 
Satisfactory combinations of measurements may be made in a 
variety of different ways, but the most convenient appears to be 
the combination of measurement of shear modulus, jacketed and 
unjacketed compressibility of the porous solid, and an un- 
jacketed coefficient of fluid content. 

The shear modulus yz of the bulk material is equivalent to N, 
which is therefore obtained directly. 

In the jacketed compressibility test, a specimen of the ma- 
terial is enclosed in a thin impermeable jacket and then subjected 
to an external fluid pressure p’. 

To insure constant internal fluid pressure, the inside of the jacket 
may be made to communicate with the atmosphere through a 
tube. The conventional jacketed test is usually performed on a 
dry specimen, and in that case such precaution is of course not 
necessary. However, the dry specimen may not exhibit the same 
properties as the saturated one. As an example of this we may 
cite the case where the elastic properties result from surface forces 
of a capillary nature at the interface of the fluid and the solid. 

The dilatation of the specimen is measured and a coefficient of 
jacketed compressibility « is determined by 


k= —— (4) 


In this test the entire pressure of the fluid is transmitted to the 
solid portions of the surfaces of the specimen. 
Therefore 
g - Cg = C., = me p [5 ] 
Furthermore, the pore pressure remains essentially constant 


Ep ote [6] 


In addition the solid strains will be 


From Equations [1] we obtain the two relations 


, ee , 
-p' = -3 N@ — Axp’ + Qe 


18) 
0 = —Q«p’ + Re 
Eliminating € and p gives 
Cn eed = 9 
K 3 R 
thus indicating that the quantity A — (Q?/R) is equivalent to the 


Lamé coefficient \ of the porous material under conditions of con- 
stant pore pressure. 

In the unjacketed compressibility test, a sample of the material] 
is immersed in a fluid to which is applied a pressure p’. When the 
fluid pressure has penetrated the pores completely, the dilatation 
of the sample is then measured and an unjacketed compressibility 
coefficient 6 is determined by 


- é 
o= — 10 


p’ 
In this case the pressure acts both on the solid portion ND 
and the fluid portion f of the surfaces of the specimen giv 


Gn, * Cy, = Ou —i=- Sp’ 
c= —fp ll 
The strains are given by 
bp’ 
Sos = Cyy =i, 7 = 3 


‘= —dp’ 


And we obtain from Equations [1] the relation 


Q+R 7 Q? 
1 - (242) s-[2 0+ (4-S)]o.. 1s 


giving with Equation [9] 


(2+ );-1-4 14 
R K 


An independent and redundant measurement of this expression 
is furnished if we consider the quantity fle — €), which is denoted 
by ¢ in Section 3, and represents the volume of fluid which enters 
the pores of a unit volume of bulk material. If, during a jacketed 
compressibility test the interior of the jacket is connected to the 
atmosphere by a tube the fluid volume passing through this tube 
is equal to fie — €). Putting ¢ = 0 in the last Equation |! 


yields 
ed ee ee 
R e 


Since we also have measured the solid strain e, this again yields 
the value of the quantity 


(Q + Ry 
R 


Measurements of changes in pore volume and porosity in a 
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jacketed test have been made by Hughes and Cooke (8), which 
are equivalent to measurements of f(e — €). 

To fix the properties of the system, one additional measure- 
ment is required which must involve the fluid strain. There is 
apparently no standard test which would provide a satisfactory 
measurement, and we must therefore define a new elastic co- 
efficient. Again we consider the volume of fluid which enters the 
pores of a unit volume of porous material, f(e — €), but in this 
case with reference to an unjacketed compressibility test. We 
may define a coefficent y of fluid content by 


for an unjacketed compressibility test. This gives for the fluid 


strain 


Expressions [1] ] and [18] substituted into the last of Equations 
{1} give 


f= + B+ R-—- 


Summarizing the measurements 


Qi + RB+R Z. 


These equations are easily solved for N, A, Q, and R to give 
their values in terms of the measured parameters 


N=u 


OY 6 

L+pe(r—eyli- 

K K 2 
A= a 3 


5 
y+5-— 
K 


y+3-= 
) 

The coefficient of fluid content y may be determined by the 
following experiment: A unit volume of porous material contain- 
ing fluid is placed within a closed chamber which has been filled 
with fluid. Fluid is then injected into the chamber under pressure 
and the volume of injected fluid is measured. Care must be exer- 
cised that the pores of the specimen are completely saturated with 
the same fluid or mixture of fluids as existed in the original 
system. In particular for a liquid-saturated solid it is important 
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that no air be trapped in the pores near the surface. The volume 
of fluid injected per unit pressure will be the sum of the solid 
compressibility 6, the volume of fluid which has entered the 
pores , and a fixed quantity depending upon the elastic proper- 
ties of the chamber and the fluid. The porous material is then 
removed from the chamber and its volume replaced by fluid. 
The volume of fluid injected per unit pressure is again measured 
and in this case will be the sum of the same fixed quantity as in 
the previous measurement, and the fluid compressibility ¢ repre- 
senting the new unit volume occupied by the fluid. Therefore the 
difference between the volumes injected with and without the 
porous material in the chamber will be given hy 


AV =i +7-c..... . .{22] 


If the fluid compressibility c is then measured independently, 
the coefficient of fluid content -y may then be determined. There 
are of course ways of avoiding this additiona) measurement of the 
fluid compressibility, which is not directly relevant, but the pro- 
cedures involved appear to be more elaborate. 

For the special case in which the material of the porous matrix 
is homogeneous and isotropic and the fluid completely saturates 
the pores, it is possible to determine the coefficient of fiuid content 
¥ directly from the fluid compressibility ¢. Considering the un- 
jacketed test, the pure space in this special case will undergo the 
same strain as the solid matrix. Therefore the porosity f of the 
material will not undergo any strain and, if the fluid completely 
saturates the pores, the fluid dilatation will be given by 


€= —cp’.. 
This gives for the coefficient of fluid content 
7 = fle — 5) 


This relation will be strictly valid only for materials such that 
the pore volume and the bulk volume remain in constant ratio; 
i.e., the porosity does not vary when the specimen is subjected to 
fluid pressure in an unjacketed test. This of course will be true 
if the material of the porous matrix is homogeneous, isotropic, and 
elastically linear. 

Elowever, this is not a necessary condition, and we may visualize 
cases where the matrix material is heterogeneous but behaves 
approximately like a homogeneous solid so that it undergoes ap- 
proximately the same strain as the pores in an unjacketed test 
Therefore Relation [24] may provide a satisfactory approxima- 
tion for y in many cases. On the other hand, one also could 
imagine a porous matrix which is statistically isotropic but does 
not behave in isotropic fashion when considered from the stand- 
point of the individual pores. 

Further remarks concerning the validity of Relation [24] will 
be made in Section 6 in connection with its application to incre- 
mental stresses. 


3 Exastic CofFrriciENTs WITH ALTERNATIVE VARIABLES 


As shown in reference (3), it is possible to introduce as alterna- 
tive variables the total forces acting on the surfaces of a unit 
cube 

Ti 


Ty 


Ta 
Ty: 
Tez 

Tey zy 


the fluid pressure p, and the fluid content, already mentioned 
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We use the Lamé coefficients yu and‘ 


Q 
A=A-— R 


M = 


and two new coefficients 


a= (%+*) 5 


(28) 
R 


With these variables and coefficients Equations {1] may be 


written 
Ques, + He | 


Te. + ap 
Ty, + ap = Qpye,, + re 
Ta. + ap = Que,, + re 
Mey. 
Mes 
Bey 


} 
" | 
M Ppt ce | 


these equations is obtained by solving the 
i substituting in the first three. We find 


An alternate form of 
last equation for p at 


= Que,, + (A + a’M)e — aM ) 


2ue,, _ r + a'M)e — aMt j 


Que, + (A + aM )e — aMt | 


> 
ne f ee 

" | 
- sr 


e } 
Me., | 


—aMe + Mt 


/ 


These equations express the total stress components 7,; and 
the pore pressure p in terms of strain components ¢,,, e, and ¢. 
We note that, because the same coefficient —aM appears in the 
first three equations and the last, the matrix of coefficients is 
symmetric. This again results from the existence of an elastic 
potential energy with p and ¢ acting as conjugate variables. 
The elastic potential per unit volume is expressed as 


+ T,.¢ 


T Tala, TT ex“ez 


e 
y ye =e ye 


+ Taylsy + PS) (31) 


are equiv alent to 


Equations [30 
ow } 
de,, | 
ow 
ar 


Ty = 


p= 


We note also from Equations [30] that \ + a*M plays the role 
of a Lamé constant A for f = 0; i.e., for a “closed system.”’ 

As before, u may be measured directly as the modulus of shear. 

In the jacketed compressibility test, p = 0, giving for the fiuid 
content 

4y and \ are designated by S and N in references (2) and (3). 

* Expression [31] is identical with that introduced in reference (1) 


in connection with the derivation of the property of symmetry of the 
coefficients. The notations ¢ and @ were used instead of p and f. 


f = ae.... 


Since the fluid pressure remains constant, the significance of a 
may be seen to be the ratio of change in pore volume to dilatation 
in a jacketed test. If the interior of the jacket is connected 
with the atmosphere by a tube we may measure the quantity ¢ by 
the amount of fluid which is flowing through this tube. This will 
furnish the value of a 

If we designate the external pressure on the jacket by p’, we 
have 

To. = —p’, T, 20, ... et. 
p=0 
e= —p'k 


giving with Equations [29] the relation 


1 
—=-=—pe+A 
a“ 


In the unjacketed test 
Teo = —P’, To, = 9, 
p= p' 
e= —dp 


giving with Equations (29) 
2 
—(1 — a)p’ = (2u+2)- 


6 = (1 — ax.... 


( ~) ae 
a={1--—)..... [39] 
m 


which provides a further interpretation of the coefficient a which 
is physically different from that given by Equation [33]. That 
they yield equal values for a results from the symmetry of the co- 
efficient matrix in Equations [30] and this in turn is a consequence 
of the assumption that there exists an elastic potential energy for 
the fluid-solid system. 

An alternative interpretation of the coefficient a which does not 
depend on the existence of a potential energy and is equivalent to 
Equation [39] is given by the first three of Equations [29]. In 
this case a represents the proportion of fluid pressure which will 
produce the same strains as the total stress. 

The coefficient M may be determined from the coefficient of 
fluid content for the unjacketed test. In this case 


Hence 


a , - > ép’ 
f= yp’ = 57 p’ — adp’.... 


giving for M 


Another alternate way of writing Equations [29] is by intro- 
ducing a stress 7’ defined as 
Ta +P 


To, TP | 


TT. +P 
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The total stress 7 is then represented as a superposition of hy- 
drostatic pressure p, the same as in the fluid pores and a residual 
component 7’ which acts only in the solid matrix. With this 
definition the ‘irst three Equations [29] are replaced by 


Tz.) — (1 — a)p = Qye,, + He | 


Tyy' — (1 — @)p = Qpe,, + re , 


_— Ms (1 — a)p = Que, + re } 


As shown in references (1) and (3) the elastic coefficients yu, A, 
a, and M may all be determined without reference to the porosity 
jf. Furthermore if the Darcy equation for volume flow is used, 
all the equations of consolidation theory may be developed with- 
out reference to porosity. 

It is interesting to examine the limits of the coefficient a. 
Consider first the last of Equations [1] 


o = Qe + Re... [44] 


If a positive fluid force ¢ is applied to the system at the same 
time that ¢ is held fixed, a positive fluid strain € must result. 
Therefore R must be positive. Alternatively, if the fluid force is 
held constant and a positive solid force is applied, e must be 
positive. In addition there must be a net increase in the porosity, 
requiring a negative fluid strain ¢. Therefore, Q also must be 
positive. Since both Q and R are positive, it may be seen from 
the relation 


Q+ R\ “a 
a 


that a cannot be smaller than f. Alternatively, since the un- 
jacketed compressibility 6 cannot be less than zero, it follows from 


the relation 
Soa, 
a={1-— 
K 


that a cannot be greater than unity. 

If the unjacketed compressibility 6 is very small compared to 
the jacketed compressibility x, we may approximate the value of 
a by putting a = 1. This will be true in some cases for a water- 
saturated gel or clay (1, 2).* 


[39] 


4 Transverse Jsorrory 
For the case of transverse isotropy the stress-strain relations 
may be written (2) 

o,, = Pez, + At,, + Fe, + Me ) 
= Ae,, + Pe,, + Fe, + Me | 
= Fe,, + Fe,, + Ce, + Qe 
= Le,, 
= Le... 


= Ne,, 
o = Me,, + Me,, + Qe,, + Re } 
in which P = A + 2N and there are eight independent elastic 


* As pointed out in reference (1) the case where the solid matrix 
and the fluid are incompressible corresponds to a = 1,M = o, 

In reference (1) several other coefficients are used. E, G, and » 
have their conventional significance as measured with constant pore 
pressure. The coefficient a has the same significance as in Equations 
[29]. The coefficient H is given by 1/(x — 8). The coefficients Q and 
R of reference (1) should not be confused with Q and R of Equations 
[1]. In reference (1) Q is equivalent to M and R is given by 1/(7 — 
& -+ x). 
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coefficients. It will therefore require eight independent measure- 
ments to fix the values of the coefficients. 
Consider the matrix 


PAFM 
APFM 
CQ 
MMQR 


FF 


and let its inverse be represented by 


‘dete 


dagh 


99 
hh 
Also let 


L 
L 


The inverse stress-strain relations will then be 


€zg = a0,, + do,, + go, + ho 


as 


€yy = do,, + ac,, + go, + he 


les = 9Fuz + 99,, + bO,, + mo 


ta 


we 
= te,, 


= 80,, 


= ho,, + hg,, + m¢,, + no 


in which there are nine coefficients but only eight independent 
ones because of the original relation (P = A + 2N). 
For this material under conditions of constant pore pressure, it 
will be possible to measure two separate Young’s moduli by 
1 Oe,. 


E, 


1 Oe, 
— — = b 
E; OC", 


{50} 


Three separate Poisson’s ratio also exist and may be measured 


by 
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There are only four independent coefficients between the two 
moduli and the three ratios. From the last two of Equations 
- 

(51) 


E; 
The coefficients a, b, 2, and g may thereby be determined by a 


minimum of four measurements 
Two shear moduli also may be measured by 


1 ( oe, ) 

= - =*s 
Mi O¢,~, 
aim (==) ( 
- 7 o~,~,, 


de,, ) => 
' O07, 

Because of the original relation in Equations [45] of P = A + 
2N, the first modulus yw, does not represent an independent 
measurement and could be determined from the other measure- 
ments. 


In an unjacketed compression test 


— lXa +d +g) — fhip’ —é,p’ 


f— 1Xa +d + g) — fh)p’ 


,— 1) 


g@+¢+b) — fm)p’ 
in which 6, represents the change in the two equal 
principal axes and 6, the change in the third prin- 
, cipal axis of the ellipsoid of revolution formed by a 
unit sphe:re of material strained under unit pressure 
in an unjacketed compression test. 
This measurement permits the two additional co- 
efficients h and m to be determined 
For a final measurement the coefficient of fluid 
content y may be used, giving for the fluid strain 


e= [(f-1 


be determined 
the Matrix [47] 


from which the coefficient n may 
These measurements give for 


(iz) (&) R) 
( 


and the two relations t= 


mi’ us f 


The individual values of the coefficients in the Matrix 
may be found by the inversion of the Matrix [57]. 


Ey v pO: ¥ 
E; Ve Me 6, 


The ten measured values 


Vs 


have been used. Only eight of these are independent since 


and since 4, may be determined from the relation P = A + 2N. 

An alternate form of the coefficients of course could be easily 
written in terms of the variables p and ¢ instead of o and e« 
These new coefficients will not involve the porosity f 


5 Compiere ANIsoTROPY 
The stress-strain relations may be expressed in matrix form by 
(2 
PCyCeCuCuCuC 


CoCo, 


te 


CaCuCals 


in which Cy, = Cy 


Eliminating ¢ by means of the last equation 
*) ( . Cru€z\ 
= c 4. f = - 

az . 


a 
ae ke 


Caln 
= ae 


in which the 21 terms 


(cu = outa) | =) 
( 7 ( 7? 


are the classical coefficients of anisotropic elasticity, as would be 
measured with a constant pore pressure (o = () 

Seven additional measured quantities are then required to fix 
the properties of the system. Six of these may be obtained from 
an unjacketed compressibility test. An original unit sphere of the 


7) (GP +E") 


porous material wiil be deformed into a triaxial ellipsoid. For the 
general case in which the principal axes of the ellipsoid are not 
parallel to the co-ordinate axes, the six coefficients of strain as a 
function of pressure may be measured as 


bees 


Ali— 


E, 





, 


P 





Alternatively it would be possible to measure the mutually per- 
pendicular principal strains of the specimen 


and three angles describing their orientation and to express the 
co-ordinate strains in terms of these. 

For the special case in which the principal axes of the ellipsoid 
are parallel to the co-ordinate axes, the coefficients 6,,, 5,,, and 
6,, are given directly by the principal strains and coefficients 4,,, 
6,,, and 6,, are zero. 

For a final measurement the coefficient of fluid content -y may 
again be used, permitting the fluid dilatation in the unjacketed 
compressibility test to be given by 


x p’ _ (6; + 5, sg 6;)p’ 


a 
odie ta — (6,, + 6,, + 4,,)p 


Therefore the strains in the unjacketed test may be expressed 
in terms of seven measured coefficients and the fluid pressure. 
The stresses again will be 


Ose = Cy, = On, = —(1 — f)p’ 


Cys = Ve = Cy, = 0 [66 } 


ye 
o = —fp’ 

and by substitution into Equations [60] seven equations relating 
the original coefficients and the measured coefficients will be ob- 
tained. These relations together with the 21 relations between 
the Expressions [62] and the classical coefficients permit the 
original coefficients to be determined. Again we may remark 
that a different set of coefficients not involving explicitly the 
porosity can be derived easily by introducing the variables p and 
t. 

6 Exastic Cogrricrents ror INCREMENTAL DEFORMATIONS 

or A PRESTRESSED MATERIAL 


In the foregoing we have assumed the strains to be smal! and 


JOURNAL OF APPLIED MECHANICS 


linearly related to the stresses. We will now examine how the 
relations between stress and strain may be expressed if the porous 
solid-fluid system is still elastic but nonlinear. In particular we 
are interested to know if the results of the foregoing sections are 
directly applicable to the linearized problem when we consider 
small incremental stresses and strains in the vicinity of a pre- 
stressed condition. 7 

We shall restrict ourselves to the case where the prestress is 
isotropic. We consider an initial state 1 which is unstressed. The 
state of prestress denoted as 2 results from the application of 
isotropic stresses in the fluid and the solid. We consider the forces 
acting on the solid portion of the material per unit area of the bulk 
material in state 2. This being an isotropic state of stress these 
forces are represented by the matrix 


ee, ae 
o. &# 
> 2. 


(67) 


Similarly the forces acting on the fluid portion per unit area of 
bulk material are represented by 


c 00 
Bie Ons. a. 168] 
00¢ 


The prestressed state 2 is now considered as a new initial state 
and small incremental deformations ¢,, are superimposed leading 
to state 3. The incremental strain tensor is defined in terms of the 
incremental displacements @ and U of the solid and the fluid 
measured from state 2 as origin. The incremental strains give rise 
to a new state of stress obtained by adding incremental compo- 
nents Ag;, and Ag. We represent the solid stress in state 3 by 
forces acting on the solid portion of the material per unit area in 
state 2. They are 
o’ + Ag,, Ag,, Ac,, 


ao’ + Ac Ao,, 


Ac o’ + Ao 


ys 


(69) 


The forces acting on the fluid in state 3 per unit area in state 2 are 
‘a + do 0 0 

0 0 (70) 

0 0 ¢ + Ac} 


We now assume that the incremental! stresses and strains are 
small enough so that they are related linearly. The material in 
state 2 remains isotropic and therefore the incremental stress- 
strain relations are isotropic. This requires that they be of the 
form 


2Ne,, + Ae + Qe } 
2Ne,, + Ae + Qe 
2Ne,, + Ae + Qe 


Nez 


Ag,, 

Ao 

Ao 

Ac,, 

Ag,, 

Ao Ne,, 
Ao = Q’e + Re } 


We see that based on isotropy alone there are five elastic co- 
efficients for incremental stresses and strains. These coefficients 


vy 
a 
ve 
Ne,, 
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are functions of the initial stresses g and c’. In order to simplify 
the writing we may without loss of generality consider an incre- 
mental stress which is also isotropic. We put 


Ao,, = Ao,, = Ac,, = Ao’ ) 


Equations [71] become 
; S = 
Ao’ = 3 N+A4 e+ Qe | 


Ac = Q’e + Re 


We aseume the existence of an elastic potential energy for in- 
cremental deformations in the vicinity of the prestressed state 2. 
If W denotes this potential energy per unit volume of the material 
in state 2 we may write 


dW = (o’ + Ao’)de + (o + Aodde........ 


This being an exact differential we have 
° ° 
(Ao’) = — (Ac) 
oe Oe 


hence from Equations [73 


The matrix of elastic coefficients in Equations [71] is therefore 
symmetric and there are only four distinct coefficients. 

We must bear in mind that the quantities Ag’ and Ag are not 
the forces acting per unit area of the final deformed state 3 but per 
unit area of the prestressed state 2. Therefore, they are not 
represented by actual fluid pressures in a test but are related to 
them through the incremental deformations. Let us imagine a 
jacketed test with an initial state of stress such that the fluid pres- 
sure inside the jacket is p, while a fluid pressure p’ is applied out- 
side. Our purpose here is to point out an important difference be- 
tween the test with prestress and the test without prestress. In 
the case of prestress, it is not as simple to evaluate the quantities 
Ago’ and Aq in terms of the fluid pressure as for the case without 
prestress. This can be seen as follows. Denoting by f the porosity 
in the prestressed state 2 we may still write as before 


o+a=—p’ | 
o= —fp | 


If we now apply incremental fluid pressures Ap’ and Ap, these 
fluid pressures are applied to changing areas. The new area for 
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p’ is (1 + '/se)*? and for p it is (f + AfX1 + */e)*. We note by 


Af the increment of the porosity factor. Hence 


Xe ) 


a +0 + ho’ + do = ~(9' + Ap) (1+ be) 


o+ Ac = — (p+ Apyf+ Af) 
1 b 
(1+ 3 :) 


Retaining only incremental terms of the first order, Equations 
[78] are written 


9 


Ao’ + Ao = —Ap - 5 p’e 
2 
Ac = —fAp — pdf — 3 fpe 


We see that Ao’ and Ac are not exactly equal to (1 — f)Ap’ and 
—fAp. The correction terms, in general, will be small but never- 
theless will vanish only if the initial stress is zero. 

With these limitations the results of the previous sections ma) 
be applied to incremental deformations except for a reservation 
regarding the validity of Expression [24] for the coefficient of 
fluid content y. We have remarked that, for the unstressed initia! 
state, this expression holds if the material of the porous matrix is 
homogeneous and isotropic. This is a sufficient condition only if 
p = p’,i.e., if the initial pressures on the solid and on the pores are 
the same. If these initial pressures are not equal, then equal in- 
crements of these pressures may produce a change in porosity 
thereby invalidating Relation [24]. 
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Calendering of a Viscoelastic Material 


By P. R. PASLAY,' CAMBRIDGE, MASS. 


The solution of the calendering problem for viscous 
materials is extended to include the first effects of elas- 
ticity. A numerical procedure for the solution of the 
approximate equations is contained in the Appendix. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = parameter in stress-deformation-rate equation 
d;; = deformation-rate tensor 
S(z) pressure along passage (see Equation [39] ) 
P function of x defined by Equation [42] 
G elastic shear modulus 
J: second invariant of deformation-rate tensor 
Pp negative average of three normal stresses 
R radius of calendering rolls 
S, reduced stress tensor = 0,; + 6;;p 
one half the thickness of passage between rolls at cor- 
responding value of z 
minimum value of f(z) 
velocity component in z-direction in region of calendering 
flow under consideration 
jth component of velocity 
maximum value of velocity component u 
velocity of roll surface 
velocity component in y-direction in region of calender- 
ing flow under consideration 
maximum value of velocity component v 
jth Cartesian co-ordinate 
value of x where material leaves surface of rolls 
time 


‘7 


fli=j) 
Kronecker delta Oi xj 
viscosity 


rotation rate = uU;, «) 


1 

2 

O(¢) = should read: “p is of the order of magnitude of 
ls 

stress tensor 

¢,, = shear stress in plane strain 


= (uy, ; _ 


INTRODUCTION 


Calendering is the term applied to the process of rolling bulk 
plastic into sheets. In 1950 R. E. Gaskell (1)* obtained a solu- 
tion for the calendering of a viscous material. Gaskell’s 


1 Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Currently with General Electric Company, 
Schenectady, N. Y. Assoc. Mem. ASME. 

2 Numbers in parentheses refer to the Bibliography at the end of 
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Division, December 13, 1956. Paper No. 57—APM-1. 


solution furnishes suitable predictions so long as the material 
shows no appreciable elastic effects. The solution given here is an 
approximate solution for a material that exhibits both elastic and 
viscous behavior. 


Stress-DeFrorRMATION-RATE RELATIONS 


To obtain a solution to this problem a stress-deformation-rate 
equation must be selected that is easy to manipulate mathe- 
matically and that gives suitable physical predictions. The 
purpose of this section is to motivate the stress-deformation-rate 
equation used in this work. 

Materials commonly calendered may be treated as Newtonian 
viscous fluids to obtain analytical solutions except when the 
elastic properties of the material are pronounced. The linear 
superposition stress-deformation-rate equation of viscoelasticity 
that most nearly meets the requirements for calendering is the 
Maxwell material equation. The formulation of the Maxwell 
material equation will now be outlined. 

The equations are derived by assuming the deformation rate to 
have viscous and elastic parts. The viscous and elastic deforma- 
tion rates are added linearly. 
pressible material there results 


In the case of an isotropic, incom- 


rae . 
“”" 3 1] 
where d;,; is the deformation rate tensor, S;; the reduced stress 
tensor,? S;, the reduced stress-rate tensor, and G, 7 material con- 
stants (G is a shear modulus and 7 a coefficient of viscosity). 

The deformation rate d,, and the reduced stress-rate tensor S,, 
appearing in Equation [1] will now be discussed. As usual, in 
fluid-flow problems, an Eulerian representation is used; that is, 
z, represents a fixed point in the field of flow. 

Tensor d;; may be expressed as a function of the velocity 
gradients as‘ 


d,, = — ( 
C t 
ij é 


Tensor d,, in general 
It is the instantane- 


where u, is the velocity in the ith direction 
is a function of time and position in the field 
ous time rate of change of strain 

The stress rate 8, must be expressed in terms of partial deriva- 
tives as follows 


Si; ad S;; eT u,S;; a>" WS; 7 wo, Sir 


where a is time and 


[4] 


This result is due to Cauchy and is called Cauchy’s flux principle 
3 The hydrostatic component of the stress is subtracted from the 
normal stress components. Sj; is often referred to as the extra stress 
tensor or the deviatoric stress tensor. 
4 The notation is that conventionally with Carteerian tensors; that 
is 
ous 


Cit = Cz2 + Syy + cee and Ui,; = 
Oz; 


See, for example, reference (8). 
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by Truesdell [2]. Equation [3] is derived by requiring that a 
rigid rotation be incapable of changing the state of stress relative 
to co-ordinates fixed in the body. 

As Fromm (3, 4) has pointed out, Equation [1] can lead to 
physical predictions that are not suitable. He illustrates this by 
considering two parallel plates sliding over one another with a 
For this case let the plates be parallel 
Equation [1] 


constant relative velocity 

to the zz-plane and the velocity in the z-direction. 
gives, in component form 
2 

0 d,, 0 20.5, 


00 


The terms in brackets are the six components of the correspond- 
ing symmetric tensors; d,, has the same value everywhere in the 
field of flow for a prescribed ¢,,. The three equations resulting 


from Equation [5] are 


: l 
Equation [6] predicts a maximum shear stress ¢,, of =< ¢ when 


2d,, is G/n and a decreasing a,, for deformation rates greater than 


this. This prediction is not reasonable for most materials since 
the total shear load as a function of the relative velocity of one 
plate to the other would be similar to Equation [6]. Fromm (3 
and Noll (5) have suggested that this mathematical prediction 
would correspond to unstable flow in the physical case. 

To avoid the foregoing difficulty a different stress- 
deformation-rate equation may be chosen or Equation [1] may 
be modified. In order to have a mathematically simple formu- 
lation and to introduce greater generality in the material proper- 


type 


ties treated here the stress-deformation-rate relation of Equation 
[1] was modified in the following way 
Si; Ss 


+ —= | 


(1 + aJ; d;, = 
y 2G 2 


J; = ; d; dj; 
where J; is a second invariant of the deformation-rate tensor and 
a is a material constant found by comparison with experimental 
results. 
If the parallel-plate problem just referred to is solved with 
Equation [8] replacing Equation [1] there results 


Fig. 1 shows a plot of ,, versus d,,, in dimensionless form, from 
Equation [9] for various values of a. The difficulty of the peak 
in the shear stress from Equation [1] can now be avoided by a 
suitable selection of the parameter a 
be found by a comparison of the shear load versus velocity rela- 


For a given material a may 


tion determined experimentally. 

The solution of two other simple problems illustrate that Equa- 
tion [8] is capable of giving reasonable predictions for other 
physical situations 

First consider a bar with a constant uniform uniaxial tension 


applied in the z-direction. In this case Equation [8] yields 


San 3a 
._ (: » i d.,') Ogs 
3n 4 


which is physically acceptable. 
The second case is a bar on which is imposed a preseribed uni- 


ite) 
ev 
ety 
Fic.1 Protror Equation [9] Saow1ne Variation or SHear Stress 


¢zy. Wits Suear Derormation Rate dzy ror Various VALUES OF 
THE PARAMETER a 


form uniaxial strain in the z-direction at a = 0, a being time. 
The problem is to find the variation of stress with time. The 
solution of the problem using Equation [8) is 


aG 


Sos = Oree * [12] 
where ¢,20 is the stress at time a = 0*. This result shows that 
the stress decreases exponentially with time, a prediction which is 
reasonable. 

Equation [8] will now be used to obtain an approximate solu- 
tion to the calendering problem. 





SoLuTION OF CALENDERING PROBLEM 


Fig. 2 shows a sketch of the region of interest in the calendering 
problem. 

The following assumptions will be made regarding the steady- 
state calendering process. 

1 The passage-thickness variation 2[é(z)) — %] is no greater 
than the order of magnitude of the minimum passage thickness, 
2%. This means that (29) — %&/t is of no higher order of magni- 
tude than 1.0. 

2 The passage length 2z is long compared to the thickness of 
the passage 2%». 

3 The axial length of the rolls is long compared to the passage 
length 2%. This permits the approximation of plane strain. 
The plane-strain approximation will be good except at the edges 
of the sheet. 

4 The material adheres to the surface of the rolls so that there 
is no slipping between material and rolls. 

Statement 3 yields 


7? -t, 7*= - 


Since an incompressible material has been assumed from the 
outset the velocity profiles at the various sections may be roughly 
sketched as shown in Fig. 3. 

The rough shapes of the velocity profiles and assumption 1 im- 
ply that tmax — uo/uo is of the order of magnitude of tmax — to/to. 

In the equations that follow, p = 0({) should be read “p is of 
the order of magnitude of £.’’ 

Now 


Umax 


sok Pe 
ue 


and from this the following statements may be obtained 


du | <o(*) 
oz | max To 
rs uU = Umax 
since 
u= %& 
<o(#) 
by 
U = Umax 


since 
u = Ue 


when z 


when z 


when z 
when y 


The continuity equation for plane flow is 


which means that 
2 
oy max 
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Scuematic DiaGRaM or Reotion or INTEREST IN CALENDER- 
ING ProsLeM 


Fia. 2 














fs] cmamee>) EE | 


Fic. 3 Diagram Ssowrne Piors or Vetocity u Versus Posrrion 
fAcross Passace ror Severat Locations ALtonec Passace 


From the foregoing order-of-magnitude study and assumption 2, 

to/2e< 1, some consequences are 

Ou ou 
-| > 


we 2 [21] 


Umax > Umax 


Oz | mes 
du | 
oy | max 


ee | 
oy | max 
The stresses may be analyzed in a similar way. This solution is 


intended to be for a material and geometry that exhibit primarily 
viscous behavior so for an order of magnitude study the following 


is assumed 
0 ( Ou ? 
Tmax = _ Ss 
. ” oy maz Ps 


<0 (2 “) 
lo 2X 


since 


tT =0 when 


T = Tomax at 


r=0 when z=0,y 


when 


T = Tmax z=O,y = b 


The remaining reduced stresses to be considered are ¢, + p and 
o, + p which reduce to a single variable in the following way 


C, + CG, 
Qtp-6,=-— 


o, +o, 
= ——- Dp 


% +p =o, — 


Both of the reduced stresses ¢, + p and o, + p are results of 
shearing stresses acting on a rotating element for this problem, so 
it is anticipated that 
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o, + P)\max = O (Tmax) < o(™) 

7) 

( dr 

P| -0( )<o(2*) 

max oz max & Ze 
Ue 
te? 


-0(2 1.) <0 


The order of magnitude of ¢, + p will have to be checked in the 


Xo, + 
Ox 


Xo, + Pp) 
Oy 


max 


solution to see if the foregoing conditions are satisfied. 
The equations make suitable simplifications so that an ap- 
To simplify this analysis it is 


proximate solution is possible. 
convenient to consider cases where 


Ou ‘ 
Ve — < O(1) [31] 
7] 


max 


The stress-deformation-rate equations, with Equations [13], 
it for examination. 


26 nd [27 are now written o 


= ( 


Ou 


oy 


The plan followed is that the maximum order of magnitude of 


each term of each stress-deformation-rate equation is written out 
by referring to Equations [15], [16], [18], [19], [20], [23], [24], 
[25], [28], [29], [30], and [31] and then, keeping the viscous case 
in mind, only the highest order terms will be retained thus lead- 
ing to simplified equations. There results: 
zz stress-deformation-rate equation 


” ou 


fo VEE * 


and therefore, 7, + p is no larger than the order of 7 if 


a 


G 


< 01 


Oy |max ~ 


Ou T o, +p ( Ou nie 
oy Oo G dy “aie 


[33] 


zy stress-strain equation 


[1 +¢ (#)] 


Eliminating ¢, + p between Equations 


+4 (2) aia & ~ ( 
4 \ oy yO ' @ 


The continuity equation, Equation [17], implies that w 
has been determined then » may be determined. 

The remaining equations are the equilibrium equations. If, 
for creeping flow, inertial terms are neglected these equations are 


and [35] gives 


ou \? ye 
— 36} 
=) 


hen 


ur 


Oy 


op Xo, + p) 
or 
or 


JL 


that the 


An order-of-magnitude study of these equations shows 
change in pressure p along the section is much greater than 
the change in pressure across the section so that the dependence 
on y is neglected and 

p=f(z : 40) 
By disregarding higher-order terms in the equilibrium equations 


we obtain 


since T = 0 when y = 0 for all values of z 


Now let 


Substituting Equation [43] into Equation [3 


[+2 (%)] 


The integrated form of the continuity equation 


t(z) 
0 udy => 


Now the value of z» is seen to be arbitrary; that is, this solution 
does not allow the determination of a value for z». The physical 
reason why Z» cannot be found with this solution is because the 
adhesive characteristics between the roll and calendered material 
have not been considered here. Experimental results of R. E 
Gaskell mentioned by M. Finston (6) show that a good approxi- 
mation to z» may be given by the following equation 


% ( 9) : 
zo = > 


de y [ 
SS etiettade 
oy Kz) L 


last requirement 


const = til( Zz 
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Fic.4 Prot or Dimensioniess VeLociry GRADIENT a > Across PassaGe FOR F 
4@ 
u . m. G 
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& G n? 


This equation supplies a value of z) so that problems may be Figs. 4, 5, 6, and 7 illustrate the results of these calculations. 

worked for comparison purposes. Fig. 4 shows the variation in 
A numerical procedure may be set up to solve Equations [33], 

[39], [42], [43], [44], amd [45]. A suggested procedure is given in 

the Appendix. The numerical method in the Appendix was used ue OY 

to solve cases as follows: across the section for 


2g Ou 


Radius of rolls = 14 in. 2l0 F =07, — = 10 
0.100 in. “ . 
100 ips and various values of the parameter a(G?/n*). Fig. 5 shows the 
values of maximum shear stress in dimensionless form at the 
1.0, +/0.5, /0.1 corresponding values of z/z» along the passage for the selected 
values of 


? G u 
0.446 in. p ( ) and . oie 
7? & ¢ 


7 
The following values of a were used “ae : : 
and Fig. 6 shows the pressure variation, in dimensionless form, 
n? n? 
5 —, — 
G G? 


n? 


=0, —,2 
oT a 


o 


6 x 6 8 


*% 


Fic.5 Prior or Dimensiontess Maximum Swear Srress Across 
2te tmax ., x Ue n z u 
Passace, —— —— Versus Position Aone PassaGe —, ror — - Ton Atona Passace —, FOR — —~ = 1.0, anp InpicaTep VALUES 
ue (on Zo tG Ee) G 
2 


7 ; G 
= 1.0 anp Various VALUES OFf a ~ 
” 


Fic. 6 Prior or Diwensioniess Pressure Versus Post- 


26m Pp 
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24 Ou 


LOT oF VeLociry GRADIENT 


ue 


anp Various VALUES OF 


7 shows the variation in the velocity 
0.7, a = 0 and various 
rolling is decreased, the 
As G is de- 


creased, the variation from the viscous solution becomes more 


along the passage Fig 
gradient across the section for 24F/up = 
As the speed of 


values of (ue/ten/G 


solution deviates less from the viscous solution 


pronounced 
CONCLUSIONS 


The most important result shown here is the variation in du/dy 
from the viscous case at the surface of the material. 
The maximum per cent difference between 


Ou 


oy mat 


for the viscoelastic cases and the viscous cases presented here was 
from 0 to 14 per cent for equal values of the maximum shearing 
stress. 

The per cent difference depends on the value of the material 
constant a and the speed of rolling. The percentage difference 
goes up as the speed is increased and down as a is increased 

The difference in variation of d0u/dy across the section for an 
elastic-viscous material as compared to a viscous material ex- 
plains the failure of the viscous solution in making suitable pre- 
dictions regarding the behavior of a viscoelastic material. The 
approximate method included here certainly indicates which 
direction the variables go if a suitable value of a is known. 

The results of the numerical solution indicate that the pres- 
sure and shear stress drop as G is lowered. This is because the 
viscosity is held constant and the lowering of G corresponds to a 
reduction of stiffness of the material. In other words, the ma- 
terial may accommodate a given load by elastic as well as vis- 
cous deformation so that the load for a prescribed time-dependent 
deformation will in general go down as G decreases. Therefore, 
these results show a slight decrease in total lateral force pushing 
the rolls apart between —z») < z < 2» when G decreases (maxi- 
mum decrease of 7.5 per cent for these calculations). 

(ue/to(n/G) is seen to be an important parameter in this 
problem. From a physical point of view (%/to)(7/G) interrelates 
the kinematic and material properties of the problem since 
ue/te is the order of magnitude of the maximum shear-deformation 
rate and 7/G is the ratio of two of the material constants. 


aay 


Across PaSsaGE FOR - F = 0.7,a 
> = 

The reader should note that this approximate solution does not 
include the determination of the elastic recovery of the materia 
after it has left the rolls. 

This solution should be of use to manufacturers who use the 
calendering process. From the standpoint of the manufacturer, 
the speed of rolling should be the highest speed compatible with 
producing a prescribed quality sheet. The material to be cal- 
endered is often heated to reduce the power requirements for 
calendering or to improve the quality of the product. Owing to 
energy dissipated in the shear flow and the resulting temperature 
rise of the material, the surface of the sheet may have undesirable 
characteristics. To make faster speeds of rolling possible the 
rolls are often cooled to improve the surface of the sheet. When 
the rolls are cooled the limiting speed of rolling is usually deter- 
mined by blistering of the material under the surface. Knowledge 
of how the variables of the problem change when the material 
has elastic as well as viscous properties may be used as a guide 
in selecting the speed of rolling, the temperature of the bulk to 
be rolled, and the amount of cooling of the rolls necessary. 
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Appendix 


The following procedure is suggested for solving Equations 
[33], [39], [42], [43], [44], and (45): 


1 The geometry, speed, 7/G and a must be selected; (uo/t) 
(n/G@) must not be of order greater than 1.0. 

2 Arbitrarily select a value for F (Equation [43]). This may 
be selected, to start with, as a value of F occurring in the viscous 
solution. Now with this value of F and a value of du/dy (chosen 
arbitrarily) Equation [44] may be solved for y/[é(z)]. For the 
selected value of F calculate several values of y/[t(x)] (enough to 
give a sufficiently accurate curve of du/dy versus y/[t(z)] in the 
region 0 < y/[t&(x)] < 1). 

3 With the du/dy variation with y/[t#(z)] for a prescribed a 
and »/G a numerical integration may be started with the condi- 
tion that u = w at y/[i{z)] = 1. This determines u/[é(z)] at 
every point across the section. u is not known yet since ((z) is 
unknown. Since du/dy versus y/[t(z)j is nearly linear (the vis- 
cous case is linear), the trapezoidal rule furnishes a sufficiently ac- 
curate method of numerical integration. 

4 u/t(z) may now be plotted against y/[i(z)]. If the area 
under this curve is obtained (by Simpson’s rule or some other 
appropriate means) then ¢(z) may be determined from Equation 
[45]. One method which is convenient and accurate is to plot 
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x) 


versus 


Ee: 
uz) Uz) 


a ae 

t(z) Kz) 
is the variation of the velocity profile from the uniform velocity 
profile. If the area under the 


* _ 
tz) tz) 


ye 
Ux) 
is determined and designated by A then from continuity (Equa- 
tion [45] ) 


A[t(z)}* + Quof(z) — Zuol(z») = 0 


This quadratic may be solved for é(z) and the value of z cor- 
responding to this value of F may be determined as well. 

5 Steps 1 through 4 are carried out for enough values of F to 
obtain a sufficiently accurate plot of F versus zr. F is the maxi- 
mum shear stress for the corresponding values of z so that T | max 
versus z is known. [df(z)]/(dz) in Equation [42] may be found 
as a function of z. A numerical integration may be used to find 
f(z) for each value of z. The boundary condition to be used is 
that f(z) = Owhenz = 2p. 





An Elongating String Under the Action 
of a Transverse Force 


By WERNER GOLDSMITH,? BERKELEY, CALIF. 


The motion of a uniform undamped flexible string whose 
length increases with time has been investigated when an 
arbitrary time-dependent force acts transversely at the 
free end. The method of characteristics has been em- 
ployed to derive analytical expressions for the transverse 
displacement in the subsonic regime. Cases are considered 
when the free end of the wire moves either at constant 
velocity or at constant acceleration. Numerical solutions 
are presented in dimensionless form for a sinusoidal forc- 
ing function of arbitrary amplitude and fixed frequency. 
The possibility of the existence of resonances in the string 
has been examined. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


cross-sectional area of wire, sq in. 
time-dependent transverse force, Ib 


I 
forcing function = — — F(t 
rcing i01 r (t) 


length of string at time ¢, ft 
dimensionless force amplitude, fraction of string tension 
string tension, Ib 
acceleration of string in the z-direction, ft/sec* 
velocity of sound in the string, fps 
differentiation symbol 
displacement of string at free end, ft 
acceleration of gravity, 32.2 ft/sec* 
= exponent in summation 
= direction of interior normal to path of integration 
l1-, 
1+8 
co-ordinate of path of integration 
time, sec 
transverse displacement of string, ft 
longitudinal velocity of string end in z-direction, fps 
Green's function satisfying adjoint differential equation 
co-ordinate along direction of undisturbed string, ft 
et 
frequency, rad/sec 


L 
Q 
T 
a 
c 
d 
f 
Q 
m 
n 


Settee «8 


Oe ws 


D 


: v 
Mach number of string, 8 = — 
c 
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= dimension co-ordinate in space plane 
= time co-ordinate in space plane 

= string density, lb-sec*/in.* 

= frequency, rad/ft 


All subscripts of lower case letters denote differentiation with 
respect to the variable indicated. 

All parentheses ( ) denote functional dependence upon the 
variables in the parentheses. 

A prime (’) denotes differentiation with respect to the argu- 
ment. 


INTRODUCTION 


Rockets are used in a number of applications involving the un- 
reeling of a long flexible cord or wire from a relatively fixed 
source. The end of the cord which is attached to the rocket ex- 
periences transverse oscillatory displacements in accordance with 
the more or less regular yawing and pitching motions of the 
rocket. 

It is of interest to discover whether or not the coupled motions 
of the rocket and the cord are capable of producing resonances 
which will result in the generation of transverse waves o! \."ge 
amplitude in the cord. The occurrence of large amplitude waves 
in the cord probably would result in a modification of the tra- 
jectory of the rocket in such a way as to deflect it from the de- 
sired course. An analysis of this problem is the object of this 
paper. 

The mathematical model for this situation involves a flexible 
string of increasing length under tensile stress. One end of the 
string is attached to a drum, while the other is subjected to the 
action of a known time-dependent forcing function. Gravita- 
tional effects are neglected. The solution for the case of a string 
of constant length excited by a force at one boundary is amply 
described in the literature.*:* The feature of increasing span of the 
string gives rise to a traveling boundary condition, and problems 
of this type are most readily attacked by the Riemann-Volterra 
method of characteristics.* ¢ . 

Webster’ presents a solution for a source moving subs: 
along a string, but his initial value problem differs radical 
the boundary-value problems considered in this paper. I‘ + 
be emphasized that the solutions developed are applicable oi:/y 11 
the subsonic range; in other words, only in the range where the 
longitudinal velocity of the free end is less than the sound veloc ty 
in the string. 


***Vibration and Sound,” by P. M. Morse, McGraw-Hill Book 
Company, Inc., New York, N. Y., second edition, 1948, pp. 91-97, 
133-146. 

‘“Theory of Vibrations,” by N. W. McLachlan, Dover Publica- 
tions, New York, N. Y., 1951, pp. 79-83. 

5 “*Methoden der Mathematischen Physik,” by R. Courant and D 
Hilbert, Julius Springer, Berlin, Germany, second edition, vol. 1, 
1931, pp. 321-337. 

*“Partial Differential Equations in Physics," by A. Sommerfeld, 
translated by E. G. Straus, Academic Press, New York, N. Y., 1949, 
pp. 52-54. 

?“Partial Differential Equations of Mathematical Physics,"’ by 
A. G. Webster, Dover Publications, New York, N. Y., 1955, pp. 250- 
253. 
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MATHEMATICAL DEVELOPMENT 


The assumed physical system is shown in Fig. 1. A flexible 
string of constant cross-sectional area and density is stretched by 
a constant tensile force 7 acting in the direction of increasing 
length and is further driven transversely by a known force F(t). 
Solutions will be developed for the case of no damping when the 
end of the string moves either at constant velocity or at constant 
acceleration. 

The governing differential equation for the transverse dis- 
placement of the system u is the ordinary wave equation 


(1) 


which is a hyperbolic type of equation. The sound velocity in the 
string c is defined by 


(2) 


where T is the tension, A the cross-sectional area, and p the mass 
density for the string. Replacement of y = ct in Equation [1] 
provides the homogeneous relation 


12) 
Uge = Uy,.--- {3} 


The boundary conditions are 


u(0,t) = 0... 
corresponding to zero displacement at the drum, and 
—Tu,(L{t),t) = F(t) oru, =Gy)\ <1 


1 
where Gy) = - T F(ct) 
which deseribes the slope at point L(t) as the direction of the re- 
sultant of the two forces acting at this station. Jn addition, the 
motion of the free end of the wire is prescribed as 


. [6] 


in the case of constant velocity, and 
Lit) = ~ at? 
2 


in the case of constant acceleration. 

The technique employed for the solution of the problem 
utilizes the method of characteristics, which involves a contour 
integration in the z-y plane. The solution for the displacement at 
an arbitrary space point u(, 7) of the general second-order par- 
tial differential equation requires the determination of a Green's 
function w which satisfies the adjoint differential equation and 
must also fulfill certain requirements along the characteristics y 
+ z = const.5?7 The simple wave equation, however, is self- 
adjoint, and it can be shown that for this case w = 1. Solutions 
for the desired displacement can then be derived from the inte- 
gral relation 


{—u, cos (n, x) + u, cos (n, y)}ds = 0... [8] 


contour “ 


where n denotes the direction of the interior normal and ds de- 
scribes the path of integration. 

String End Travels at Constant Velocity. The first case con- 
sidered will be that when the end of the string L(t) has a constant 
velocity 


Lit) = vt = By . [9] 


where 8 = v/c. The plane of integration for this situation is 
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le Lit) 


Fie. 1 








Diacram or Paysicat SysTem 


represented by Fig. 2. Line OA denotes the location of the end of 
the string, and is inclined to the y-axis at an angle less than 45 deg 
in view of the subsonic condition vy < c, or 8 <1. The arbitrary 
space point P(£, 7) is connected by characteristics to correspond- 
ing points A and B on the boundaries. The equation of line AP 
is 

s-f=9-y9 10} 
while line PB is defined by 

z—&=y-7 (11 
The co-ordinates of point A are obtained by simultaneous solu- 
tion of Equations [9] and [10], so that 

_ Ble +4 
A Si vA 
The co-ordinates of point B are 
tp=0 yp=n-F 


The slopes of the characteristics are +1. Further 


Along AP: ds = ~/(2)dy = — V/(2)dz 


1 
cos (n,z) = — —— cos(n,y) = — 
3 So 


ds = — 4/(2)dz = — ~/(2)dy 
’ ’ 
cos (2, yj) = — y 
V2 


Along PB: 


cos (n, z) = —— 
V2 
dz = 0 


cos (n, z) = 1 


Along BO: ds = —dy, 


cos (n, y) = 0 
sah aa 
de = Vit Bay = VAF® a, 
| 6 
— cos (n, yy) = 
V1 + 8 V1+ 


Substitution of Equations [14] in Equation [8] provides the re- 
lation 


P ‘ B ‘ : , 0 
ot PF ju,dz + u,dy} + » ju,dz + u,dyj + 2 udy 


A 
To fu, + Bu,}dy = 0...... [15] 


Along OA: 


cos (n,z) = 


and the displacement u(£, 7) is then obtained by integration of 
Equation [15] as 


if. (a8 +) 


2 )*\ase° 


+ 
é4 5) + u(O, 7 — &) 


(é, 7) = 
u(f, 7 142 


‘ 


tts 


° 1+2 ( 
4 f u,(0, y)dy + f [u, + Bu,)(By, y dy [16] 
a—€ 0 J 
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8) x 
Fic. 2 Space Prane ror Case or Constant VELOcITY 


An explicit evaluation of Equation [16] cannot be performed 
directly since the required boundary values u, (0, y) and u,(Sy, y 
It will be assumed that the displacement u along 
Then, since dz = Bdy 


are unknown 
z = By is given by f 
du( By, y) = f 


udy = 


¥ 
| Bu, ef u,jdy = | BG(y T u,} dy 


iT 


and 
= f(y) — BGly [17] 


in Equation [16] yields 


; 


1) 4 ay BiE+n) E+ 
uf, 9) = - rw. 148" 14+8 


v—€ 148 
és f u,(0, y)dy + [1 — 8) f mee | [18) 
7 VU 0 


; f, and since further (0, 0 
patibility. Now let point P approach the boundary line y = 0 


Substitution of Equation [17] 


= ufO. y) =U for com- 


since u( A 


This corresponds to £ — 0 in Equation [18], or 


1 | Bn n 
(0,7) = 0 = 11 +aIs(- , 5) 
—'s 2 | T\T4+814+8 
. 
ee ite / 
u,(0, y)dy + l_— af G y dy 4 
Jo 0 ) 


Then 


. 
u,(0, ydy = 
0 


.{ Bn_ n ) 
us as (; +6 1+8 


3 ¥ 
G(y)dy 


and 


a—t 
—_ u,(0, y dy = 
0 


Bin - §] gn -& 
ve if , Se 
1+ os (A=, 2) 


9—€ 
fi - B — G(y)dy.. ... .(19] 
0 
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and [19] then provides the re- 


Combination of Equations [18 
di +p | (2 a a+) 
‘a 1+8'°1+8 
att } 


Bin — =) n-—€& : i+8 
-s(— , + {1 — BY Gy)dy? . . [20 
1 (Fae =) , al eat ee 


1+é 


lation 


l 
ulE, 7 = > 


If point P now approaches the other boundary z = #y, or z — 8n, 
y — 7, then 


1 + BI[f(8n, 2 


~ {(Bqn, gn)! 


+ {1 — [" cavt 21 


where the constant q is defined as 


u( Sn, 7 


i) 


It should be observed that this limiting process can be ac- 
complished only in the subsonic regime. In the supersonic region 
8 > 1, the characteristic BP cannot be extended to intersect line 
OA, and the procedure described here will be invalid. 


f(8n, ) by f(m), 


Denoting 
Equation [21] may be written as 


1 o) 
f(n) + f(qn) = {1 + 8] f Gy)dy 23) 
q os 
Differentiation with respect to 7 yields 
+ f'(qn) = (1 + B[G() — gG(qn)).. 24) 


Equation [24] will now be used as a recursion formula 


I'm 


f'(n) = —f'(qn) + 11 + BIG 9) — gGqn)) 


BIG 7) 


S(¢@n) + - 2G(@n 


+ gil + B)G(g*» 


= —f(g*n) + [1 + 8]G(y) — 2[(G(qn) — Gq*n)) 


25 
— gil + BIG(gn 
= f'(q'n) + [1 + BIG) — 2(G(qn) — G(gn 
+ Gq) + all + BIG(q*n 
Thus 
f'(n) = [—1]) *f'(q"y) + [1 + BIG(n 
m-—l 
4192 [—1]"G(q"n) + g[l + B)G(q™y [26 
m=) 


Furthermore, com- 
patibility requires that G be a continuous function at the origin 
and that G(0) = 0. Thus, since u,(0) = 0 


Now let m — @; since g < l, 


q™ — 


u,dz > u,dy z=0 * 0 
y=0 


so= 


and further G(qg™4) — G(0) — 0. Equation [26] may then be 


written as 
f'(n) = 2 > [—1]"G(q"y) + {l + B)G(n) 


m=! 





612 


Integration of Equation [27] leads to 


bad ” 
fin) = 2 >> [-1)" f G(q™n)dn 


m=1 
+ +8] f G(n)dn...... (28) 
0 


and thus 


att 
n+é itp 
s(255) -u +e f G(n)dn 


set 


+2 > umf G(gnn)dn 


m=1 


Finally, replacing £ by z and 9 by ct in Equation [20] yields 


Blt +2] ad@+e2 
dns {us aL (Steg, £42) 
a+z 


fia -— 3] d—s q i+8 
. 1+B’ a=) ] 40 8% 1 Gtviav f. [30] 


“148 





where the unknown functions f are determined from Relation [29] 


attr 

1+, 
l +a f 
0 


axtz 


as 


G(y)dy 


Guar #=*) = |[ 
1+6’1+8 


+s 
+20 i-us f* F G(q*y)dy..... 


m=1 


(31) 


String End Travels at Constant Acceleration. The motion of the 
end of the wire is now defined by the relation 


1 la 

L(t) = — at? = — — y?.. . [32 

=> ce © [32] 

and the corresponding z-y plane is shown in Fig. 3. Simul- 

taneous solution of Equations [32] and [10] determines the co- 
ordinates of point A as 


CONSTANT ACCELERATION a 


v_ at 
Sz <i 








e) 
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Va 


while the co-ordinates of point B are again defined by Equation 

[13]. The pertinent geometrical relations along the various 

paths are given by 

Along AP: ds = — V2 dz = V 2 dy 
1 

V2 


Along PB: ds = — V/ 2 de = — V2 dy 


1 
cos (n,y) = —-=> 
V2 


cos (n, z) 


l 
cos (n,z) = —= eos (n, yy) = -— — 


V2 Vv 


Along BO: ds —dy,dz = 0 cos(n,z)=1 cos(n,y) = 0 
aty*| 


eg aty* i i 
as — = + —— > dr 
< ¥} pas y)! af 


—1 
cos (n, z) 2 SS 


Along OA: ds 


cos (n, 


y= - 


41+ 


Substitution of Equations [34] in the contour integration formula 


[8] leads to 


Py Fy B. , 0 
is {—u,dz — u,dyj + » ju,dz + u,dyj + 3” 
A j : 
+ f 1 ue + —| u 
0 c 


The value of u, along the line z = (a/2c*)y? is given by G(y), and 
the value of u on this boundary will again be denoted by f. The 
same procedure as employed in the previous section then leads 
to the relation 


LS i(nerS[i—qis 


u(t, 7) = 


9, 
i? + 


c? 14 Re 2a , 
=F ah ieee 
a . | c 


id 2a 
=i +. + fg + 
pel doth "dias 
0 


v7 | r aty? 
‘{h- 


When é -+ 0, Equation [36] becomes 


~5( Coe Pe 
ke 8 \ |’ 
Pe” ” 
£ | -1 + \! + 20) - [. (0, y)dy 
a 0 


< [ -1 +4 1+ 
+f [1-4] ou 
0 
+ % rw} dy 
c 


u(0, 9) = 
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and consequently 


a—t we yr 
~f u,(0, y)dy = -(< -1+ y+ % ty - 8} |) 
0 ; ; a e 


é [ 1+! = "a a] 
» “ 4 + ~lew 
‘ c 4 at 2 
~ 3 1 —-— | a) 
0 c 
ay . lili 
p I'y }e od] 


where the z-co-ordinates have been deleted in the functional no- 


tation. Substitution of Equation [37] in Equation [36] then 


yields 
] c [ os 2a , | 
wEn= 54 “14 Qlt+Zla+d 
(2 [14 is 0-0) 


Now let P — A; this procedure is also valid only in the region 


where» = ai<c. Along the curve OA 


a ( ei a es") 
= ,s u=wf —j] + it + 4 _ = 
g o-2" 7 , al | -2 c | 


and substitutior 
integral equatior 


fin 


resuits in the 


of these terms in Equation [38 


Differentiation and some manipulation then yields the 


fal ~~ 2an ay? | 
nor (2-14 qe) 
a rs c af 
[ an | [ 2an | 
+}! - A= 13 - gis ee 
J L c - J 
r 2an at? | 
G -1 + he -—- | 10 
c L ‘ J 
Since 


- : = 
o2 2an 


a*y? 
el reqs ™t- SF] <, 
Equation [40] is also amenable to a solution by a recursion 
formula. In practice, however, it will be found more convenient 
to use a numerical method of evaluation for f’(m), followed by a 
graphical integration to yield f(m). The final solution in the form 
corresponding to Equation [30] is then given by 
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1} c 2a , . 
u(z, cl) = = Vf . —1 + . ~ a ja + 2} 
& r 2a ao 
—f —1l + 1 + -ltat— 
/ a | | c? *I 
— —J 
c? 2a a 
peloey : t “Tl a) 
1 — - Gly 
~ ¢ C7 ‘a cu 
#14 q+ a a-a| 
ay . { ~ 
Te" her ” 
where the values of 
c -- 2a ~ 7 
J\ —| -1+ 91+ la +2} |}, 
. a c 
P ci , as 2a ‘ | OY ww, 
J a —1 + y a ja — = | , and er T'(wody 


are to be obtained from the integral curves of the solution of 
Equation [40] 


NUMERICAL ExamMp_e 


Numerical results have been obtained for the cases of constant 
velocity and constant acceleration using a sinusoidal forcing func- 
tion 

F(t) = —QT sin 2 = —QT sin wet or Gly) = Q sin wy [42] 
where Q represents the force amplitude as a fraction of the ten- 
sion. For the case of constant velocity, substitution of Equation 
[42] in Equations [30] and [31] yields, respectively 


2 “{ | ( Ba 
ds, da fn 4 ail s (* 2s ts) 
2 | & 1+8’ 1+8 
(Ae —z cd — =) 
— . J 
4 1+°O65 1+°p5 
rit+s . j 
+ fl — 8) Q sin wydy | 43 
. it—-z 
l+s 
azz 
tee adits ‘ f°? a 
> = + SID wit 
1+f8’ 1+ 3) Jo | 
= “T33 
+2 >. —lii | sin 7" wydy ‘ 44 
yaa { 
m=1 #0 
and combination of Equations [43] and [44] leads to the final 
result 
uz, ct 2{1 + 6) § wr wet 
: = - < sin - sin — 
Q w ' + 8 1+8 
- | qg™ wr q”" wet 
+ > e {--1]" sin — gin a4 45) 
— 


1+, 1+ 8} 


Calculations were performed for a value of JT = 200 lb, A = 
0.001 sq in., a velocity » = 1000 fps, a density pg = 0.279 Ib/in.', 
and a frequency of disturbing force of 10 cps, corresponding to a 
value of w = 00453987 rad/ft. The sound velocity in the string 
is 1384 fps, and the Mach number for the string 8 = 0.722543. 
Displacements were computed at intervals of 0.1(z/L) for four 
different times of 0.02, 0.1, 0.5, and 1 sec, corresponding to string 








SOUND VELOCITY c= 1384 ft/sec. 
TENSION T= 200 Ibs 

EXCITING FORCE F#-QT sin at 

Qi = 20 T rod. /sec 

CONSTANT VELOCITY v=!000 ft. /sec 


~—_Y 
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Fic. 4 Transverse DisPLaceMeNntT oF STRING as A FUNCTION OF 


DiwensionLtess Lenore ror Cases or Constant VELOCITY 


lengths of 20, 100, 500, and 1000 ft, respectively, as shown in 
Fig. 4. 
It was found that six terms of the expansion 


- i. @os. 
> —1)* — Pome 
{-1] o sin i 8 sin 


m=1 


q™wel 


sufficed to produce convergence of the displacement to less than 
0.1 per cent for the longest time considered. Only three terms 
were required to yield comparable results for the shortest travel 
time. The definition of the curves was considerably improved 
with an interpolation process which superposed the sinusoidal 
variation resulting from the first term of Equation [45] on the less 
rapidly changing component contributed by the summation. 
The latter permitted the construction of a reasonably smooth 
curve with only 10 computed points. 

Application of the sinusoidal forcing function, Equation [42}, 
to Equation [41] yields for the case of constant acceleration 


u(z, ct) 1f(/e | | Sa 
oT = ; f = —1+ ¥' + -: jet + 2} 


-s(¢ E + 1! + = fet — : 


_ pleas aa 


{ct = 2 | 
= v4 ) di . 
> - . { 


2 
= [ -1 + y+ 20 
which, for purposes of calculation, can be reduced futher to 





| sin wy 


“3 (E [as yi Sa) 
-1(¢ [a+ fi Bea) 
fae [aegis Bier 

— — || cos — | -1 + 41+ — {et +2} 
Ww a 
we? J 2a 
~ oe | 1+ qi + ™ ta -a1] | 


[is ghs Basa] 
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sin = “| —t + qi+ + a | jet + | 
c i —- 
+ a 
2 


2 
[-14 y+ 2 fat + 2 | _ 
c 
we 2a 
woos | 1 + qt + 
a 


a? 2c? 


Ta Lt yee St 
sin “f, + lb 2a fet 
a 


j {< | 1 1 a : , : 2 
+ —1 + + - d—z - 
: Y {t—a} |} -= 
we? + 4 2a , , : 
wcos —— | — + —jied-—gz 
a y c _ , 


+} —-1+ @#1+ Pe he + 2} 
| y ce i ; 


ri c _ a, " 
: r —I git ulin 


4 


2a 


5 9p ate - ict — 2} 
_ (sais Bena) 





> 7 - 

— = tat +21 | j 

f(a)dn | 
oy > 2 (a — 2 | 

by integration SH parts. Substitution of Equation [42) i: 

relation for f’(7), Equation [40], results in the « : 


woes 2,2 
(9) = -r(: “las q+ yit 728 -*}) 


ei. 2an 
+ [1-98] sino -[2- qi +™ s 


> eg 
2y2 
sin 4 + ¥! += a 
A numerical method of successive approximation was em- 
ployed for the solution of Equation [48]. Initially, a sequence of 
value of f’(7) was assumed, an approximate curve of f'(7 
function of 7 was plotted, the values of the term 


ef an a? ) 
f’ -1 1+—- 
(slaty | 
were then read from the curve and resubstituted in Equation 


[48] until convergence was obtained. For sufficiently large values 
of 7, the value of the term 


fe | 2am “')) 
He ae(ie 3 


was located in an interval already computed, and Equation [48] 
could be evaluated directly. While some question exists concern- 
ing the accuracy of the computations of f’(m), the subsequent 
process of integration would tend to smooth out any errors. 


i458 


as a 
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Only the integrals of the (7) versus 7-curve are employed in the 
solution of the problem. 

The constants employed in this example involved a sound 
velocity of 1384 fps and a constant acceleration of 161 ft/sec’, 
or 5g. A curve of f’(7) was computed at intervals of 10 units of 7. 
Fig. 5 shows the calculated curve for a range of 7 from 0 to 750, 
while Fig. 6 portrays the corresponding integral curve f(7). 
These curves were obtained by a graphical integration with the aid 
of a planimeter. The range of these curves encompasses an in- 


AS A FUNCTION OF 7 


a8 A FUNCTION OF 5 
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terval of time of about 0.545 sec, permitting a string elongation 
to a length of approximately 24 ft. 

The information presented by Fig. 6 was now employed to 
evaluate Equation [47]. The term 


{? [- +yi+ * let +a | 
2 r 2 
= [-1+qi4 = a-ai| 


was evaluated by another graphical integration of this curve. A 
string length of 20 ft, involving a travel time of 0.49845 sec, was 
chosen as the basis of the calculations. Points were computed at 
intervals of 0.1(z/L) for forcing frequencies of 10 cps and 100 eps, 
respectively. The displacements for this case are presented in 
Fig. 7. For comparison, the curve for the string of the same 
length traveling at a constant velocity of 1000 fps and subjected 
to a periodic force of 10 cps frequency has been superposed. 


S(n)dn 


Discussion 


The displacements for the constant velocity case were cal- 
culated for four selected string lengths covering the region of prac- 
tical interest. It may be noted from Equation [45] that the 
transverse motion is described by the superposition of a term in- 
volving the product of two sine functions and a sum of alternating 
products of similar character. This alternating series eventually 
converges quite rapidly, although the initial terms of this sequence 
may be diverging. The sign of the quantity sin [g"wet)/[1 + 8 
of the dominant term of this series determines the location of the 
average displacement with respect to the neutral position of the 
string. Since this term alternates in sign with increasing time, 
the average displacement also will oscillate about the zero-dis- 
placement axis. Although the mean amplitude of motion increases 
with time, it always will remain bounded. 

An interesting feature of this case is the reduction of the fre- 
quency of oscillation of both terms in Equation [45] from that of 
the exciting force by the factor 1/{1 + 8]. This phenomenon is 
the result ‘of a Doppler effect which will halve the response fre- 
quency of the string at sonic velocity. When the string is stil! 
relatively short, the first term of Equation [45] is overshadowed 
by the alternating series, and the ripples produced in the string 
by this component cannot be detected in Fig. 4.or 7. At later 
times, however, this term causes a significant deviation from the 
mean displacement of the string, and, near the origin, may even 
result in a total displacement of opposite phase to that of the 
average motion 

In the case of constant acceleration, the first four terms of 
Equation [47] determined the resulting transverse motion within 
about 1 per cent for a forcing frequency of 100 eps. As may be 
observed from Fig. 7, the smaller frequency is too slow to portray 
effectively the oscillatory nature of the phenomenon, which is 
governed by the quantity 


l 


j we? 2a , , 
~ }c0s —1 + he - phen jel + =z} 
w a c 
we? , 2a , ‘ ' | t 
— cos —1 + + -jict —zj li? 
a \ a | ab 


However, the existence of this feature is clearly demonstrated 
when the forcing frequency is increased by a factor of 10. Such 
a change also severely curtails the maximum amplitude of the 
displacement 

The shape of the displacement curves for the cases of constant 
velocity and constant acceleration for the same forcing frequency 
and string length are quite similar, although the velocity of the 
free end of the wire and the travel time differ radically for the 
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two conditions. The case of constant acceleration exhibits an 
amplitude approximately 5 per cent in excess of that shown by 
the constant-velocity curve. This is a surprisingly small increase 
inasmuch as the disturbing force with constant acceleration of the 
string acts over a time interval twenty-five times as long as in the 
case of constant velocity. 

Series expansion of the trigonometric terms in Equation [45] in- 
dicates the bounded nature of the motion for constant string end 
velocity, and consequently no resonance involving infinite dis- 
placement is permitted for the undamped string. The same 
prognosis cannot be stated immediately for the case of constant 
acceleration since the terms involving the function f will increase 
with time. However, regardless of the magnitude of the ac- 
celeration, there always will exist a time when the end of the 
string has attained sonic velocity. This condition serves as the 
upper limit of the applicability of the solution, and thus provides 
an effective upper bound to the magnitude of the displacement 

The technique described is applicable for any arbitrarily chosen 
forcing function satisfying the required conditions of a null value 
and continuity at the time origin. Any function of this type can 
be expanded in a Fourier sine series and the solutions for each fre- 
quency can be superposed. 

Iu the supersonic regime, the space point P in Fig. 2 or 3 will 
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be located on the other side of line OA and must be connected by 
characteristics to the z-axis. The motion of the string is thus 
governed not by the boundary condition at the fixed end, but 
rather by the initial conditions present in the wire. Physically, 
this signifies that any disturbance generated at the free end of the 
string will never be transmitted to the distal terminus, and re- 
flections at this point cannot be generated. Consequently, 
resonances cannot be excited in the string under supersonic con- 
ditions. At sonic velocity, disturbances generated in the string 
are frozen and will not propagate in either direction. 
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Effect of Elastic Racks 
on Vibration Mounting of Equipment 


By R. A. DI TARANTO,' CAMDEN, N. J. 


The over-all fundamental natural frequency of a uniform beam 
supported at each end by equal springs is determined in terms of 
the first-mode bending natural frequency of the beam and the 
natural frequency of the lumped mass beam on the two springs. 
This is qualitatively applied to the case of electronic equipment 
on elastic racks supported on vibration mounts. 


Nomenclature 


kinetic energy 

potential energy 

mass per unit length 

elastic beam deflection 

spring deflection 

natural frequency of the system 


of the beam 


length 


deflection ratio, y 6 

beam fundamental natural frequency 

rigid body on springs natural frequency 

ratio of beam to rigid-body natural frequency, wz/we 
ratio of system to rigid-body natural frequency, w/w» 
stant 


spring col 


Introduction 


In many practical problems where electronic equipment is 
placed on racks or such holding device and then this device is 
placed on shock or vibration mounts, it has been found that the 
system’s natural frequency is different from that calculated for a 
rigid body on a spring. This has led to much difficulty, as a sys- 
tem is designed to a given natural frequency to avoid resonant 
condition, and it has been found that resonant conditions have 
occurred at a frequency different from the calculated natural fre- 
quency. 

It appears reasonable that this phenomenon can be explained 
by considering the racks or holding devices as elastic members on 

1 Engineer, Mechanical and Material Engineering Standards, De- 
fense Electronic Products Division, Radio Corporation of America. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 13, 1956. 
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the elastic springs. The actual case is rather complicated, being 
at times a plate or four beams in the form of a box on four mounts 
In most cases an order-of-magnitude effect of the elasticity of the 
rack or mounting device on the natural frequency of the equip- 
ment on mounts is required. To this end, the following analysis 
and resulte are given. 

The analysis considers a simply supported uniform beam with a 
uniform mass distribution representing the equipment, mounted 
on two equal springs. The method of solution used is the Ray- 
leigh type solution. 


Analysis 
General Considerations 

The analysis considers the rack and ecuipment as an effective 
iniform beam placed on springs (the The 


kinetic energy is calculated considering the beam bending in its 
first mode and the movement of the total motion of the beam due 


vibration mounte 


to the spring. 
The potential energy is calculated considering the elastic bend- 
ing energy of the beam and the potential energy stored in the 
springs. The maximum values of these two energies are equated 
as per the Rayleigh method 
This results in an expression having three unknowns: 
combination 


the non- 
dimensiona] natural frequency of the w/w; the 
nondimensional elastic natural frequency wg/w,»; and the ratio of 
the beam displacement to the spring displacement y. A relation 
between the ratio of displacement y and the nondimensional 
natural frequency w/w» is obtained by use of the dynamic force 
of the beam onto the spring, yielding a deflection relationship. 
This latter relationship yields an equation in the nondimen- 
sional natural-frequency ratio w/w,» and the nondimensiona! 
natural frequency wg/w». This is a cubic equation, which is 


solved to obtain the desired results 


Equations of Motion 

In considering the beam oa springs, Fig. 1, the kinetic energy 
of the uniform mass of the beam and the added uniform mass can 
be written in terms of the deflection of the spring and the elastic 
bending of the beam. The springs are considered as moving to- 
gether in phase and through the same amplitudes. The kinetic 


energy is 
‘ 
T= [ pdx(y + 6)? 





Fig. 1 Uniformly 
loaded beam on 
equal-stiffness 
mounts 


If we assume that the motion is harmonic and the beam is bending 
in its first mode, then we can assume 

. £2 : 

y = yo sin 7 om Te ates [2] 


6 = &, cos wt 


Substituting these in Equation [1] yields 


T= [4 Yo? + 7 Soyo + a as] w* sin? wt .-- BJ 


M 2M M : a 
T = w%),? 7. y? + io y+ > sin? we [4] 


Where pi = M = total mass. 

The potential energy of the system is composed of the elastic 
bending energy of the beam plus the energy of the two springs. 
This may be written as 


EI f('(/dy\? 1 
, = — a — (2K)8*... 5] 
J r (at) a+ 5 C ) [5] 


Substituting for y and 6 and integrating Equation [5], we get 


EI ae | : 
V= 2 Yo? ( *) 2 cos? wt + K0,? cos* wt 


EI x‘ 
V = 5,? [2 = y? + K| cos? wt 


For no dissipation of energy, the maximum kinetic energy is equal 
to the potential energy, or 


Tmax = Vmax 


Equating [4] and [7], we obtain 


M 2M M EIr‘ 
wb? [= i + -_— Y¥ + =] = 6? { ee 7? + x| . [8] 


Solving [8] for w* we obtain 


Y (2) = 
4 \ pl pl 


Y 2%, 1 
== os — am 
4 7 + 2 


@? = 


But the elastic beam natural frequency is 
EIn* 


Wp? Are 
z alt 


and the natural frequency of the rigid beam on the springs is 
.. fy 


Equation [9] then becomes 
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w,*y? + Qu? 
w? eS eee a FF —— 
Yi 24y , 1 xy? + 8y + 2r 


So. Mase 


w \2 By? +2 
a? = | — ag) 1... 
Wo 2x + 8y + ry’ 


In order to obtain a relationship between y and a we must con- 
sider the force of the loaded vibrating beam on the springs and 
the subsequent deflection of the springs under this load. Con- 
sidering the force of the beam onto both springs as P, we can write 
this force as follows 


4 rt Tr 
P = f pdx(y + 5)w* = pw? f [» sin — + | dz. . [17] 
0 0 ; 


Integrating [17] we get 
2 
r 


or using pl = M 


whereupon 


or solving for y 


Substituting [23] into [13] we obtain 
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1 — A)[AXS8 


and finally 
At — 5. + 5.387 27 
The solution of this last equation yields the desired results. There 


will be two roots associated with and varied with each value of 9 
The roots are 


A=1 
5.387) 


A = 2.65(1 + 8) = | [(26K1 + 8 


With each of these roots is associated a mode shape, which can be 


1 


om % a 
ett | semanas 
a | 
rT | 
QUALITATIVE VARIATION OF THE 
NATURAL FREQUENCY OF EQUIPMENT 









































Fig.3 Elastic rack with equip- 
ment on vibration mounts 
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evaluated by use of Equation [23]. The roots represent three 
possible conditions which can be listed as: 

Condition A. The value of a is less than 1 for all values of § 
and approaches 1 as § increases. The relative deflections of the 
springs are in phase, with the deflection of the spring being less 
than the elastic deflection of the beam, for 8 < 1.18. Beyond this 
value the deflections are in phase, with the deflection of the spring 
being greater than the center deflection of the beam. 

Condition B. 
8, and for large values of 8 can be approximated by the relation: 
a = 2.38. The relative deflection of the beam and the springs are 
180 deg out of phase, with the deflection of the spring being less 
than the center deflection of the beam, i.e., y < —1. 


A third root which is independent of 8 is a = 1. 


The value of @ is greater than 2.3 for all values of 


Condition C. This is the condition where a = 1 or the over-all 
natural frequency w is equal to the rigid body on spring natural 
The modal relation is y = 0, which indicates that 
the beam vibrates on the springs as a rigid’ body in this mode. 


frequency We. 


Results. The results appear in a nondimensional forta in terms 
of the rigid-body natural frequency w, and the first-mode elastic 
bending natural frequency w,, and are plotted in Figs. 2 and 4. 
The analysis indicates that there are three physically possible 
natural frequencies. One is less than the natural frequency of 
rigid body on springs wp, condition A; 
than this natural frequency, condition B; and the third is equal to 
w@. For large values of the ratio wz/we, i.e., where the elastic beam 
first-mode natural frequency is much greater than the natural fre- 
quency of the rigid beam on spring natural frequency, the lower 
over-all natural frequency w, condition A, approaches the rigid 
body on spring natural frequency @. There is a difference be- 
tween these values of 5 per cent when 8 = 2.6. The higher natural 
frequency, condition B, approaches the relation a = 2.38 when 
The third frequency is equal to 
The mode shapes associated 


another is always greater 


the ratio wg/w» becomes large. 
that of a rigid beam on springs wp. 
with each of these natural frequencies indicate that the elasti 





ay gens ae 




















+—— 

















3 — = 





VARIATION OF MODE SHAPE WITH 
& FOR CONDITION A 
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a- i 


Fig. 5 


beam deflection is in phase with the spring deflection for condition 
A, and the two deflections are 180 deg out of phase for condition B. 
The two mode relationships are shown in Figs. 5 and 6, respec- 
tively. The third mode is independent of the elastic effect of the 
beam and is exactly the mode of vibration of the rigid beam on 
springs. 

Conclusions. The effect on the natura] frequency of elasticity 
in the structure supporting electronic equipment placed on shock 
or vibration mounts can be qualitatively analyzed by use of the 
results obtained herein. Thus, if one knows the bending natural 
frequency of the structure and the natural frequency of the equip- 
ment on the mounts, then by use of the plots shown herein a 
qualitative idea of the resultant natural frequency may be ob- 
tained. In most cases a qualitative idea of the natural-frequency 
change will be sufficient to aid in the design of the equipment from 
a vibration standpoint. The results of this analysis indicate that 
vibration-mounted equipment on elastic racks have, in general, 
three natural frequencies due to first-mode elastic beam bending 
and rigid-body motions on springs. The results indicate that an 
equipment which is vibration-isolated to a given natural fre- 
quency may have a higher natural frequency which would yield 
a secondary resonance condition. 

It is to be noted that damping has not been considered in this 
analysis. The effect of damping will modify these results 
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Example 
Consider the equipment and elastic rack on the vibration 
mounts, as shown in Fig. 3. If the natural frequency of the 
equipment on the mounts is 22 cps and the natural frequency of 
the equipment on rack natural frequency is 50 cps, then it is re- 
quired to find the over-all natural frequency. This means 
wy = 22 cps @, = 50 cps 


then 


edd ~” 
6 = — = 2.27 
Wy 


and from Fig. 2 and Fig. 4 we find 


Ww 
— = 0.93 
We 


Condition A 
then 
w = 0.93 X 22 = 20.5 eps 


Condition B 
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On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/, double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics. 


Five-Line Construction for a 
Computing Linkage Satisfying 
Five Precision Requirements 
By F. FREUDENSTEIN,' NEW YORK, N. Y 


ir-bar function generator having five pre- 
involves construction of center-point 


Tue design 
cision points general 
curves (1)? or extended calculations (2, 3 Simpler methods for 
»btained by K Hain 4, 5. 6 
This 


and collineation axis cor 


special cases have be« using the 


yn-reduction. principle can be 
| studies (3 


i a five-line construction 


principle 
combined with an 
siderations (7,8 for a computing 


linkage having two precision points, two precision derivatives, and 


one precision second det 
1, A-B-C-D is a four-bar mechanism with A-D fixed 


In Fig 
and A-B, driving #t the function to be generated be y = f(z 


with the f 2 requirements 


Following the procedure lescribed in reference (3). we can con- 


vert y lation involving crank rotations, ¢, ¥ 


where do, Wo are tl rank angles corresponding toz = y = 0 


and rs, Ty, are scale fact 


¥ 


viz 
Ye 


Department of Mechanical Engineering, 


Assoc. Mem. ASME. 
theses refer to the Bibliography at the end of 
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Columbia University. 
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* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and 
will be accepted until January 10, 1958, for publication at a later 
date. Discussion received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society Manuscript received by Applied Mechanics Division, 
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and ¢i:, ¥:: are the values of the crank rotations corresponding 
to (a, — 2) and (y: — y:), respectively. 
Let the values of z;, 2, and ry/rg be prescribed. 


Then 


m, = dy/d@ at position | 


m, = dy/d@ at position 2 


The velocity ratio dy/d@ is equal to OA/OD whence DO, = 
1/(1 — m,) measured from D toward O, 

Hain (4, 5, 6) has shown that constructional simplifications 
occur when B,, Fig. 1, coincides with the relative pole of the 
crank displacements ¢i2, ¥i2, whence 2 B,AD = '/s$,,and ZB,DA 
= —'/s,;; further, that the precision derivative, m:, can be 
obtained when B, lies on circle H-K-D, with diameter HD = 
(AD) 
D, O, harmonically 

An approximate value of '/:$, can be obtained graphically by 


1 — '/ym, — */yn,) measured left from D(H, O, separat: 
varying the position of B, on circle H-K-D until 
Piz 
¥i2/2 
The exact value of dy in Fig. 1, can then be determined with the 


ire applied to the equation 


rol Ye = & 
aid of the Newtonian iteration proced 


m sin 292 ~ Vu 


sin “J Dir 


r4) 
The value of ~: is obtained next from Equation [3]. 


more 


1 
tanA = — 
(Fig. 1) 


The linkage is constructed as follows: 
B, is located at the intersection of rays I and II, mak- 
ing angles of ('/sdy:), ‘/s~ne) with A-D, respectively. P lies 
at the intersection of A-B,; and O,-P, where 2B,0,P = X, as ob- 
f X is determined by the 


A-D is drawn with unit 


length. 


sense 


tained from Equation [7]. The 


p 





, 


“i 
——— = 
i-™, 








-- 


Fig. 1 Four-bar linkage A-B-C-D satisfying five precision require- 
ments (2 precision points, 2 precision first derivatives, 1 precision 
second derivative—in position 1); arrows indicate positive sense of 
angles 
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fact that, for a positive value of d*y/d@?, O, moves toward A 
during an infinitesimal displacement dd. If the value of tan A 
from Equation [7] is indeterminate, |’Hépital’s rule gives 


rey" (: at v’) 

7 Te 

With the foregoing method, a large range ¢12 is obtained only 
when the divided difference (y: — y:)/(z2 — 2) differs sufficiently 
from the average derivative '/o(y:' + ye’). If the value of y’ 
is not prescribed, the values of rg and ry can be chosen arbi- 
trarily, thus leading to a direct determination of @: and Yi: from 
Equations [5] and [6]. 

Example. Fig. 1 shows the construction for the function 
y = sin z, with z, = 0°, z, = 90°, rg is positive and ry/rg = —1.5, 
whence m, = — 1.5, mz = 0, Yi2/Oue = —0.95493, DH = 0.57143, 
‘/ebre = 19.661°, rg = 25.033°/z, ry = —37.550°/y, X = 90°, 
and from an approximate drawing DA = 10, AB = 5.125, BC = 
6.050, CD = 3.688, do) = 160°20’, y = —61°54’, and the maxi- 
mum error in w is 0.67 deg. 
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Negative Group Velocities in 
Continuous Structures 
By S. H. CRANDALL,! CAMBRIDGE, MASS. 


WAVE propagation in which the energy transport is in the 
opposite direction to the phase velocity seems unusual to one 
used to dealing with nondispersive and normally dispersive 
media. Such a phenomenon actually occurs for certain modes 
of propagation in some periodic structures. For example, the 
optical mode in Born’s NaCl model? has negative group velocity. 
A recent invention, the backward wave tube,’ capitalizes on the 
negative group velocity of periodic band-pass-filter circuits. 

In a study of the Timoshenko beam on an elastic foundation‘ it 
was accidentally discovered that over a limited range of wave 
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lengths the fundamental mode had negative group velocity. Since 
negative group velocities apparently have not been noticed in 
continuous media before, a more general treatment of the ques- 
tion is given in this note. It is found that negative group veloci- 
ties do in fact occur in many media. An example is given of a 
medium whose group velocity is negative for all wave lengths. 


Anomalous Dispersion 
A plane wave advancing along the z-axis may be represented 

by ¥ = Ae(™*—«") where n is the number of wave lengths in 27 

units of z, and w is the circular frequency. The phase velocity », 

and the group velocity (the velocity of energy transport) V, 

are given by 

dw 


1) 


J = 
dn 
The dispersion of the medium is said to be “normal” or “anoma- 
lous” according to whether the index of refraction (which is 
proportional to 1//v) increases or decreases with increasing w. 
Since 
d(1/v) n(v — V) 
ts ime ~— 
dw Vw? 
the dispersion is normal if0 << V <». The usual case of anoma- 
lous dispersion occurs when 0 < v < V. The definition of 
anomalous dispersion is satisfied, however, if with n and v posi- 
tive, the group velocity V is negative. 
Structure of Medium 
We consider a generalized one-dimensional medium with a 


single displacement co-ordinate, ¥(z). Let the potential energy 
per unit length and kinetic energy per unit length be 


1 
wth 9 (ko? + ky ¥." + ks Wes" Tr 


‘ 1 R 
T= 2 (po? T rive? T Pz West T 


where the k; and p, are non-negative constants. By applying 
Hamilton's principle it is a straightforward matter to obtain 


the equation of motion 
key a kites wi keWeses c : ee Po: = Priests 
ra PrWerestt T 
Substituting y = Ae“"*~ “9 we find 
ke + n*k, + n*k, + 


wo? = 


Po + n*p, + n*p, + 


(‘: + n*k, + nk, + 
,=- — aoe 
Po + n*p, + n‘p: + 


) 


+ n*( 3poks —_ Skops a pike —_ kipr) + a 


n 


pok, - kopr eo 2n* poke — Kops) 





(ko + n%, + nth, + ...)'/? 

(po + n*p; + n'pe +. \*/s 
We see that the numerator in Equation [7] is a polynomial in n? 
whose coefficients may be positive or negative depending on the 
properties of the medium. If all of these coefficients are non- 
negative the numerator is non-negative and so is V; but if some 
of the coefficients are negative it is possible that V may be nega- 
tive over portions of the range 0 < n < @. 
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Examples 

Let ¥(z) be the small traneverse displacement of an infinitely 
long uniform rod or wire of mass per unit length pp. The stiff- 
ness coefficients may then be interpreted as follows: k& is the 
modulus of an elastic foundation in which the rod is embedded, 
k, is the longitudinal tension carried in the wire, k; is the flexural 
modulus. 

If the only nonzero inertia coefficient is po, then it is clear from 
Equation [7) that the group velocity can never be negative. 

If rotatory inertia is considered, then p, is positive, and negative 
group velocities are possible. For example, consider Rayleigh’s 
model of a beam (in which rotatory inertia is considered but shear 


flexibility is ignored) upon an elastic foundation. Here 


pi = r*po, ko > 0, ky = 0, and k, = El 


where r is the radius of gyration of the section. Substituting in 


Equation [7], we find 


r=() 


and hence that V is negative in the range 


1/r* + ke/ET)'/* — 1/r*)"”*. (9) 


—n +2 El n*/ker*? + Eln*/ky 


1 + Eln*/ke)(1 + nr)’ 


0<n-< 


When kort << EI this result is very nearly the same as that ob- 
tained‘ for the Timoshenko beam (which includes transverse 
shear as well as rotatory inertia) since in the long wave lengths 
involved there is very little transverse shear. 

Consider now a taut string with no bending stiffness embedded 
in an elastic foundation and having appreciable rotatory inertia 
Here p; = r*po, ke > 0, ki > 0 and hence according to Equation 


i? 


ky\'/* n(k,/ke — r? ’ 
V = ( ) - 77. 10) 
Po / 1 + n*k,/kep) /%1 + n*r*)/* 


r? then the group velocity is negative for all wave 
For this medium the pass band for wave transmission 


If ki/ke < 
numbers. 
is between the frequencies (kp p»)'’* and (k,/p 

If a transverse force which varies harmonically at a frequency 
within the pass band is applied at the origin, the steady-state 
motion which results consists of a pair of wave trains converg- 
ing on the origin. The phase velocities are directed inward but 
the group velocities and hence the energy transports are’ out- 


“/? 


ward. 


Oblique Contact of Nonspherical 
Elastic Bodies’ 


By H. DERESIEWICZ,? NEW YORK, N. Y. 


Tue Hertz theory of contact of elastic solids was extended by 
Cattaneo (1)* to account for the effect of additional forces stati- 
cally equivalent to a single force acting in the plane of contact and 
directed parallel to one of the principal axes of the contact ellipse 
Confining his attention to a monotonically increasing force T, 


’“Theory of Sound,” by Lord Rayleigh, Dover Publications. 


New York, N. Y., vol. 1, 1945, p. 293. 
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superposed on the constant normal force NV, he found that slip, 
in the direction of 7, takes place between the two bodies, initiat- 
ing at the outer edge of the contact and progressing inward 
over an annular area whose inner boundary is homothetic with 
the ellipse of contact. The remainder of the contact surface 
displaces uniformly, by an amount 6, with respect to distant 
points in either body. Having assumed that Coulomb’s law 
of sliding friction holds at each point of the area of slip, and that 
the resultant tangential component of traction on the contact is 
in the direction of the applied force, Cattaneo found the resultant 
tangential traction to be 


@SszSsa,hicy¥56 
zSa,ySb, 


tT = fo, rT 
rt = fo — fol — T/fN), > 
where 
c= (3N ‘2xab 1 — z*/a* — y? b?)' . 


is the Hertz normal pressure 


@; = (3N/2ra;b,) (1 — z*/a,? — v*/b,*)* 3 


and f is the coefficient of Coulomb friction. a and b are the semi- 
axes of the contact ellipse, whose magnitude is given by the Hertz 
theory (2); a, and 6, denote the semiaxes of the inner boundary 


of slip and obey the relations 


(b,/b)? = 1 — T/fN [4] 


(a a = 


The theory has been extended further by Mindlin, Mason, 
Osmer, and Deresiewicz (3) to describe the effect, on a system 
of two spheres in Hertz contact, of a reduction of applied tan- 
gential force from its initial amplitude T* < fN to an arbitrary 
value 7 < 7*. In the course of unloading, slip again occurs 
again over an annular area whose bounding curves are homo- 
thetic, but this time in the direction opposite to that of initial 
slip. When the applied tangential force is reduced to zero, the 
displacement of the adhered (nonslip) region does not vanish 
and the corresponding tangential component of traction, though 
self-equilibrating, is not identically zero. Upon further reduc- 
tion of the tangential foree to 7 = —T* the region of counter- 
slip penetrates to the depth of initial slip; the traction and dis- 
placement at this stage are identical with those at JT = 7'* ex- 
cept fora reversalofsign. An increase of the force from JT = —7'* 
causes a repetition of events which occurred in the course of 
unloading from 7 = 7*, with signs of all quantities reversed 
It is found, on returning to JT = 7, that the displacement 4 
is identical with that obtained on initial loading, so that the 
path in the load-displacement plane forms a closed loop. Subse- 
quent oscillation of the force between the limits —7* < T < T* 
causes the same loop to be traversed. The area enclosed in the 
loop is a measure of the energy dissipated by friction in one cycle 
of loading. 

The purpose of this note is to derive the solution for the contact 
of a pair of nonspherical bodies subjected to the loading dealt 
with in (3) for the problem of two spheres. To that end, it is 
necessary first to evaluate the (constant) displacement of the ad- 
hered region for Cattaneo’s problem. This is done most con- 
veniently by means of the expressions for the displacement in 
terms of Cerruti’s potential functions. Referred to a set of rec- 
tangular axes whose origin is at the center of contact, the z-axis 
normal to the plane of contact and the z-axis coincident with 
the principal axis of contact parallel to the direction of the applied 
force 7, the displacement, in the direction of 7, of any point on 
the contact surface is given by* 

1 OF, r oF, 


2ru dz? 4ru(X\ + pw) dz? 


* Reference (2), p. 242. 
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where the derivatives are evaluated atz = 0. \ and uw are Lamé’s 
constants 


Q = zlog(z +R) —R..... [7] 


R= ((E—z?+(9— yy +2)".. . [8] 


. -[9] 


the integration in Equation [6] being extended over the loaded 
area of the plane z = 0. It is convenient to rewrite Equation 
[5], using Equation [9], in the form 


1 oF, OF, oF, 
= ——— | (3 + 4u) —’ + a(— - 
9 4rpu(X\ + p) [ ¥) oz? (= dy? )L. 
os [10] 
Thus for any point in the adhered region (xz < a:, y < }:), we find, 


on inserting Equation [1] in [6] and the result in Equation [10], 
that the displacement u is constant and given by 


5 a 2N(2 - ») [1 ¥ (: fs a] ® 
l6yua IN 


where v is Poisson’s ratio and 


( [4a/eb(2 — v)) [(1 — v/k2)K + vE/k*],a <b 
® = 1, a=b 
[4/m(2 — v)][(1 —» + »/ki*)K; — vE,/ky*],a > | 


. [11] 


» [12] 


K and E are, respectively, complete elliptic integrals of the first 
and second kind of argument k = (1 — a*/b*)'/*; K, and E, are 
similar integrals of argument k; = (1 — b?/a*)'/*. 

We note that Equation [11], which expresses the relation 
between the tangential load and the corresponding displacement, 
is qualitatively the same for spherical and nonspherical bodies 
as well as for loading parallel to either principal axis of the area 
of contact. Quantitatively, the difference in the various cases 
lies in the constant factor ® which, from Equation [12], is seen 
to depend only on the parameters of the Hertz problem. 

The tangential compliance of each body, computed from 
Equation [11], is 


S= a as 2-¥ ( t— x) ® 
aT = Sua jN 

Its initial value, obtained from Equation [13] by setting T = 0, 

has been given by Mindlin (4). 

The effect on the contact of a reduction of the applied tan- 
gential force from 7 = 7'* may now be studied. Following the 
procedure employed in the case of two spheres in contact (3), 
we find that the tangential component of traction to be super- 
posed on the traction in Equation [1] is 


= -2fo, mStsah<y<b \ na 
tT, = — Yo +2 fort — (T* — T)/2fN), z< ar, y<b, f° 
where 


O: = (3N/2masbs) (1 — 2*/a,? — y*/b,*)'/* 


and a, b, denote, respectively, the semiaxes of the inner bound- 
ary of counterslip, this being an ellipse homothetic with the 
ellipse of contact; they are related to the semiaxes a, b by means 
of the expressions 
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(a/a)* = (by/b)) = 1 — (T* — T)/YN \ ag 
2 (a,*/a)* = (b,*/b)* ola T*/fN | esen Lae 


where a,*, 6;* are the semiaxes of the inner boundary of slip at 
T = 7T*. The resultant tangential component of traction at 
level 7 during unloading is given by the sum of Equation [1] 
(with 7 replaced by 7'*) and Equation [14] 


Tj = -fo, &®Sztrsahksoysd 


tT = —fo + 2fo,[1 — (T* — T)/2fN), 
4% Stam, Syd; 
T = —fo + 2fo,[1 — (T* — T)/2fN) 
+ fax(1 — T*/f.N),zSa,y Sb} 

where ¢;* is given by Equation [3] with a; and b; replaced by a;* 
and 6,*, respectively. 

The displacement of the adhered region corresponding to the 
additional traction, Equation [14], is 


. _ 3fN(2 — ») ae 2 aa 
eas [: = a) |s - 


so that the resultant displacement during unloading, associated 
with the traction in Equation [17], is given by the sum of the dis- 
placements in Equation [11] (with 7 replaced by T*) and Equa- 
tion [18] 


3fN(2 — 
kw See [2 (1 - 
l6ya 


where ® is given by Equation [12]. 

It is seen from Equations [17] and [19] 
the situation during unloading is the same in the case of contact 
of nonspherical bodies as it is for a pair of spheres. Hence with- 
out the need for further calculation, we may, guided by the results 
in (3), infer the establishment of a closed loop in the load-~lis- 
placement plane due to the oscillation of the applied force T be- 
tween the limits +7* < {N, accompanied by energy loss due to the 
presence of friction. The expressions for the displacement, 
compliances, and energy loss may be obtained from the corre- 
sponding expressions in (3) simply by multiplying the latter by 
the constant . Moreover, owing to the fact that, in the Hertz 
problem, a change in the normal contact force gives rise to an 
area of contact whose bounding ellipse is homothetic with that 
of initial contact, the results obtained by Mindlin and Deresiewicz 
(5) for the contact of two spheres subjected to simultaneously 
varying normal and tangential forces nay be extended immedi- 
ately to the contact of nonspherical bodies. 


that, qualitatively, 
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Discussion 


The State Principle—Some General 
Aspects of Relationships Among 
Properties of Systems’ 

J. H. Keenan.? In order to discuss intelligently the authors’ 
derivation of the phase rule, it is necessary to compare it with 
the derivation of Gibbs. It will be found, of course, that Gibbs’ 
treatment was simple and direct, but that its starting point was 

different from that of the authors. 

Gibbs’ starting point was the assumption that the maximum 
number of independent properties for a phase was (n + 2), where 
n is the number of ‘‘components’’ of the phase. (The definition of 
the term component will be discussed later.) The 
starting point is the assumption that the maximum number of in- 
dependent properties for a heterogeneous (and simple) system is 


is the number of components of the hetero- 


authors’ 


(n’ + 2), where 
geneous sy stem 

The assumption of Gibbs is more primitive than that of the 
authors. In fact, the first and second laws enter the Gibbs proof 
as he proceeds from his assumption concerning the phase to the 
authors’ assumption concerning the system. 

Nevertheless, the authors have performed a service in pointing 
up the simplicity of the derivation of the phase rule when starting 
from their empirical rule concerning heterogeneous systems. In 
fact, it is good to be reminded that this simple empirical rule 
exists. 

Gibbs said, ‘“‘the substances . . . of which we consider the mass 
composed (components), must of course be such that the values 
of the differentials dm,, dm, shall be independent, and 
shall express every possible variation in the composition of the 
homogeneous mass considered. ...’’ At first glance this would 
seem to mean the same as what the authors call “independent and 
onents’’ for which the authors’ definition 
is less concise than Gibbs’. The authors’ example 2, however, 
shows that an “independent and determinate set’’ may not satisfy 
the Gibbsian definition of * component.”’ 

In Example 2, it is shown that a set of species may be 
pendent and determinate’’ without satisfying the requirement 
that variations in the masses of the species shall express every 
possible variation in the composition of the system. Thus the 
set is not a set of components in the Gibbsian sense. This ex- 


an 
27g, « 


””? 


determinate set of cx 


ar, 
| 1de- 


’ 


ample illustrates not so much the need for a definition of a “free 
simple system’’ as it does the need for Gibbs’ definition of ‘“com- 
ponent.’’ 

The classification of components, which by some other authors 
are called into independent and determinate com- 
ponents seems to be a cumbersome device. An analog of this 
device could be found in the algebra of the pure substance. We 
know, for instance, that in the absence of motion, capillarity, and 
external force fields, the energy of a homogeneous closed system 


“species,’’ 


is a function of two independent variables; thus 
U = U(p, T) 


1 By 8S. J. Kline and F. O. Koenig, published in the March, 1957, 
issue of the Jounna. or Apriiep Mecnanics, Trans. ASME, vol. 79, 
pp. 29-34. 

? Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Fellow ASME. 


On the other hand, we may alter the state to other equilibrium 
states, not only by increasing or decreasing p or 7, but also by 
increasing or decreasing the volume V. Thus by analogy with the 
definition of independent component, we that p, T, 
and V constitute a set of independent variables. Also by ana 


may say 
ogy 
with the definition of determinate component, we could say that 
p, T, and V constitute determinate variables. Then we would 
have to invent a new name for a set like p and T which are usua 

called independent variables. They are 
by analogy with Gibbs’ definition of 


in lepende nt because, 
an independent compo- 
nent, dp and d7’ are independent and together they describe 
every possible variation in the state of a homogeneous system. 
The analogy is by no means perfect, but it may serve to point 
ip what the writer conside-s to be the cumbersomeness of the 
system of definitions adopted by the authors. 

The authors’ “free simple system’’ seems to be what Gibbs 
referred to as a system of “heterogeneous masses in contact when 
ininfluenced by gravity, electricity, distortion of the solid masses, 
or capillary tensions.’’ Gibbs made it clear that the words “‘in 
contact’’ implied that the mass of each phase was variable whether 
or not the intensive state was fixed. 

The choice of terms in the paper is unfortunate in other in- 
For example, the authors decide to “‘call any one of the 
an equation of state.’ 


Objection can be taken to this decision only on the basis of 


stances 
functional relations among properties 


accepted usage, which is, that an equation of state is a relation 
between pressure, volume, and temperature. 

The authors have made a useful distinction between properties 
which can be observed and measured without reference to the 
concepts of state and change of state, their “primary property,’’ 
and those which cannot. To the writer this distinction seems to lie 
at the heart of their effort to improve on the exposition of thermo- 
dynamics. If this is so, then it might have been better to give 
a name to the class of properties which is not primary (for example, 
energy and entropy) such as “‘deduced property.’’ Their defini- 
tion of state in terms of primary properties seems a logical one 

The definitions of “macroscopic property,’’ which is fixed when 
state is fixed, and primary property which may not be, may be suita- 
ble to their approach. The writer, however, is one of those who 
adopts the alternative view suggested by the authors, namely, 
that all observable characteristics are always properties, but that 
some have either no effect or negligible effect in some systems 
From this point of view, the term macroscopic property which 
overlaps on the mutually exclusive primary and deduced classifica- 
tions, can be dropped in favor of the term property which includes 
both primary and deduced. It seems to the writer that much 
of the complexity of the authors’ discussion of property and state 
is owing to the difficulty of disentangling the overlapping concepts 
of primary and macroscopic property 

The proposed formulation of the 
excellent purpose if it stimulates some clarifying discussion. 
To the writer, items 1 and 2 of the authors’ formulation seem 
superfluous. 
and this value may change with change in state, it follows that 
a group of functional relations must exist among the properti-s 
Moreover, it may be inferred from the authors’ definition of 2°: 
that the number of independent properties for a systean of f).ice 
complexity is finite, and that some relations may invoie« [+ ¢e- 
independent properties than others. 


; . inie’’ it} 
state principle’ will serve an 


Since a value for each property is fixed by a state, 
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This leaves part 3 as the significant and axiomatic part of the 
state principle. Part 3 says, in effect, that the number of inde- 
pendent properties is not fixed by any principles of thermodynam- 
ics but is determined by empirical observation. 

The paper may be criticized, in the opinion of the writer, on the 
following grounds: (1) Its methods are cumbersome. (2) They 
take too little cognizance of and sometimes add confusion to the 
good methods of the past. (3) The “state principle’ is invested 
with more dignity than it can well support. 

The value of the paper lies in the following: (1) It stimulates 
a re-examination of the definitions of property and state. (2) 
It suggests an interesting and probably important distinction 
between “primary’’ properties and all other properties. (3) 
It shows that the phase rule can be derived simply from an 
empirical observation which is not, however, as primitive as the 
starting point of Gibbs. (4) It offers a “state prince’ ple’’ which 
may be helpful in exposition. 


J. Kestin.? The writer does not agree that the definition 
of “‘state’’ and “property’’ presents as many difficulties as the 
authors seem to imply, and cannot see why defining both con- 
cepts simultaneously and by successive stages should be undesira- 
ble. The writer does not think that a detailed classification of 
various properties, as carried out in the paper, is either necessary 
or desirable. Any new definition must be justified on grounds of 
utility before it can be accepted universally. The writer agrees 
that the statement asserting that the maximum number of inde- 
pendent properties for a given system must be known empirically 
is correct, but doubts whether it merits the elevation to the dig- 
nity of a principle of thermodynamics. 

The authors’ derivation of the phase rule from their assumption 
regarding the number of independent properties of a hetero- 
geneous system appears to the writer to be entirely equivalent to 
assuming that the phase rule is an independent principle in 
thermodynamics. In order to make certain that the phase rule 
is independent of the first and second laws of thermodynamics, 
it would be necessary to prove that the phase rule cannot be 
derived from these two rules in a logical way and without intro- 
ducing additional assumptions. It has been so long accepted that 
this is not the case, and the writer agrees with the accepted 
view, that it appears to be necessary to prove the contrary ex- 
plicitly before the authors’ assertion can be accepted. 

The authors should be congratulated for having drawn our 
attention to the possibility of the existence of some inconsist- 
encies in the usual derivation of the phase rule, and the writer 
would be interested to see an explicit proof of this fact. 


A. K. Oprpennem.‘ An elevation of a lemma into a theorem 
or a rule into a principle is an important step in the evolution of 
science. Although, in the spirit of the election year, it seemed 
good fun to vote for the adoption of the state principle as an 
independent postulate in thermodynamics, this is really not a 
jovial matter. 

In an attempt to arrive at a complete set of foundations for 
an axiomatic exposition of thermodynamics, the authors point 
out the important omission of a specific route by which results 
of empirical observations are fed into the analysis. Most of 
their statements, it would seem, are quite true and the writer, for 
one, is personally obliged to them for bringing the matter to the 
focus of attention. Furthermore, he sympathizes with their 
attempt te contribute in the true tradition of the great founders, 
Clausius, Gibbs, Carathéodory, Poincaré..., to the background 
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required for an axiomatic set of the principles of thermodynamics, 
by stating the need of admitting honestly what we know and what 
we don’t know. 

However, as pointed out by Myron Tribus (see final discussion), 
this is not a sufficient argument for an independent postulate. 
A critical examination of the authors’ formulation of the state 
principle reveals the following: 

For a microscopic system in equilibrium, the proposed principle 
states essentially the existence of (a) a group of functional rela- 
tions, (b) between a finite number of independent properties, 
(c) depending on the specification of the system and found by 
empirical observation. 

But this is indeed the quintessence, the synthesis of the first 
and the second law of thermodynamics, which can be considered 
as stating that internal encrgy is a state function (I Law) and 
entropy is a state function (II Law). In other words, since the 
salient property of a state function is the fact that its differential 
exists, not only is the number of relations and variables (parame- 
ter) finite, but they must be all known to the analyst. It 
seems obvious that knowledge of variables requires all the know- 
how concerned with the specification of the system in accordance 
with empirical observations—how else? . 

A rigorous proof, starting from the famous formulation of the 
two laws proposed by Clausius {1),* “Die Energie der Welt is 
constant—Die Entropie der Welt strebt einem maximum zu,’’ 
was deduced first by Gibbs (2), and subsequently presented in 
&@ more axiomatic manner by Carathéodory (3) and Poincaré (4). 

In the writer’s opinion, the clearest development of the phase 
rule is obtained from Gibbs’ abstract (5), and Butler’s (6) eluci- 
dation. The arguments are so pertinent to the present discussion, 
that it seems best simply to cite them here: 


“Let ¢, 7, v, t, and p denote respectively the energy, entropy, 
volume, (absolute) temperature, and pressure of a homogeneous 
mass, which may be either fluid or solid, provided that it is sub- 
ject only to hydrostatic pressures; and let m;, me, m,, denote 
the quantities of its independently variable components, and 
1, Me, ... Mn the potentials for these components. It is easily 
shown that ¢€ is a function of 9, v, m;, m2z,...m,, and that the com- 
plete value of de is given by the equation 


de = tdyn — pdv + pdm + pdm, 


It should be noted here that this equation results from a direct 
application of the first and second laws to a closed system in 
equilibrium under the absence of gravity, capillarity, electricity, 
magnetism, and so on; ie., all externally imposed forces (or 
work potentials) other than pressure. 

“In this equation, there are altogether 2n + 5 variables, viz. 


+ pdm,” (7) 


Continuing: 


mm, Me m,, 


Mi, Me, Me 
und 
€,t, 7, p, v 


“These quantities are not all independent, for the n + 2 quanti- 
ties, t, p, fi, M2, ... , can be derived from the original equation 
by differentiation. Thus the equations 


(+ ) (= ) 
= { - = —-p 
dn / », mi,...mn dy / », m;,...mn 


de 
; = pt, ete. 
dm, 7, %, ™2,... Min 


give us n + 2 independent relations between the 2n + 5 variables. 


’ Numbers in parentheses refer to the Bibliography at the end of 
this discussion. 
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The original equation is an additional relation, so that if « 


is known as a function of n, v, m, m,, there are altogther n + 
3 known relations between the 2n + 5 variables and the remainder 
n + 2 in number, are independent. 

“The homogeneous body may thus undergo n + 2 independent 
quantities m,, m,, ], ¥ may be varied 
But if they 


result is a change in the amount of the 


variations, e.g., the 
independently of each other are all varied in the 
same proportion, tne 


body, while its stat« and composition remain unchanged A 


the body involves a 


There 


are n + 1 independent ratios of these n + 2 quantities (e.g., the 


vuriation of the stale or composition of 


change in at least one of the ratios of these quantities. 


ratios m/v, mz/% m,,/v, 9/v) so that the number of independ- 


ent variations of state and composition of a homogeneous body 


isn + 1''(8 
In the words of Gibbs: ‘In considering the different homogene- 
ous bodies which can be formed cut of any set of component 


substances, it is convenient to have a term which shall refer 


sition and thermodynamic state of any such 


solely to the co, 
body without regard to its size or form. The work phase has 
been chosen for this purpose Yu 

Hence the 


states: 


last sentence of the previous quote essentially 
the number of independe nt variations of the phase of 
a homogeneous body which contains n independent components 
isn + 1’’(8 
Thus the éola/ 


separately is (n 


r of variations in r-phases considered 
But when the r-phases are coexistent, 


these variatior ct to conditions of equilibrium 


Counting the signs, this provides a total of 


(r —1 nt number of independent phase 


variations of whi apable (i.e., degrees of freedom 


is therefore 


PF = 
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J. 8. Tuomsen.* 
useful contribution. 


The authors’ presentation of the phase rule 
is a They have certainly clarified some 
uspects of the application of this rule and also have given a 
new derivation, which does not make use of the first and second 
laws. However, it should not be inferred from this, that 
use of the first and second laws is entirely superfluous ir 
usual classical derivation.” * 

The difference between these derivations may be summarized 


as follows: 


K and AK 


Assum pt Ons 


Analysis Classical Analysis 


Arbitrary system (in general poly- Single phase has C 
phase ) has C + 2 indepen lent + 2 independ¢ nt 
properties. properties. 

Mass of each phase is independ- 
ently variable at equilibrium 
definition of free simple 
tem). 


First and second | 


aws 
syvs- 

Results 

Mass of each phase 1s 


independently vari- 
able at equilibrium 


Phase rule 


2 Phase rule 


The foregoing table does not, of course, include the various 
assumptions (either implicit or explicit), common to both analyses 
Since the first K and K-assumption implies the classical on: 
but not vice versa, it would seem that the classical one makes 
Furthermore, 


granted the fact that pressure, temperature, and mass are inde- 


less use of empirical observation at this point 


pendent variables in a particular type of system with one con- 
stituent, it would seem to follow almost by definition that each 
new independent constituent will provide one additional one, thus 
2 for a single-phase system with C inde- 
On the other hand, this is not as obvious 


in a po yphase system; one is tempted to think that the final 


giving a total of C + 
pendent constituents. 
state of equilibrium might depend on the particular phase to 
which a given constituent is added. 

The second assumptions differ quite radically. The authors 
naturally emphasize the omission of the first and second laws in 


their approach. However, a part of their definition of a free 


simple system is obtained as a result in the classical treatment 
This follows from the fact that phase equilibrium depends o1 
ipon chemical potentials, which are intensive quantities 

It seems impossible to say cals gorically that one analysis is 
better or more general than the other It may be that the classi- 


cal treatment is preferable 


in economy of postulates (since the 
first and second laws are obviously needed for many other | 
poses), but that the authors’ approach is superior pedagogica 
In any event, their alternative approach is an interesting one 

It also may be noted that a considerabk part of the content of 
the state principle is implied in the excellent analysis of the 
first law by Bridgman,’ although he does not summarize it in 
the clear and concise form given by the authors 

Myron Trisus.” Consider a 


juantity of material enclosed by a surface which is imps rvio 


system represented 
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to the transfer of matter. Let the bounding surface be such that 
it transfers heat and deforms without resistance to accommodate 
changes in volume of the system. Exclude from further considera- 
tion effects due to relativity, “electricity, magnetism, gravity, 
eapillarity, motion, and Quid shear.’’ Such a system is the 
authors, “simple’’ system. The system has mass, pressure, 
temperature, volume, energy, and entropy, as well as many other 
measurable properties. In considering the number of degrees 
of freedom a system may have, we are concerned with the deter- 
mination of the number of variables minus the number of inde- 
pendent equations linking these variables. The many derived 
thermodynamic properties, such as enthalpy or free energy, need 
not be of concern since the introduction of each such quantity 
permits the introduction of the corresponding defining equation 
without therefore altering the degrees of freedom. The phase 
rule is concerned with equilibrium among ccexisting phases and 
since the equilibrium corresponds to a state of rest, it cannot be 
affected by transport properties such as viscosity, electrical 
conductivity, and so on. 

As the authors point out, there is an indefinite number of 
properties, but if one wishes to consider thermodynamic (more 
properly thermostatic) questions, the relevant properties are 
the mass, energy, entropy, pressure, temperature, and composi- 
tion. Given all of these for differing conditions of the system, 
one may compute every thermodynamic variable and its change 
in going from one condition to another. 

When all of these are known, we may say that a “thermo- 
dynamic state’’ is known, though we can give no assurance 
about color, taste, viscosity, and so on, being uniquely deter- 
mined by thermodynamic state without recourse to experiment 
or some other principle. 

If we consider a single-component homogeneous system of unit 
mass, the pertinent! thermodynamic variables are: the specific 
energy specific entropy, specific volume, temperature, and pres- 
sure. The question now arises: “When the mass and com- 
position are fixed, how many of the remaining five variables are 
independent?’ Following Gibbs, we may reduce the number of 
variables by two through the use of the first and second laws. 
The system must obey the first law, i.e., du = dQ — dW where 
dQ and dW are the heat and work effects during a smal! change 
along a given path. If we restrict our considerations to conditions 
of equilibrium and denote specific entropy by s, then dQ = Tds, 
where 7’ represents absolute temperature. 

We now make the following trivial observation: A fixed mass 
enclosed in an impermeable but flexible envelope, in the absence 
of gravitational, electrical, magnetic, anisotropic, velocity, 
shear or capillary effects can raise a weight only by moving its 
boundaries. By well-known reasoning we may show therefore 
that dW = Pdv where P represents pressure and v represents 
specific volume. The first and second laws combined with the 
deduction concerning dW yield the equation du = Tds — Pdb. 
If there exists an equation u = u (s,v) this equation, in Gibbs’ 
words, represents a “fundamental equation,’’ for from it one may 
derive relations among all five quantities, u, s, v, P, and T. 
Differentiation with respect to v and s yields JT = (du/ds = 
T(s,v) and —P = (du/dv), = P(s,v). Terms may be eliminated 
between the last two equations to give a relation among P, », T. 
Given only the “fundamental equation” the “equation of state’’ 
may be deduced, but not vice versa. 

The derivation of the existence of a relation among P, v, T 
was shown without recourse to a state principle but used only the 
first and second laws and a trivial observation: ‘A system en- 
closed in an envelope and subject to the enumerated restrictions 


1! Pertinent in the sense that, if these variables are known for a suc- 
cession of values, the heat effects, work effects, availability, and re- 
versibility associated with a process are determined. 
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can do work only by expansion.’’ These results are in contrast 
with statement 3 of the proposed principle. 

To the writer it appears that the “‘state principle’’ has been 
derived from the two laws of thermodynamics. If some addi- 
tional fact is to be elevated to the status of a principle, ther 
assuredly it must be the trivial observation given in the foregoing 
quotations since the proposed principle can be deduced from the 
observation, but not vice versa, and therefore the observation is 
more fundamental. 

Statement 1 of the proposed state principle may be viewed as 
an “existence postulate’ for the “fundamental equation’’; 
that is, the statement says, “The function u(s, 
simply, “thermodynamics is relevant.’’ 

Prompted by a reading of the paper, the writer has reviewed a 
number of thermodynamics books published in this country and 
abroad, to see how this question of the equation of state is handled 
He agrees with the authors that it is usually poorly done and ir 
many cases not even mentioned. 


exists,”’ or more 


AvutTuors’ CLosuRE 

The paper under discussion covers three related topics. These 
are: (a) The general concepts and definitions needed such as 
state and property; (b) the need for and nature of the additional! 
assumption required to complete a system of classical macroscopix 
thermodynamics beyond the First and Second Law; and (ec 
discussion of the particular assumption of type (b) needed for a 
very special, but very important, class of systems which are 
governed by the phase rule. This includes careful definition of 
this class of system and its associated special terminolog) 

The authors are very pleased that the paper has evoked such 
a considerable body of comment; the extreme diversity of 
expressed by the many very able discussers suggests that a re- 
examination of this fundamental topic was indeed long overdue 
In the following the authors will remark on the comments offered 
and will then attempt to summarize the status of each of the 
three topics just listed above. 

The authors would like to express their appreciation t Pro- 
fessor Keenan not only for his claracteristically thoughtful and 
constructive comments but also for the several occasions on which 
he has offered encouragement and comment on earlier versions of 
the work. 

In regard to the comment that Gibbs’ starting place is more 
primitive, the authors agree: This point is discussed in detail in 
connection with Professor Thomsen’s remarks following. 

In regard to the relation between the definitions of component 
etc., used by Gibbs and those suggested in the paper, the authors 
cannot agree. The crux of the matter is that the 
independent plus determinate is not the same as Gibbs’ independ- 
ent plus “express every possible variation.”’ In the authors’ 
view, Gibbs’ description, which is quoted by Keenan, is necessary 
but not sufficient for the following reason. Gibbs’ independent 
plus “‘express every possible variation’’ would admit not only 
proper sets of components but also sets that are independent and 
indeterminate. Independent and indeterminate sets of compo- 
nents do not obey the phase rule, as is clearly shown by the 
examples numbered 3 and 5 in Table 1 of the paper. 

If the authors read Gibbs correctly, and, admittedly, his 
writing is such that a unique interpretation is sometimes ex- 
tremely hard to arrive at, then examples 3 and 5 of Table I do 
satisfy Gibbs’ requirements, but they do not give proper answers 
in the phase rule. Furthermore, independent and indeterminate 
sets of components cannot be dismissed as trivial since they neces- 
sarily appear in discussions of homogeneous equilibrium. 

The analogy offered by Professor Keenan is not in agreement 
with the authors’ understanding of what is stated in the paper. 
Certainly, the authors would not and do not propose to vary the 


authors’ 
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mass of a closed system, which by definition is fixed. Yet such 
a Variation is apparently required in Professor Keenan’s analogy; 
hence the authors fail to see that this analogy proves any “cum- 
bersomeness’’ in the methods of the present paper. 

It is, of course, hard for the authors to view the two systems 
with equal objectivity. But it is perhaps worth 
1uthors devised the new set of definitions relating 
ents primarily because of the long continued and 
i in teaching classes to use the phase rule 
correctly by the classical methods. The new methods have now 
ithors in the classroom teaching for several 


of definitions 

noting that the 
to sets of compor 
uniform difficulty foun 


been used by bot! 
years; the results of this experience can be summarized as follows. 


far better results, measured in 
‘t answers on examinations and problems, 
This is particu- 


nethods are used 


When the new 
terms of more corr 
are obtained with less expenditure of class time. 
larly true in undergraduate classes 
Professor m of 
“primary’’ properties appears to be a useful term; 


“deduced” as opposed to 
the authors 


Kee nan’'s liatinect 


on to the ideas involved. 

Professor Keenan's observation that an unnecessary overlap 
tems 1 and 2 of the State Principle and the defi- 
The authors agree that 
it would be both more logical and more economical of statement 
to include points 1 and 2 in the discussion of state and property. 
This would not only reduce the overlap of statement but would 
also make a clear exposition available before the development of 
either the First o1 In the authors’ opinion, 
such an exposition 
definitely precede formulation of the First and Second Laws 
since both those laws involve key properties, energy and entropy, 
f their meaning. The authors had originally 
tire discussion of the State Principle of the 
However, on further 


appreciate this addit 


exists betwee! 
nition of state is a ve 


pertinent point 


the Second Law 


should be given explicitly, and it should 


as a central portion 
intended to give the er 
paper prior to the First and Second Laws. 
consideration, it can be seen that it may be very desirable to 
present parts 1 and 2 of the formulation of the principle with a 
discussion of state and property prior to the First Law, but to 
discuss part 3 after either or both of the First and Second Laws 
have been introduced. The authors also agree with Professor 
Keenan that part 3 is the essence of the additional assumption 
required, beyond the First and Second Laws, to complete a ra- 
tional discussion of the behavior of systems from a macroscopic 
point of view. 

Professor Kestin apparently agrees with the authors that an 
additional explicit assumption regarding the maximum number 
of independent properties of the system under analysis is needed, 
but questions the terminology used to describe this assumption. 
The authors believe that what this assumption is called is not of 
first importance; but that the logic of the subject is. If this is 
so, the important point is not whiether one chooses to call this 
assumption a fact, an observation, a postulate, a rule, or a prin- 
ciple, but that the assumption be made explicit rather than 
implicit. The fact that this assumption has not been made 
sufficiently explicit in the past is evidenced clearly by the discus- 
sion of Professor Oppenheim who, despite his obvious ability and 
knowledge of the subject, believes that such an assumption is 
not needed at all. Professor Kestin’s further question is dis- 
cussed later 

In respect to the comments of Professor Oppenheim, the 
authors not only stand firm but repeat here that some additional 
information or postulate is required in addition to the First and 
Second Laws. The authors are glad that the contrary point of 
view has been expressed by Professor Oppenheim, since in the 
authors’ opinion this idea represents a long-standing and very 
common misconception. However, we cannot in any way agree 
with the statements given by Professor Oppenheim. If the 
then it is necessary that the proof 


authors’ view is correct, 
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offered by Dr. Oppenheim contain some circularity; a demonstra- 
tion that this is indeed the case is given in the next paragraph. 

Professor Oppenheim’s argument proceeds as follows. First 
general statements about “quintessence” and “synthesis’’ are 
made. These prove nothing, and numerous similar suggestive 
arguments can be presented for the other side of the case. The 
next statement made by Professor Oppenheim is a quotation 
from Butler as follows: “It is easily shown that £ is a function of 
S, V, my, Me, .--- that the complete value of dz is 
given by the equation” 


‘ 


+ M., Aux 


dE = TdS — pdV + pdm + pod + Mcdm,’ 4 


Professor Oppenheim then continues with a considerable body of 
discussion purporting to prove that he has derived the number of 
independent properties from the First and Second Laws alone 
However, his final result is already contained erplicitly in Equa- 
tion [7]; the proof follows. In functional form, Equation [7 
states identically 


B= BS, Vm, m,.....m, (7" 


The authors submit that this equation contains C + 2 independ- 
ent variables. Furthermore, any mathematical operations on 
either Equation [7] or Equation [7’] that fail to take proper 
cognizance of the existence of C + 2 independent va les are 
thereby immediately deprived of either mathematical 
significance. Since Equation [7] is offered by Sutler (and 
Oppenheim) on no basis other than the words, “It is easily show: 
that,” the proof given is, at best, a mere verification of the con- 
tent of the initial statement. 

Similar remarks apply to all of the formulations known to the 
authors which purport to derive the phase rule from the First and 
Second Laws alone. t 


/LYSICAL 


However, it is sometimes far more difficult 
to pinpoint the circularity involved due to the lengthy discus- 
sions and interjections of other materia! that appear in most of 
the treatments of this topic. It is not impossible that some 
future synthesizer may achieve a derivation of the phase rule 
(or more generally of the number of independent variables for 
any system) from the First and Second Lawsalone. However, the 
authors are not aware of any such proof at the present time. 
Consequently, at present the required information must be in- 
troduced as some form of postulate or assumption in order to 
complete a rational scheme of macroscopic thermodynamics on a 
postulationa! basis. 

The authors also feel that a further comment on the matter of 
citing Gibbs and his commentators as a sort of “final authority,”’ 
as has been done by Oppenheim, is badly needed. 

In the authors’ opinion, the results obtained by J. Willard 
Gibbs in thermodynamics cannot be praised too highly. His 
contributions are unquestionably of first rank importance, and 
are probably at least as great as those of any other single indi- 
vidual. However, it is dangerous to conclude from this that his 
methods cannot be improved upon, and hence to continue yea: 
after year to simply reinterpret Gibbs with no attempt to perfect 
better methodology. The authors believe it is important, for the 
sake of the subject, to draw a clear distinction between Gibbs 
results, which cannot be overvalued, and his methods, which 
are often far from the simplest or clearest possible and which are 
almost always couched in language which needs further “‘in- 
terpretation.”” Indeed, the mere existence of the very extensive 
volume of commentary is in itself sufficient proof of this need. 

Certainly no one today would recommend the methods of 
Newton’s “Principia” as clear or concise. In many ways the 
relation of Newton’s volume to mechanics is similar to that of 


12 This quotation is exact except that the symbols have been 
altered from the notation of Gibbs to the more modern usage to aid 
the reader. 
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Gibbs’ “Collected Works’’ to thermodynamics. The most impor- 
tant difference, in the authors’ opinion, is that Newton’s work 
has been available roughly five times as long, and thus while 
Newton’s results have remained essentially unaltered, the 
methodology used in obtaining and applying those results has 
been greatly improved. If this analogy has any validity, then a 
failure to distinguish between Gibbs’ results and Gibbs’ methods 
can only lead to stifling of further progress in the methodology of 
thermodynamics. 

Professor Thomsen’s comment on the derivation of the phase 
rule is extremely germane and very well put. The authors ap- 
preciate the added clarification which is brought out by his 
clear exposition of the matter, and on careful reconsideration 
agree with Professor Thomsen’s clear summary of the relative 
_merits of the two methods as they now stand. A few further 
comments are in order. 

In regard to the logical economy of the two systems, there is 
a slight additional unstated assumption in the classical argument 
that is not included in Thomsen’s summary (or any other discus- 
sion of the matter known to the authors); this is as follows. In 
order to use Thomsen’s item 1 of the classical analysis it is necessary 
to assume not only that the number of independent properties 
for a one phase simple system is C + 2, but also that this number 
does not change when more than one phase is brought into 
equilibrium with other phases except for the restricting conditions 
of equilibrium derived from the First and Second Laws. 

In other words, bringing two or more phases into equilibrium 
introduces restrictions owing to establishment of heterogeneous 
equilibrium, but it does not also introduce new independent 
variables by some form of interaction between the phases. This 
lack of new variables is not trivial, and indeed such variables do 
arise in many nonequilibrium situations. This statement should 
therefore probably be added as an item 3 in Thomsen’s list of 
assumptions for the classical derivation. If one includes this 
item 3, then an assumption regarding the nuraber of independ- 
ent variables of the system being discussed (the simple, hetero- 
geneous system) has been made. This is important, since it 
shows that one does not derive the number of independent varia- 
bles from a less complicated system by use of the First and 
Second Laws. Even in the classical method, one assumes some- 
thing about the total number of independent properties of the 
type of system under study, and then uses the First and Second 
Laws to show that, for this particular kind of system, there exists 
a lesser number of independent variables, those fixing intensive 
state, which can be used to simplify most analyses. Thus, when 
closely scrutinized, the classical proof is not in disagreement in 
any way with the formulation of the State Principle or its impli- 
cations as given in the paper. 

Despite the above remark, Professor Thomsen’s point re- 
garding logical economy is still well taken. Even if the item 3 
suggested previously is added to Thomsen’s list of the assumptions 
of the classical analysis, it is still true that the classical assump- 
tions are contained in the assumptions used by the authors; 


hut asrumptions cannot be derived frow the classi- 


vut the authors’ 
eal one: without use of the First and Second Laws. 

It is worth noting that in treatments where maximum logical 
economy is considered essential, this can be achieved at the 
expense of some additional complication in the derivation while 
still retaining some of the better features of the present method. 
This can be accomplished as follows: Start with the minimum 
assumptions of Thomsen’s list (plus item 3). Use the classical 
method to derive the phase rule; in this process the definitions of 
the free simple system and of independent and determinate sets 


JOURNAL OF APPLIED MECHANICS 


of components can be employed to aid in clarity and precision. 

There is one point in Thomsen’s summary of the assumptions 
and results of the two methods used in deriving the phase rules 
that is not clear to the authors. Professor Thomsen lists the 
“tree system’’ definition as a derived result of the classical method. 
The authors do not understand how this can occur. First of all, 
the authors have never been able to find any discussion of the 
need for a free system in Gibbs or in other existing treatments 
Furthermore, the example of the BiOCL reaction, given in the 
paper, shows that for the definition of components used by the 
authors, the phase rule will not work on nonfree systems. Thus, 
the free system would seem to be a necessary part of the struc- 
ture of the definitions rather than a derived result in the authors’ 
formulation. It is possible that Professor Thomsen has some 
other definition of component in mind which would give the 
result he suggests, but the authors don’t know what this would be. 

It is also pertinent at this point to remark that the simple 
system, that is, the class of systems to which the phase rule 
applies, is perhaps the commonest and best known class of 
systems, and it was for this reason that it was discussed. How- 
ever, in some ways this class of systems is an exceptional one in 
so far as the State Principle is concerned. This point was illus- 
trated by several examples on more general types of systems in the 
first draft of the paper. Unfortunately, these examples had to be 
deleted due to length requirements. 
will provide a careful discussion of the number of independent 
variables in some of the more important nonsimple systems of 
engineering in the near future. In the authors’ opinion, such a 
treatment is long overdue. 

In regard to the remarks of Professor Tribus, it is apparent 
that he now agrees with the authors that some additional as- 
In connection with the remark that this 


It is hoped that someone 


sumption is needed. 
assumption is trivial, the authors would like to point out that the 
triviality arises not from the general assumption discussed in the 


paper but from the extreme simplicity of the system chosen as an 
example by Professor Tribus. 
systems shows that the scope of the assumption 


more general 


required in- 


Examination of 


creases approximately in proportion to the complexity of the 
system considered. 

In conclusion, the authors would like to attempt a summary of 
status on each of the three topics discussed. On the matter of 
definition of concepts, some of the points raised by the discussers 
and the authors should be of aid in future treatments. However, 
the matter is clearly a subjective one, and equally clearly it can 
still stand further improvements particularly in reference to the 
definition of state and property. On the need for an additional 
postulate beyond the First and Second Laws, the authors believe 
firmly that such a postulate is needed, and this seems to agree 
with the consensus of the discussers. Parts 1 and 2 of the prin- 
ciple proposed by the authors might better be incorporated into 
the discussion of State and Property since, as noted by Keenan, 
there is an overlap, and these matters logically precede the First 
and Second Laws. The essence of the postulate required is 
part 2 of the present statements, that is, explicit assumption of 
the number of independent properties for the system as defined. 
In regard to the derivation of the phase rule suggested by the 
authors, it would appear to have certain advantages of clarity 
and precision of definitions, but it is less adequate than the 
classical treatment in regard to logical economy, as noted by 
Thomsen. A method has been suggested in the closure by which 
the better features of methods of the paper can still be utilized 
while maintaining maximum logical economy at the expense of 
some additional complication. 
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Stresses and Displacements in an 
Elastic-Plastic Wedge’ 


D. C. Drucxer.* So few elastic-plastic solutions have been 


found that the additional one provided by the author is a very 
substantial contribution. It is worth noting, perhaps, that two 
solution can be 
itself. They 


dependence on the radial co-ordinate r, and the 


of the interesting features of this plane-strair 
established directly without finding the solution 
the lack of 
symmetry of the regions of plastic action, ¢, = 8B — ¢s, Fig 
l(a) of this discussion. 

The independent variables of the problem are the co-ordinates 
r, 8, the elastic constants, say E and v, the yield stress k, the uni- 
form load p, and the wedge angle 8. Dimensional analysis then 


any component of stress g, and any component of 


are: 


shows that 
displacement u must be given by the following functional forms 


or their equivalents 


The co-ordinate r cannot appear in f or F. 

The symmetry of the plastic regions may be established fur the 
Mises yield criterion or any of the wide class of symmetric yield 
or loading functions which are independent of the mean norma! 
With such a criterion, a hydrostatic pressure may simply 
The answer to 


stress. 
be superposed on any elastic-plastic solution 
the original problem of Fig. 1(a) is then exactly the same as the 
sum of the hydrostatic pressure p/2 of Fig. 1(6), and the anti- 
of the 
pp. 98- 
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symmetric problem of Fig. I(c), p/2 applied at 
6 = 0 and p/2 tension at 6 = £. 


assumed to be without influence on the plastic action, the plastic 


compression 


As hydrostatic compression is 


zones are the symmetrically located ones of the antisymmetric 
case, 
AvTuor’s CLosurs 


The author is very appreciative of Professor Drucker’: 


teresting observations on two aspects of the solution 


New Method to Measure Prandt! 
Number and Thermal Conductivity 
of Fluids’ 


J. Kestrx.? Most methods which are 
ment of thermodynamic and transport properties may be called 


ised for the measure- 


static, as they are based on the principle of effecting the smallest 
possible departure from equilibrium in the fluid to be measured 
The authors have demonstrated that a dynamic method involving 
high velocities of flow is also feasible The ingenio is concept 
leads to a very simple experimental setup in which the major 
sources of error can be eliminated. In principle, as the experi- 
mental data determine the Prandtl Equation [1] of 
the paper, any one of the three quantities y, c,, 


numbe r, 
or k can be 
evaluated if the other two are sufficiently well known. The 
authors rightly point out that, from the point of view of existing 
accuracy, the determination of thermal conductivity k will bene- 
fit most from the introduction of the new method, as its direct 
measurement constitutes a very difficult experimental task. It 
is to be hoped that the authors will continue to perform measure- 
ments with an improved and more elaborate setup, as they clearly 
intend to do. 

Personally the writer always finds it regrettable that limitations 
of space in contemporary scientific journals make it impossible 
to quote tables of experimental results. Nevertheless, he would 
like to ask the authors to indicate some numerical values con- 


cerning the following quantities; 


1 Temperature fluctuation in the main chamber (as measured 
by thermocouple f 

2 Maximum and minimum values of the pressure ratio p,/p, 

3 Range of exit velocities used 


; 


4 Maximum and minimum temperature difference ¢, — t, used 
in the measurerocnts. 

5 The values of + chosen for insertion into Equation [6] 

It is believed that publication of these numerical values will 
permit a more accurate appraisal of the potentialities of this ex- 
cellent new idea. 


AuTHoRS’ CLOSURE 


In response to Professor Kestin’s questions, we are pleased to 
submit *he following intormation: 

1 The heat capacity of the storage-type heat exchanger was 
such that the alr temperature as indicated by the total tempera- 
ture thermocouple f was constant within +0.1 F for 
During this period the 


approx}- 
mately 40 sec after the flow was started 
time fluctuations of the indicated temperature were within 0.05 F 

2to4 The choice of the ratio static to total pressure which 
determines the exit velocity is dictated by the following con- 

1 By E. R. G. Eckert and T. F. Irvine, Jr., published in the March 
1957, issue of the Jovnnat or Appitiep Mecuanics, Trans. ASME, 
vol. 79, pp. 25-28 

? Professor of Engineering, Brown University, Providence, R. L 
Mem. ASME. 
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siderations: The larger the velocity the larger is the temperature 
variation throughout the boundary layer. On the magnitude of 
the temperature variation depends the error connected with the 
use of the constant property relation, Equation [3], for the re- 
covery factor. This error can well be calculated from available 
solutions of the laminar boundary-layer equations for variable 
property fluids. A decrease of the velocity, on the other hand, 
decreases the difference between total and recovery temperature 
and increases the errors connected with the measurement of this 
value. It is advisable to optimize conditions with respect to these 
errors for each investigation. In the reported measurements the 
pressure ratio was adjusted on the basis of these considerations to 
values between p,/p, = 1.27 and 1.82. Occasionally, because of 
air supply limitations, the pressure ratio was lower than optimum. 
Correspondingly, the exit velocity varied from 661 to 1135 ft/sec, 
the Mach number from 0.60 to 0.96, and the difference between 
total and recovery temperature from 5.67 F to 22.4 F. The tem- 
perature with which a measured Prandtl number was associated 
and the temperature at which the property values were introduced 
were the ‘‘reference temperature,’’ familiar in boundary-layer 
analysis.* In these particular data, choosing the extremes of 
either the total or free-stream static temperature as a reference 
produced a data shift within the accuracy of the measurements 
In Fig. 2, the Prandtl number is plotted over the reference tem- 
perature as calculated from Eckert.* 

5 The heat capacity ratio required for evaluation of Equation 
[6] was obtained from Keenan and Kaye‘ and introduced at the 
total temperature. 


Buckling of Initially Imperfect 
Cylindrical Shells Subject 


to Torsion’ 


T. T. Loo.? The author is to be commended for his continu- 
ous interest and effort in this problem, which is one of considera- 
ble technical importance. Experiments have shown that the 
buckling strengths of thin-shell structures are usually sensitive to 
initial imperfections; thus the need for large-deflection theories 
in such a class of problems is self-evident. 

In 1952, the writer, as a student of Prof. L. H. Donnell, es- 
tablished a large-deflection theory for both perfect and imperfect 
thin cylindrical shells under pure torsion.’ In developing the 
theory, some approximations were made to simplify algebraic 
computations that otherwise would be very tedious. In the 
expression for radial displacement w, there appear four parame- 
ters. Two of these, y and n, were assumed to take values as 
given by small-deflection theory. This was done before making 
the first variation of the total potential energy of the system sta- 
tionary. The fact that close agreement was obtained in the 


* “Engineering Relations for Heat Transfer and Fluid Friction in 
High-Velocity Laminar and Turbulent Boundary-Layer Flow Over 
Surfaces With Constant Pressure and Temperature,”’ by E. R. G. 
Eckert, Trans. ASME, vol. 78, 1956, pp. 1273-1283. 

«Gas Tables,”’ by J. Keenan and J. Kaye, John Wiley and Sons, 
Inc., New York, N. Y., 1949, p. 34. 


1 By W. A. Nash, published in the March, 1957, issue of the Jour- 
NAL OF APPLIED Mecuantcs, Trans. ASME, vol. 79, pp. 125-130. 

2 Associate Professor of Mechanics, Rensselaer Polytechnic Insti- 
tute, Troy, N. Y. 

1 “Effects of Large Deflections and Imperfections on the Elastic 
Buckling of Cylinders under Torsion and Axial Compression,” by 
T. T. Loo, Ph.D. dissertation, Illinois Institute of Technology, 1952; 
Proceedings of the Second U. 8. National Congress for Applied Me- 
chanics, 1954. 
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buckling strengths of this simplified theory with those from 
Donnell’s more accurate method‘ has warranted such a simplifica- 
tion. Even though it may be expected that there will be some- 
what less reduction of resistance during the postbuckling stage 
due to such a simplification, it seems to have little effect on the 
values of critical loads, which is all we are really interested in. 

The author has made a valuab!: contribution in his discussion of 
the condition for periodicity of the circumferential displacement v. 
This condition will lead to a relationship between the parameters, 
making three rather than four independent parameters actually 
involved in the total potential-energy expression. Thus the 
computational difficulties might be lessened to the extent that a 
more accurate solution could be found readily without the 
writer’s simplification. But the author obviates this saving by 
introducing a new and unnecessary parameter. 

In the energy method of solution of torsion loading, the bound- 
ary condition of vanishing radia! displacement w at both ends is 
usually considered to be more important than other conditions 
required for either clamped or simply supported shells. By in- 
troducing a uniform radial displacement, which is in effect a fifth 
parameter, in his assumed expression for w, Equation [6] and 
Equation [7], the author complicates the computation and, by 
violating the major rather than the secondary boundary condi- 
tion, he has thus treated a problem with even less rigorous bound- 
ary conditions. The result of such an introduction, instead of 
“obtain(ing) the minimum theoretical buckling load,’’ results in 
values which are much too high in comparison with those of the 
existing theories.**‘ 

In previous publications,** attempts were made to express 
the inherent imperfections of the specimens in terms of their 
physical dimensions. It is obvious that the imperfections in any 
specimen are independent of the type of loading; with this in 
mind the writer has suggested a rational formula’ which seems to 
be reasonably satisfactory in the light of its adaptability to both 
buckling under axial compression and under pure torsion. This 
formula without any change of parameters accounts for the 
widely contrasting phenomena which have been observed from 
tests in these cases. However, in the present paper, a similar 
formula, but with a different value for the unknown parameter 
Us, was used for the case of pure torsion alone. When the same 
parameter is used for the case of axial compression, it is found 
that the theoretical curve is much higher than the experimental 
result. It is always possible with the two parameters in Equation 
[21] to fit the experimenta! curve for one type of loading. How- 
ever, the usefulness of the expression becomes evident only if 
several types of loading are approximated. 


AvtTHor’s CLOSURE 


The author would like to thank Dr. Loo for his constructive 
comments on the topic of torsional buckling of initially imperfect 
cylindrical shells. As stated in the author’s paper, the current 
work is an extension of earlier work done by Dr. Loc. In an 
eTort to refine the process, the present author rendered the total 
potential energy stationary with respect to four parameters, 
whereas Dr. Loo had assumed in his approximate analysis that 
two of these parameters had the values given by small-deflection 
theory. 

The boundary conditions investigated by the author were 
chosen in an effort to investigate the effects of various possible 
buckling displacements and did not necessarily correspond to 


‘ “Stability of Thin-Walled Tubes Under Torsion,” by L. H. 
Donnell, NACA Report No. 479, 1934. 

§ “Effect of Imperfections on Buckling of Thin Cylinders and Col- 
umns Under Axial Compression,” by L. H. Donnell and C. C. Wan, 
JOURNAL OF APPLIED Mecuanics, Trans. ASME, vol. 72, 1950, pp. 
73 -83. 
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conditions commonly encountered. This is particularly true 
with respect to the uniform radial displacement. Even though 
end conditions would not ordinarily permit such a displacement, 
it was considered desirable to investigate the effect of such a term. 
It was shown that inclusion of such a term has only a very slight 
effect upon the final This had pre- 
viously been established by the author in regard to hydrostatic 


load-deflection curves. 


loading of cylindrical] shells. 


Vibration Modes of Stators of 
Induction Motors’ 


P. L. Atger.* This paper is considered to be an important 
contribution to the art of motor design. Besides meeting the 
basic requirements of good all-round performance and low cost, 
designers nowadays are required to make motors both good look- 
ing and pleasant sounding. That is, the art of making motors 
quiet sounding, or “‘sonance design,”’ is rapidly becoming com- 
parable in importance to the art of “appearance design.’’ 

The frequency of the magnetic-force waves imposed on the 
stator of an induction motor is proportional to the number of 
rotor slots and The number of slots is normally 
larger the greater the diameter of the Thus the force 
waves ir a motor go through the whole range from zero 
to full frequency each time and the top fre- 
quency is higher the larger the motor size. On the other hand, 
the natura! frequency of the stator for a given number of nodes 
decreases as the size Therefore motor of 
larger than about 5 hp size must go through one or more periods 
of resonant-frequer 

How to design the motor to locate these resonances properly 
with respect to the speed, and how to control them so that 
they will not presents a difficult problem to the 


designer that is of growing importan This paper surely will 
be helpful to those wh 


speed 
notor 
nposed or 


the motor starte, 


increases every 


cy vibration of the stator each time it starts 


o have to deal with this problem 


While working in the Genera! Electric Me- 
} 


ue 


C. J. Srupervs.' 
j 


dium In Motor Department, the writer applied t 
method described i 
that used by the authors 
accurate relatively simple method 
resonant 

coupled fran 
motors. The met 


the paper to a stator of different design thar 
he principal objective was to have an 
f determining the 
es and forced response of the dynamica 
ore of already existing and proposed lines of 
10d presented in this paper provides such a 
procedure 

The frame mentioned was of the same general size and dimen- 
sions as that of the authors. However, the ribs constituting the 
coupling between rings was decidedly different both in size and 
location. Some pertinent dimensions are shown below. A radia! 
rib at 8 = 0 contacted the entire length of the inner core, Fig. | 
The radia! ribs at 6 = 60 deg and 8 = 300 deg were only in con- 
tact with the core along 1.5 in. of their axial lengths. 
bottom of the core was a saddle rib covering an are of 45 deg and 
contacting the entire axial length of the core 

The general procedure followed to determine the frequencies 
was to set up the energy expressions for each of the elements 


Along the 


1 By E. Erdelyi and G. Horvay, published in the March, 1957, 
issue of the JouRNAL or AprpLiepD Mecuanics, Trans. ASME, vol. 79, 
pp. 39-45. 

* Consulting Engineer, General Electric Company, Schenectady, 
N. Y. Fellow ASME. 

3 Aircraft Turbine 
Cincinnati, Ohio. Assoc. Mem 


Division, General Electrie Company, 
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DISCUSSION 








4 pole—30 hp—1800 rpm—220 /440 volts 
R = 7.715 in., r 6.1 in 
I, = 45 in., In A L, = 11.0 in. 


he = 0.25 in., Ag = 1.3 in., = 1.125in 


of the motor frame ner ring, radial ribs, and so 


using the expressions described by the authors (« g.. 


energy 
11}, (16), [18 


ising second mode (m = 2 


These expressions were then evalu- 


A comparison of 


Equations 
ated terms only. 
the magnitudes of the resulting energy terms indicated which of 
the elements contributed an insignificant amount to the energy 
stored. This procedure permits the significant vibrational ele- 
ments of the system to be isolated with a minimum of numerical 
work. Only the significant elements need then be evaluated 


when terms from the higher modes are used. The significant 


elements were the three radial ribs, the inner ring, and the o 
ring 

The determinant using terms from all six modes wa 
4 determir 


terms was 


While this was being checked out, the 4 x 
prised of on! the 


second-mode solved 


The resulting values are shown in Table 1, together 


actual second-mode frequencies obtained experimental 


an experimental arrangement similar to that of the aut! 


TaBLe 
sounter- Counter 


T ‘ 
in-tac t 


In-tact 
cosine, 


tact tac 


sine, sine, cosine 


cps ps eps Cps 
878 8649 8895 
SbU egmINe 


ymputed fe.. ll i 7O0l 
Experimental f, 684 


The higher value second-mode frequencies could not be ex- 
cited with the equipment used. 

The authors mention that in their case the even and odd modes 
separated, producing separate determinants from which the 
even and odd frequencies could be determined. This was due 
to the symmetry of their idealized frame about both vertical and 
horizontal axes, since the four tangential ribs were ignored as 
insignificant energy-storing elements. In the frame used by the 
writer, the idealized frame was symmetrical about the vertical 
axis but not about the horizontal axis owing to the location of the 
radial ribs. Thus for this case the assumed sine and cosine 
modes of deflection for the rings separated so that the frequencies 
associated with each mode could be evaluated separately. In 
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other words, in the energy expressions there are no terms in- 
volving cross products of A,, and a,, with B,, and b,,. Conse- 
quently, the order of any given determinant could be halved. 
If six modes of vibration (m = 2,3....7) are used to set up the 
frequency determinant, the resulting 24 X 24 determinant can be 
reduced to two 12 X 12 determinants, reducing the required 
numerical work. This always should be true since the idealized 
system in all probability should be symmetrical with respect to 
at least one axis. 

In using the method, some familiarity with what portion of the 
actual physical dimensions of the various elements contribute 
to the structural and/or inertial dimensions of the elements is 
essential. For instance, the presence of quarter-inch radius fillets 
at the junction of the radial ribs to the outer frame reduced the 
effective length of the ribs from their actual length to that length 
less '/, in. Factors such as these can affect seriously the accu- 
racy of the energy terms and the resulting frequencies. However, 
the necessary familiarity with the determination of these effective 
dimensions can be gained by applying the method to one or two 
stators. Along these same lines might be mentioned the need for 
carrying out the numerical terms to at least four decimal places, 
since the method inherently requires the subtraction of large 
numbers. 

The method presented by the authors not only provides a 
means of determining the many frequencies that can be expected 
from a given design, but also permits a mathematical means of 
experimentation. The resulting changes in frequency response 
that occur by varying the dimensions of the coupling ribs can be 
predicted readily in advance of any actual construction. The 
optimum coupling can then be selected to avoid any resonance ef- 
fects or driving-force responses. 


AvuTHORs’ CLOSURE 


The authors appreciate the interesting comments of Messrs. 
Alger and Studerus. The importance of “sonance design” will 
undoubtedly stimulate further analytical work in vibration 
evaluation of complex structures. However, such analytical 
work can never be completely successful unless it is paralleled 
by confirming experimental evaluation. It is gratifying to note 
that Mr. Studerus has undertaken the task of extending the 
authors’ work both in its theoretical and experimental aspects 


Yield Loads of Slabs With 
Reinforced Cutouts’ 


F. A. Gaypon.? The paper maintains the usual high standard 
of clarity associated with work of author and his associates. 

Equation [166] implies that the value of u obtained from the 
bent-beam approach is valid when 6/a > 2. It is thought that 
this is unduly optimistic. In fact, it is to be doubted if the bent- 
beam approach provides a statically admissible stress field unless 
6/a is small, when neglect of the shear in the yield criterion is 
probably permissible; however, when the reinforcement is wide, 
5/a 2 '/2 say, itis doubted whether neglect of the shear is justifia- 
ble. If one considers a stress field in the square reinforcement 
similar to that depicted in the slab in Fig. 4 of the paper, for the 
dimensions '/, < 5/a < 2, and if in Equations [11a], [11], [11c], 
p is made zero, \;, A. are replaced by yu, “2 and accompanying di- 
mensional changes are made, the lower bound yu of the reinforce- 
ment is given by 


1 By P. G. Hodge, Jr., and Nicholas Perrone, published in the 
March, 1957, issue of the Journat or Apptigep Mecuanics, Trans. 
ASME, vol. 79, pp. 85-92. 

2 Department of Theoretical Mechanics, University of Bristol, 
Bristol, England. 
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“= min (1, pe) 
where 


b —a)? 6? 


2ab 


( 
mh/H = 


4a? (a, h/HY 
— (pf, bh/H} 


peha/H " i 


b-af (b—a) 
Then 4; is seen to be less than the value given by Equation [16a] 
and it follows that u also is less than this value. If, therefore, 
the beam approach were applied to the base slab with the corre- 
sponding dimensions ('/; < b < */3), a lower bound better than 
Ar, would be obtained. This seems unlikely, and it is suggested 
that for such dimensions (he beam approach is inadmissible. 

The foregoing remarks in no way invalidate the comparison 
in Table 1, since 5/a < '/; for all the specimens contained therein. 

The paper demonstrates strikingly that the methods of limit 
analysis provide valuable information for the designer of rein- 
forced plates. 

D. D. Vasarnetyi.? It is gratifying indeed to see that the 
results of a research concluded several years ago can be useful in 
some new way and in a different type of work. Especially so 
when the new use made of the results, as in this case, is entirely 
independent from the original scope of the earlier investigation 

The writer recently compared the same general yielding values 
with values computed by simply multiplying the net cross sec- 


; 


tion of the specimen with the corresponding coupon yield- 
strength values. It was found that all actual general yielding 
values are within 10 per cent from 93 per cent of the computed 
value. This was done in order to satisfy the writer that it is pos- 
sible by an elementary means to predict the general yield load of 
rather complex structural elements similar to our specimens 
The rather definite 93 per cent to the writer represents the ef- 
ficiency of these structures in the sense as this word is used in 
structural design, and is thought to be just another formulation 
of the term called ‘‘design factor’’ by The rather 
close agreement of this elementary approach with the more 
fundamental one of the authors is a further proof of the correct- 


the authors. 


ness of the underlying assumptions 
AvutTuors’ CLOSURE 


The authors wish to thank Professors Gaydon and Vasarhelyi 
for their kind comments. Professor Gaydon is quite right in 
pointing out that care must be taken in applying the theory to be 
sure that the assumptions are reasonably well satisfied. This, 
of course, is generally true of the mathematical solution to any 
physical problem. In the present example, good judgment must 
be used in deciding if the hub dimensions are such that beam 
theory may be used, and if the slab dimensions are such that 
plane-stress theory may be used. 

The authors were most interested to 
Vasarhelyi’s elementary formula yields essenti iy the same re- 
sults as their own more nearly exact analysis. It should be 
pointed out that the range of parameters in the specimens tested 
was rather limited, and that there is no assurance that the 
However, 


learn that Professor 


empirical figure of 93 per cent would always be valid. 
the analysis given in the paper provides a means by which any 
such empirical formula may be checked and hence made availa- 
ble for engineering use. 


* Associate Professor of Civil Engineering, University of Washing- 
ton, Seattle, Wash. 
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Longitudinal Impact of a Semi- 


Infinite Circular Elastic Bar’ 


vuthor has presented a neat and ingenious 


oo. W.* 


method r solv important 


tanding problem 


a long = 


case of 


t ' 


Ithough it hi possible for some time to treat rgorously 


the propaga an elastic strain pulse in an infinitely long bar, 
satisfying time and space-dependent boundary, 


a semi-infinite bar has presented diffi- 


the probiem 
conditions 
Since the solution given by the 


“ul ies if a cases 


author satisfies exactly the end conditions, as well as the c 
tion of a lateral tree surface, it represents, in the writer's opi 


a signiican ontribution 


Attention is d to recent strain measurements of Dr. ( 


Fox which can be compared with the theoretical predictions of 
The experimental strains were produced in 
bar by reflectior an For dista 


greater than ab« 75 radii from the end of the bar and for tin 


this paper 


air shock from one end 
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less than the arrival time 
between the iding portion of Fig 5 of the paper and the expe 


remarkably good. Beyond the first 
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he paper = 
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the end of " é tan iniform pressure rather than 
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same 
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know that Mr 


made another 


As a ch 
Robert Fx I hporatory has quite ntivy 
advance 1! theor He has found by ing appropriate sine 
and cosine instead of the Fourier transform employed 
bv the is porsible to solve problems involving mors 
genera! er tions. In particular, the end conditions may be 
given b fyi s any desired functions of radial position r, 
e axial displacement u,, and the tangentia] 
. and the 
g,.. The problem considered in this paper is a special case in 
cement at the end is independent of r but 


and time 
stress co. lial displacement u, normal stress 
which the 
positive t and the tangential stress is inde- 


increases lir 


pendent of r 


M. K. Huppert.’ In reading this interesting paper, the writer 
has had difficulty in 
mutually confirmatory experimental results, obtained 


reconciling the author’s theoretical conclu 


sions with 


1 By Richard Skalak, published in the March, 1957, issue of the 

JourRNAL or Apptiep Mecuanics, Trans. ASME, vol. 79, pp. 59-64 
2 Department of Physics, Lehigh University, Bethlehem, Pa 

ent Company, Houston, Texas. 
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MeMillen‘* and Hughes, Pondrom na 


Mimes* on the transmission of elastic waves along cylindrical bars 


independently b 


Me Millen suspended bars in a vessel of water and produced 
elastic waves in them by firing steel balls into their exposed upper 
wave propagation was observed by means of spart 
shock waves in the water prod ice 
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as compared with the calculated value of 


No transverse 


velocity of 2059 m/sec, 


2940 m/sec for Rayleigh surface waves waves 


were observed 


4“The Velocity of Dilatation and Rayleigh Waves in Metal Bars," 
by J. H. MeMillen, Journal of the Acoustical Society of America, vol 
18, 1946, pp. 190-199 

5 “Transmission of Elastic Pulses in Metal Rods,"’ by D.8 
W. L. Pondrom, and R. L. Mims, Physi: 


1552-1556 


Hughes 
1949, py 


' Pp «ol TH 
ul Review, vol. 75 





JOURNAL OF APPLIED MECHANICS 





; 


At atn 





te 


’ 


Ato Ato Att 
t 


=i 








to=3t, 





Fic. 2 Type or Srrismocram Recorpep sy Huaues, Ponprom, anp Mims at Enp or Sree: Cri- 
INDER, Resvuttinc From Microseconp Puss at Opposite Enp 


Hughes, Pondrom, and Mims studied wave propagation in 
cylindrical bars by producing equally spaced microsecond pulses 
on one end of a bar with a piezoelectric crystal and observing on 
an oscilloscope the ‘‘seismogram”’ of the wave arrivals at the other 
end, as detected by a second crystal. 

The essentia! features of one of these seismograms are illus- 
trated in Fig. 2, herewith. At time & the pulse is generated, and 
at time é, the wave arrives at the other end, followed at constant 
time intervals, At, by a series of secondary arrivals. At time t 
another primary wave arrives, followed by another train of 
secondary pulses at intervals if. 

By varying the dimensions of the bar for a given material, it 
was found that 


i « l 
te = 34 
Aied , 


where / is the length and d the diameter of the bar. 

For two different cold-rolled steels, the velocity 4,/l had the 
values 5880.0 and 5892.2 m/sec, respectively, corresponding to 
the dilatational velocity v,. 

The wave arriving at time ¢, is obviously the dilatational wave 
once reflected. 

The time delay At, which was proportional to the bar diameter, 
corresponded to the time of transit across the bar of a wave of 
shear velocity v, at the critical angle @ to the bar diameter, where 


v, = (u/p)'”* 
and 
sin 9 = v,/v,. aes iz .. [5] 


These several observations combine to give the physical pic- 
ture shown in Fig. 3, herewith, of the propagation of short-wave- 
length elastic waves along a circular cylindrical bar. A primary 
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Fic. 3 Exastic Wave Train in Steet Cruinper IMPLIED BY 
EXPERIMENTS OF McMILLEN AND oF HuGHes, Ponprom, anp Mims 


plane wave moves through the bar at the dilatational velocity 
vg. Its intersection with the boundary sets up elastic disturb- 
ances which act as Huygens’ sources for shear waves traveling 
at the velocity v,. Since these waves are generated along a circle 
around the bar, moving at the velocity »,, they produce a conical 
wave front making an angle @ with the boundary of the cylinder, 
having the dilatational wave as the forward base of the cone. 


At a distance Al behind the dilatational wave front, given by 
Al = d/tan 0 


this cone again intersects the surface where it is reflected as a 
shear wave and also generates another dilatational wave. The 
arrival of these “nodes’’ at the end of the bar produces the second- 
ary pulses at time intervals Av. 

The result of all this is that the initial wave front is followed 
by a stationary wave train of fixed geometrical form, with the 
entire train traveling at the dilatational velocity »,. The train 
increases in length with distance, and since it derives its energy 
from that of the initial wave, it follows that the front of the train 
must become continually attenuated as the rearward part is 
augmented. 

Were this train to be propagated through a bar immerse. 2 
water, then a spark photograph should reveal conical shock waves 
in the water originating at each “node,” at the intervals Al 
along the bar, where the shear waves are reflected. This, in 
fact, is what happens as is shown by the repeated shock waves 
at intervals Al obtained from McMillen’s photograph. The 
angle @ derived from the photograph by means of Equation [6] 
agrees within experimental error with the value in Equation [5] 
based upon the ratio of the shear and dilatational velocities 

As Hughes, Pondrom, and Mims have shown, it is possible, 
by means of this theoretical interpretation, to compute from their 
seismographic data, all the elastic constants of the material 
with a higher precision than usually has been possible heretofore. 


Junius Mrx.owirz.£ The author’s ingenious solution of a 
very difficult problem has resulted in an interesting contribution 
to the theory of wave propagation in an elastic rod. The writer 
and C. R. Nisewanger’ recently presented some work, dealing 
with approximate theories of compressional waves in an elastic 
rod,’ that contains supporting information for the author’s find- 
ings. Fig. 4 of this discussion shows two strain-time records 
taken from Fig. 1, Part II of the quoted work. The records are 
representative of highly reproducible tests employing an aero- 
dynamic shock tube and a long 1-inch-diameter duraluminum 
rod. The test is similar to that employed by Curtis (reference 9 
of paper). In it a step pressure is applied to the free end of a 
“semi-infinite’’ rod. Specifically, the records shown here are those 
of a station 20 diameters from the source; (a) representing the 
radial strain at the surface of the rod, obtained with a cylindrical 


* Associate Professor of Applied Mechanics, California Institute of 
Technology, Pasadena, Calif. Mem. ASME. 

? Research Engineer, U. 8. Naval Ordnance Test Station, Pasadena, 
Calif. 

* “The Propagation of Compressional Waves in a Dispersive Elas- 
tic Rod, Part I: Results From the Theory,” by J. Miklowitz, 
Journal or Appirep Mecnanics, Trans. ASME, vol. 79, June, 1957, 
pp. 231-239; and “Part II: Comparison of Experimental Results 
and Theory,” by J. Miklowitz and C. R. Nisewanger, ibid., June, 
1957, pp. 240-244. 
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Synthesis of Four-Bar Mechanisms 
by the Method of Components’ 


N. Rosenaver.* The paper is an attempt 


elegance of vectorial methods by ordinary Cartesian 
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method permits the synthesis for prescribed conditions « 


author in the summary 


The statement 


ing angular velocities, accelerations, and length of links mak« 
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* The same 
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% This theory was also derived earlier by Bishop, “‘Longitu 
Waves in Beams,” Aeronautical Quarterly, vol. 3, February, 
280-293. 


mode, however, gives physically realistic result 


1 By J. Hirschhorn, published in the March, 1957, issue of the 
JoURNAL oF AppLieD Mecuanics, Trans. ASME, vol. 79, pp. 22-24. 
? New South Wales University of Technology, Sydney, Australia. 





i = ww(w, — w,) + (w,a, — w,a,)i. 
= ww,(w, — w,) + (w,a, — w,a,)i 


= WW(W, — w,) + (Wa, — wa, i... [3] 
and an additional condition representing the closed polygon of 
Fig. 1(a) of the author’s paper 


p= 


Solution of Example 1. Givenw, = 10 rad/sec, a, ,% = 
4in., s, = 4.625 in.,w, = 5 rad/sec, a, = 10 rad/sec*. It should 
be noted that for the determination of the mechanism it is not 
necessary to give the value of p, but it is sufficient to assume p 
horizontal; i.e., p, = 0. Find q, 7, w,, a,, and p. 

Introducing the scale factor k between the elements of angular 
motion and the lengths of the links, and taking the real axis in the 
X-direction and the imaginary axis in the Y-direction, we have 


ks 


ga+7-5 


y = Wa, — Wa, = Wa, 


since a, = 0, and 


w0,(W, — w, 
from which 


Wyn (@, — @,) _ 


WO, 


w(10 — w,) 4 


~ 4.625 


a, 
w{(10 — w,) = 0.865a,. 
If the fixed link should be horizontal 


% + —% = 9 


Py, = 


Wa, — Wd, + Wa, ee wi, — @,a, + WO, “9 
5a, — 10w, + 100 — 10a, = 0 


a, = 20 — 24, [5 


r 


Substituting this in Equation [4] we obtain a much simpler 
quadric equation than in the author’s solution derived from Equa- 
tion [11] 

w,? — 11.734, + 17.3 = 0 
10 rad/sec and w, = 1.73 
The first root gives s, = 0, and does not satisfy the 
4 in. 


This equation has two roots; w, = 
rad /sec. 
condition s, = The second root establishes the following 


solution 
a, = 20 — 3.46 = 16.54 rad/sec? 
The seale factor k may be found either from 


WW(@, — Ww, 


8. 
and its value is k = 35.77. 

Now the links are easily calculated 
ww,(w, — @,) 


) 
Is P - = 0.79 in. 


q= 1.992 in. 
wa, — Wa, H 
ogee ume = 1,828 in. 


JOURNAL OF APPLIED MECHANICS 


_ Www, — &, 


p= dz 


and the mechanism is shown in Fig. 1 

Small differences with the author’s results are probably due to 
the inaccuracies in the establishment of the final form of Equa- 
tion [11] with its six-figure coefficients 

Solution of Example 2. 
rad/sec, a, = 0 


Given p = 5in., g = 2 in., W, 
= 5Srad/sec, a, = 0 


Find links r and s. 
In the same way 


from which 
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25[w, 15 


k2p? = 
similarly from Equation [1] 


om. 2 ~ , 
25w,*( 5 -@y 7 25a,? 
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and sul 


Dividing Equation [8] by [9] 


stituting a, from Equation 


[6] we obtain an equation of the fourth degree for w. 
w,?(25(5 — w,)? + 37.3(10 — w,)? 
— (15 — w. 502 =0O 
LS rad /sec 
13.87 1 ud sec?. 


One root of this equation is w, ] 
Further, from Equation [6], a 
The 

36.45. 


r 

seale factor is found from Equation [9] and its value k 
The lengths of the required links are now 

wi (@, — Ww 

= fs : = 6.56 in 


r = 6.86 in. 


3.80 in. 
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ol a scale factor, 1.e., a magnifying lactor having the same 
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marks are made from the viewpoint of practical application of 
this method to a network study. 

Consider separately the case of a pure resistor network and 
one in which capacitances or inductances are used in addition 
Adding diagonal resistors always means doubling 
Consider now first a 


to resistances. 
the number of resistances in a network. 
pure resistor network requiring a certain degree of accuracy for. 
the result. The question must then be examined if a larger 

number of nodes without diagonal resistors or a smaller number 

of nodes with diagonal resistors requires less equipment. Since 

introduction of diagonal resistors doubles the necessary number 

of resistors as compared with a straight network, the use of di- 

agonal resistors will be justified if they result for a certain magni- 

tude of error in a reduction to at least one half of the required 

number of nodes. 

However, the term magnitude of error still needs clarification. 
In the example given by the author one can give a certain figure 
as the “solution of the problem.”” But consider the case where a 
potential distribution in a body is to be determined by means of 
a network; although the potential at the individual nodes will 
be determined more accurately if diagonal resistors are used, the 
reduction of the number of nodes made possible by the use of 
diagonal resistors will make the drawing of isopotential lines more 
difficult. And this may reduce the usefulness of the diagonal 
resistors for such cases. 

In the case of networks comprising other elements than resis- 
tors, conditions are somewhat different in two respects: 

(a) The number of such other elements is reduced if the 
number of nodes can be reduced by introduction of diagonal 
resistors. This is often important even if the total magnitude 
of such additional equipment is not reduced; it may be easier to 
introduce 10 capacitances of 20 microfarads each than 20 capaci- 
tances of 10 microfarads each. 

(b) Introduction of capacitances and/or inductances is con- 
sidered mainly in connection with transient problems. Then 
the need often arises to change resistances and/or capacitances 
during a computation. Such change becomes quite difficult if 
at each node four instead of two resistances have to be changed. 
In such cases the use of the diagonal resistors may be much 
harder to justify than in the case of pure resistance networks. 

These remarks are made purely from the viewpoint of practical 
experimentation with analogs and do not detract from the great 
significance of recognition of the relationships as explained by 
the author. 

AutHor’s CLOSURE 


I wish to thank Prof. Redshaw for calling attention to Per- 
sico’s prior publication of the diagonal resistor network for 
Laplace’s equation, which had been missed by myself and 
several other people with whom the subject was discussed. 
However, Persico did not mention the use of this network for 
Poisson’s equation. 

Prof. Redshaw’s comments indicate that some of the points 
made in the paper on the use of diagonal resistors for Poisson’s 
equation were not completely clear. It is certainly true that 
if a diagonal resistor network is used to solve Poisson’s equation, 
the leading error term depends on the type of function involved. 
The nature of this dependence is given precisely by equation 
[20] of the paper, so there need never be any ambiguity. Also 
when the transformation 


u=W+w 


is used, w is a known function so that its value can be determined 
with zero error. The error in u is then simply the error in W 
resulting from the diagonal resistor network solution for W. 
Since W satisfies Laplace’s equation this error is of order h‘. 
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On page 94 of the paper it was stated that the diagonal resis- 
tors do not eliminate errors due to curved or irregular boundaries. 
Depending on the particular problem and on the accuracy needed, 
a graded net may be the most efficient procedure. In this 
case, also, diagonal resistors could be used in the interior of the 
region to give increased accuracy 

As to Prof. Paschkis’ first point, if diagonal resistors are intro- 
duced and the number of nodes cut in half compared with the 
usual network, so as to require the same total number of resis- 
tors, then the accuracy of the solution will always be increased 
This results from the fact that the error becomes of higher order 
in h. 

In drawing isopotential curves, a simple procedure is to first 
interpolate numerically between nodal values to obtain the 
values at other points. Equation [8] of the paper could be 
used first to obtain interpolated values at the center point of 
each square of the net, and then Equation [6] to obtain values 
at the mid-points of the horizontal and vertical lines connecting 
nodes. This could be repeated if even more closely spaced 
values are desired. It is easy to see that if the solution is ob- 
tained on a coarse-mesh diagonal resistor network and inter- 
mediate values obtained by interpolation in this way, the result- 
ing values will be more accurate than those from the usual 
network with a fine mesh. 


Theoretical Criterion for Fracture 
of Metals Under Combined 


Alternating Stresses’ 


E. Orowan.? In the derivation of the fracture criterion no use 
has been made of the circumstance that the material, according to 
the title of the paper, is supposed to be under alternating stresses; 
the argument is based on the assumption of a steady stress 
throughout. It may be asked, therefore, why a criterion ob- 
tained on the assumption of a steady state of stress should be ex- 
pected to apply to fatigue fracture. 

Down to Equation [6], the consideration refers to a single crys- 
tal subjected to a special type of uniaxial tension (the projection 
of the direction of tension upon the active slip plane is assumed to 
be parallel to the slip direction). After Equation [6], for no ob- 
vious reason, the conclusions ure assumed to apply to polycrys- 
talline metals under states of combined stress. Could the author 
give some justification for this? 

Equations [6] and [11] are stated to represent envelopes of 
Mohr stress circles. But the normal stress o,.. + 2/2 and the 
shear stress T,,, which occur in these equations are not variable 
stresses in planes of variable orientation; they are material con- 
stants. o,,, + %/2is the tensile stress in the plane norma! to the 
slip direction, and T,,, the shear stress in the slip plane resolved in 
the slip direction, in the single crystal of the most unfavorable 
orientation with respect to a uniaxial tension, at the moment 
when the theoretical fracture stress is reached in it at an obstacle 
to slip. Thus Equations [6] and [11] cannot represent Mohr 
envelopes for the reason that they do not contain the necessary 
variables ¢ and r. Yet the author’s fracture criterion seems to 
rest on the assumption that these equations contain the varia- 
bles ¢ and 7, and are envelopes of certain Mohr circles. 


AvtHor’s CLosuRE 


The author is very grateful to Professor Orowan for raising 
three points which should have been included in the paper. 
1 By Takeo Yokobori, published in the March, 1957, issue of the 


JOURNAL or ApPLieD Mecuanics, Trans. ASME, vol. 79, pp. 77-80. 
? Massachusetts Institute of Technology, Cambridge, Mass. 
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concerns the mechanism of fatigue. Al- 
the 


The first questior 
though experimental studies have done much to clarify 
micromechanism of fatigue damage in its early stages, mechanism 
of fatigue seems to be not yet well understood. Many dislocation 
models for fatigue fracture have been introduced, such as piling- 
up mechanism, taking into account the notch effect by the ob- 
stacle itself* proposed in this article; mechanism due to vacancies 
formation,** or mechanism by polygonization.* All of them seem 
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against grain boundary occurs and the 
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most fundamental problem in fatigue. 


To the second question, justification may be given as follows 


At any rate 


In this article the condition is required that the “maximum” 

* “The Theory of Fatigue Fracture of Metals,”" by Takeo Yokobori, 
Journal of Physical Society of Japan, vol. 10, 1955, p. 368. 

«“tiber den Mechanismus der Zerstérung bei der zyklischen 
Belastung von Metallen,” von I. A. Oding, Colloquium on Fatigue, 
IUTAM, 1956, p. 178. 

§ “Theories of Fracture in Metals,” by N. 
and Flow of Solids, IUTAM, 1956, p. 53. 

* “Dislocations and Mechanical Properties,”’ by 
locations in Metals, AIME, 1954, pp. 191-192. 
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Dependence of Frequency Spectrum 
of a Circular Disk on Poisson’s 


Ratio’ 


inert 


14 and 
Also, we 

functions zJ>{2 

in cylindrical « 


paper and in many other problems set 


are special cases of funetions which have been studied recent 


M Onoe.* 


’’The Strength Under Combined 


of Metal Alternating Ber 
and Torsion (in Japanese),"’ by Nishihara and M. Kawamot 
Transactions of the Japan Society of Mechanica] Engineers 
1940, p. 8; vol. 7, 1941, p. 85. 

1 By R. L. Sharma, published in the March, 1957, issue of the 
JOURNAL oF AppirED Mecuanics, Trans. ASME, vol. 79, pp. 53 

* Associate Professor of Mechanical Engineering, Pupin Labora- 
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* Professor of Civil Engineering, Columbia University, New York 
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‘Formulae and Tables of the Modified Quotients of Cylinder 
Functions,"’ by M. Onoe, The Institute of Industrial Science, Uni- 
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disks, and computed results due to theory of thin disks. 
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Comparison between experimental results, computed results due to improved theory of finite 


(d/h) = ratio of diameter to thickness; ~/p 


= ratio of resonant frequency to frequency of pure thickness shear vibration of an infinite plate of 


thickness i.) 


AvutTHor’s CLosURE 


In the course of the past five years, a great many measured 
data regarding actual resonant frequencies of thick circular disks 
vibrating in the axially symmetric flexural modes have been ob- 
tained. However, these data concern only the range of p/p and 
d/h ratios which are of interest from the design considerations of 
mechanical filters. We have in Fig. 1 the measured data dis- 
played along with the results computed according to the classical 
theory of thin plates and those computed from the solutions 
of equations which include the effects of rotatory inertia and shear 
deformation, for three significant values of Poisson’s ratios. 

A quick check will show a great deal of agreernent between ex- 
periment and improved theory. A closer examination, however, 
will show that the measured points fall closer to the case vy = 0.3, 
for p/p values ranging from 0.4 to 0.6. A slight but rather well- 
defined discrepancy at other regions could be due either to varia- 
tions in elastic constants of Ni Span C* or some other unaccounta- 
ble causes or both. 

The author is thankful to Dr. H. Deresiewicz and Dr. R. D. 
Mindlin for calling his attention to a very interesting paper by M. 


Onoe. 


Head Loss in Flow Through a 
Cyclone Dust Separator or 
Vortex Chamber’ 


Frep Lanpis.? The authors are to be complimented on a 
simple analysis of the head loss through a vortex chamber which 
leads to satisfactory predictions under many practical flow con- 
ditions. 


’ Commercial name of a constant modulus alloy consisting of nickel 
(42 per cent), chromium (5.2 per cent), titanium (2.3 per cent), 
iron (48.2 per cent), and impurities (1.3 per cent). 


1 By H. E. Weber and J. H. Keenan, published in the March, 1957, 
issue of the JouRNAL or AppLiep Mecuanics, Trans. ASME, vol. 79, 
pp. 16-21. 

2 Associate Professor of Mechanical Engineering, New York Uni- 
versity, New York, N. Y. Assoc. Mem. ASME. 


The analysis is based on frictionless, irrotational flow, and t 
paper briefly mentions the deviations that should occur if a 
fluid is being considered. However, there are several aspects in 
the flow of the real fluid which may affect the results materia 
and which have not been discussed by the authors 

The paper indicates that the solid-body vortex core has a diame- 
ter corresponding to 60 per cent of the exhaust-pipe diameter 
Experiments in vortex (Hilsch) tubes indicate that the size of 
the solid core is a very sensitive function of the geometry and, 
hence, the core size may vary somewhat with the vortex chamber 
and exhaust-pipe geometry. This may account for some of the 
deviations between experimental data and analysis. 

A more marked contribution may be expected from the effects 
of secondary vorticity. Since the axial component of the flow is 
downward in the chamber and upward in the center section, this 
turning of the flow combined with the rotational behavior caused 
by the side-wall friction effects must induce secondary circulation. 
This circulation will impose additional head losses because of the 
kinetic energy associated with the additional superposed swirling 
motion. However, it is quite possible that the reduction in head 
loss anticipated for the flow of a real fluid with wall friction 
proximately balances the increase caused by secondary circu 
tion. 

A study of the flow behavior of a real fluid in a vortex chamber 
which includes the effects of wall shear, solid-body rotation, and 
secondary circulation would be a welcome extension of the present 
paper. 


J. Le Conte Sairua, Jr.* There are several assumptions 
7 


the potential-flow analysis as presented, which may be examined 


profitably. The first is the assumption that the average ang 
lar momentum over the inlet is equal to the angular mom: 

in the vortex. This will be true only when the inlet is o 
tinuous logarithmic spiral, and the incoming fluid has unif 
angular momentum. In the normal separator, a stream of 
straight flowing fluid is brought directly into the separator. Th« 
angular momentum then might be increased or decreased depend- 
ent upon the nature of the asymmetry of the transformation fron 
linear to vortex fiow. 


3 Massachusetts Institute of Technology, Cambridge, Mass 
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Indeed, it m ossible to conchide that, for the separato ever, the development of the relevant theory required to dedu 
per the inter- the viscosit wtiy tor the tiatter type of viscometer, as the 


with the o nlet wall tangent to a circular cham 


action of the vortex with the straight incoming flow will cause a authors indicat 1¢ present and earlier publications, has a 


contraction and her in increase in velocity This contraction newhat painful history The authors show in de 
was demonstrated by plotting the streamlines of a potential-flow the present paper how the theory may be advanced to 
two-dimensiona n with the aid of an electrical analog field vecurate viscosity values to better than | part in 500 
plotter. For tl ne case considered, the average angular momen- The growth of the theory of the effects in evidence 


f r t velocity in 


tum of the vor c was 1.6 times the average angular momentum of are In motor or bodies are MOvVIng & 


the paralle low. It has been reported‘ that the angular mo- emphasized the practical importance of accurats 


mentum t ortex inder some circumstances, may be 1.4 Vviscosit of fluids Phe viscosit 


times the average inlet angular momentum. This may explain and temperature 


partially wi e experimental values of head loss were found convenient for inves 
greater thar ] It is a fortunate cir am iat the authors com 
In this pay r eral plan of the exit separation Ww us taken competence al gi requu for the advance of the 
to be the « for the flow without swirl, and the free stream- with skill in the arts of experimentation. Their work go« 
line was adjuste: veccount for the swirl It seems thata better raise the oscillating-disk viscometer to the class of inst 
bsolu There remains at this time, he 


approximatio! nder some conditions might be obtained by as- providing a 


suming that the flow also separates down the center so that th« 


the task ins the press 


outflow is a hollow cylinder. Indeed this center separation ence 


would be quite obvious if the fluid were liquid discharging into air, solely on the exce 

In faet, the separation would penetrate to the bottom of the reported 25 years ago 
chamber » fluid were air discharging into air, the center 

separation would be the center core wh ch rotates with constant 


angular velo because of fric tion The center separation also Wi ywe thanks to Professor 


stic sing ilarity in v and p at zeror adius remarks on the substance 


- is necessary to verily 
AuTHors’ CLOSURE an wl eee 


pr 


to thank Professor Landis and Mr. Smit® ose agreeme ybtained for several gases provides sur 
f the paper. lirect proof. It is possil 


Professor Landis has shown that the entire problem of rea! ment h been calibrated by 


fluid flow i 1 vortex chamber is extremely compli ated ire € - 1 the v 


iscosit. 


portions of the prot lem may be the 


! point regarding the increase of 
in the asymme flow entering the 


of flow separation in the center of the Effect of Stress on Creep at 
in inflow of at the center with a . tT ‘ og ot 

5 eae ite eel Gh High Temperatures 
noticeable as liameter f r) 


| 
: ; 
and would also lead t n incre tis 
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uing this fun program lu te the basic 
th 

paper the if 0 , Tr ‘ ‘ 

50% mechanism for creep. The previous pape y the authors on the 


at-r ’ > . , . - 
A pip acesEe > relation betwee! temperatur d time hav demonstrated the 


applicability 


Corrections for the Oscillating- 
Disk Viscometer' cag th i 8. RO. 


stress on the creep r: suthors point ¢ 


chan 


Thus, in order 


? , parison must be made under conditions where the 
nal devices ' 
I Figs. 2 

4 known interval 

- . made Dy eV t nl cr I data shown 

lifference throug ; 

and 10. Under these conditions identical structures 
iping at constant : , : 

‘ . us ated; namely, the structure olf the anneaied alloy Pre 

& suSspe! ded oscillation geometrk 


under other conditions, different structures would be 


to the oscillatory props rties of the ider . 
TI ', } and simple correiations Of the o” type would be iInvaud 
1¢ necessary observations can be — ’ } 

4 The writer would like to point out, however, that the 

ease of control and compactness ol 


: Fig. 1 correlate equally well wnen the strain-me dat 
the oscillating-disk viscometer. How- , : . 
lunear portion (major portion) of the curves are used 
on ‘ - as close as he can ascertain, the same exponent n that the 
by Iinoya, Memoirs of the Faculty of ; 


Engineering, Nagoya University, vol. 5, 1953, p. 153 


; 


evaluated from the initial creep rate is obtained. Sir 


! By J. Kestin and H. E. Wang, published in the June, 1957, issue ‘ By H. Laks, C. D. Wiseman, O. D. Sherby, and J. E. Dorn 
of the Journnat or Appirep Mecnanics, Trans. ASME, vol. 79, pp. lished in the June, 1957, issue of the JouRNAL or APPLIED 
197-206 cHantcs, Trans. ASME, vol. 79, pp. 207-213. 

? Professor Emeritus—Lecturer, Massachusetts Institute of Tech- *Chief Research Metallurgist, Wilbur B. Driver 

br M Mem. ASMI Newark, N. J 


nology, Car iGge, 1485s 
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structural changes have occurred as evidenced by the change in 
the shape of the creep curves, this might imply that in the case of 
high-temperature creep at fairly low stresses, the structure is 
essentially independent of past history. 

Now it has been observed in many commercial alloys that the 
creep curves obtained at a series of stresses at constant tempera- 
ture form a hcmologous series. For example, Tapsell, Forrest, 
and Tremain’ tested 0.26 per cent C steel at 400 C, used a stress 
from 8 to 19 tons/sq in., and found excellent correlation with an 
equation of the form 


“E-S  aae he [1] 


where ¢ is the creep strain, o the applied stress, and A and n are 
constants. 

Again, numerous data, too numerous to be fortuitous, have 
shown that the effect of stress on the so-called secondary creep 
rate can be given by the expression 


é, = Ao* 


where €, is the secondary creep rate. 

Since this relationship applies to pure metals and alloys as well 
as to commercial materials, it appears somewhat general. In 
view of this, would the authors care to comment on the reasons 
that might give such correlation? Does it imply that in many 


commercial alloys the changes in structure even at high stresses 
and low temperatures are fairly insensitive to past history? 


Autuors’ CLOSURE 


The authors wish to express their appreciation to Dr. Dean 
Starr for his contributions to their paper and for the opportunity 
he has given them to discuss the stress laws for high-temperature 
creep in greater detail. 

Inasmuch as the stresses that were used in this investigation 
were quite small, no initial plastic strains were obtained upon ap- 
plying the stress. Consequently, the initial structure and the in- 
itial creep rate that were recorded pertain to the annealed struc- 
ture. It is true, as shown in Fig. 1 of the paper, that the creep 
rates for the low stresses did not change appreciably during the 
course of creep. These observations reveal that only minor in- 
significant changes in structure accompanied the course of creep 
in these tests. Consequently, about the same stress law should 
be obtained over the entire range of conditions that were in- 
vestigated, as pointed out by Dr. Starr. However, as docu- 
mented in References (5), (7), and (8) in the paper. this is not 
generally true. For creep under higher stresses, major structural 
changes occur as evidenced by the transition from higher primary 
creep rates to slower secondary creep rates for a given stress. 
Dorn and Shepard (“What We Need to Know About Creep,” 
ASTM Special Technical Publication No. 165, 1954, pp. 3-30) 
have clearly shown that, in general, the structural changes at- 
tending high temperature creep depend on the stress. The 
secondary creep rate measured for each stress depends not only on 
the stress but also on the previous strain history at that stress. 
Under these conditions it is totally inappropriate to ascribe the 
changes in the secondary creep rates to the stresses alone. But 
the structures obtained at the secondary creep rates are functions 
of the applied stress. And for this reason there is a systematic 
change in the secondary creep rate with stress as determined by 
the systematic change in structure with stress as well as that due 
to the instantaneous stress per se. This effect of precreep history 
becomes very important in problems where the creep stress is con- 
tinually changing during the course of creep. 


*“Creep Due to Fluctuating Stresses at Elevated Temperatures," 
by H. J. Tapsell, P. G. Forrest, and G. R. Tremain, Engineering. 
vol. 170, August 25, 1950, pp. 189-191. 
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A Theory of Adhesive Scarf Joints’ 


A. G. H. Drerz.* The analysis of stresses in adhesive joints 
is inherently complex and uncertain because of the interactions 
of adhesive and adherend coupled with geometry of the joint 
Because of the increasing use of adhesives in critical load-bearing 
structures the problem is becoming a pressing one. The author 
has performed a valuable service in carrying out the present analy- 
sis. His simplifications and approximations are evidently per- 
missible on the basis of the satisfactory correspondence between 
his predicted values and those obtained by test. It is true that 
the geometry of the joint analyzed makes the analysis highly in- 
sensitive to relatively large variations in the modv!i of the ad- 
hesives. This points up the desirability of designing engineering 
joints so that the large variations commonly found in the me- 
chanical constants of adhesives have relative) ] ct on their 
behavior when under stress. 


Avurnor’s CLOSURE 
The author wishes to thank Professor Dietz for his interest in 


the paper under discussion. No further comment would seen 
to be required at this point. 


Theoretical Analysis of Viscous Flow 
in Narrowly Spaced Radial Diffuser' 


W. G. Corne u.* 
interesting paper. The analysis assumes flow symmetrical! about 
the channel center line. Asymmetrical fow may occur under 
certain conditions. A related case is the two-dimensional radial 
flow between two divergent plane walls, studied by Hamel,’ 
solving exactly the Navier-Stokes’ equations of fluid motion, for 


The author is to be congratulated or 


} 


A single solution is found for low values of the total 
Above a certain critical value of flow, 


spiral walls. 
amount of fluid flowing. 
separation occurs and three possible solutions are found: a sym- 
metrical solution with backflow at both walls, and two asymmetri- 
cal solutions with backflow at one of the walls. Although the 
two configurations are not the same, Hamel’s results suggest the 
possibility of flow asymmetry in the separated case of the present 
configuration. 


Artur MaGer.‘ 
narrow radial diffuser represents an important addition to the 
already large boundary-layer literature. The value of it lies 1 
in the particular example here considered, but in the interestin, 
technique for computation of cases where the boundary-layer flow, 
as such, determines the appropriate pressure gradient, which in 
turn affects the boundary-layer development. 

As we have seen, the technique, suggested by the author, con- 
sists of solving directly the momentum integral equations, not 
in the usual manner, for the pertinent boundary-layer quantities, 


This paper analyzing the viscous flow ir 


1 By J. L. Lubkin, published in the June, 1957, issue of the Jounnat 
or AprpuieD Mecuanics, Trans. ASME, vol. 79, pp. 255-260. 

2 Professor, Civil Engineering Department, Massachusetts Institute 
of Technology, Cambridge, Mass. Mem. ASME. 


1 By H. W. Woolard, published in the March, 1957, issue of the 
JOURNAL OF AppLrED Mecuanics, Trans. ASME, vol. 79, pp. 9-15 

2 Engineering Consultant—Aerodynamics, Systems Analysis Sec- 
tion, General Electric Company, Cincinnati, Ohio. Mem. ASME. 

*“Spiralfoermige Bewegungen zaeher Flueasigkeiten,” by G. 
Hamel, Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 
25, 1916. 

* Research Scientist, Marquardt Aircraft Company, Van Nuys, 
Calif. 
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but for the “‘external’’ velocity, which is not known in this case. 
It is clear that such a solution is possible, only because in a dif- 
fuser with a known mass flow and an assumed velocity profile, 
a unique relation exists between the boundary-layer thickness, 
the width of the passage, and the “external’’ velocity. 

The idea is therefore basically sound; however, the writer feels 
that the actual procedure, while showing a considerable insight 
into the problem, is somewhat involved and wonders whether 
rather drastic simplifications in the method could not be made. 
For instance, it is noted that the necessity for discerning between 


the inlet and fill 


/ 


ed regions occurs only due to the (rather shaky 


assumption that in the inlet region the form of the velocity profile 
remains unchanged. If the velocity profiles were allowed to vary 
right from the start (as it probably actually happens), then the 
same procedure would be applicable in the whole diffuser. Con- 
differential equation would have to be solved, 
Such a pro- 
ecessarily have to do away with the integral 


, 
sequently, on 


eliminating automatically any need for matching. 
cedure would 

method of solution, one could probably adapt the Thwaites ap- 
grounded semi- 


/ vlaw . 
indary-layer quanti- 


proach, which ties directly, through a well 


’ " 
iricai reiawuon, r€ 


namely, the shear at the wall, the form factor H, and the 


three important bo 


emf 
ties; 
pressure gradient 

As another alter ive 
est perturbation systcm, with the zeroth- 


to this proced ire, one probably could 


have 


devised 


order terms being given by, the hydraulic method, and the 


Say, 
for the corresponding boundary- 


effect on the actual 


higher-order ter ~ounting 
it 


acemMer area ¢ hange 


aver flow and 
In addition to these rather general comments on the method of 
highly desirable 


i 
} 


riter also notes that it would b« 


the 


approach, the 
indary-layer 


to incorporate the possible asymmetry of 


growth in the 


future solutions of this problem 
diffuser 


spaced, and the method sho 


igh-speed flight, the intak« 


trend toward | 
ome very 


interest ther The boundary-layer growth 


ch of the walls 


isuUaly qu Nerent on ea 


In closir thor is to be congratulated or 


the important 


vork which he 1 connection with this problem, 


nd it is hoped th ll continue long the lines here sug- 


gested 


Tueopor Ranov ‘he author’s anslyti attack on 


radial-diff user frst serious at- 


A 


nodern boundary-layer theory 


As such, his 
the; or 


hydraulic-type problem 
erit special attention because 
e of a deliberate disregard of whatever artificial 
existed between aerodynamics and any of 
Or, to put it dif- 
vided evidence of the constant 


ng treatment of fluid d 


nda > . \ ve 


iches of fluid mechanics 


1e other sister 


this 


erently, progress 


namics in all tl 

' 
Pe rhaps equal 
ynamicist 


ated 


consider 


ranches of 1 hanic ncerned with fluid flow 
of the fluid d 


thor’s analysis falls into the sp 


pecial viewpoint 
arsely popul 
he Navier-Stokes equations which 
The m 


indertaking 


cous and inertia forces sthe- 


atical diffi h arise from this challenging 


ure evident f uper, but, fortunately, are not discouraging 


since the problem is solved once and for all in dimensionless form, 


subject, of course, to the limitations and necessary approxima- 


tions that were made. Even so, the amount of computational 
sbor is formidable. 

The flow described here as taking place in a narrowly spaced 
radial diffuser has many existing and numerous potential appli- 


‘ Professor of Engineering, University of Buffalo, Buffalo, N. Y. 
Mer. ASME 


DISCUSSION 


cations to a variety of flow-control problems. In particular, 
when considering the configuration designated in the paper as 
“double-disk valve element,’’ it has become apparent as a result 
of the research by Mohn, Woolard, and Paivanas, that a great 
deal of additional work is required before some of the unexpect- 
edly complex features of the problem can be given satisfactor 
explanations. As early as 1951, the University of Buffalo Schoo! 
of Engineering continued Mohn’s work by initiating a research 
program which eventually led to the author’s and Paivanas’ 
master’s theses. Both these projects are being actively con- 
tinued, partly under the sponsorship of the Graduate Schoo! of 
Arts and Sciences of the University of Buffalo. A paper which 
will present the results of Mr. Paivanas’ experimental study of 
the flow of air in a radial diffuser is in preparation 

The comparison of the author’s theoretical results with Moh 
experiments must be viewed in the light of the considerabk 
ference between the assumed geometrical configuration 
actual entrance region to the double-disk valve ele: 
therefore, not surprising that the 
If the fact is taker 


agreement is 
overwhelmingly good into account that the 


change in direction of the fluid velocity at the sharp entrance 


corner violently contracts the flow, and modifies and distorts the 
flow pattern throughout the entire disk space, the approximate 


theory offered here by the author appears to be a satisfactory 


description of the flow over 
The fact that i 
in the entrance region t 
f 


tance 
chief shortcoming of the theory. 

the limitations imposed by the seve 
entrance to the disk space make i 
daiscontll 


sider anything but a separated, 
free boundary immediately downstream 
Whether or not an analytical solut 
remains to be seen. However 
involves cavitation in the case of liquid 
lems in the case of gases. It is 
interest in this old, but fasci: 
equally significant contributions 


portant phenomenon. 


The Mr. Corne 
and Ranov for their interesting comments and suggesti: 
In reply to Mr. Cornell’s comment 
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dv = w = 0, a solution for laminar-viscous radial-diff 


flow, analogous to Hame!’s solution for tw 
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proach and found solutions in ter 


flow, can be formulated tric 


author 


solutions are, however, for wick 


diffusers in which the “external 
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the author hopes to investigate further at 
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However, the universality 


As Dr. Mager suggests 


to the present problem 


Thwaites /(m) and H(m) functions for the positive pressure gr 
ent experienced in the narrowly spaced radial diffuser appears 
questionable, especially near separation. The linearization proc- 
ess further aggravates the uncert aint) of this method of approach, 
since in essence it requires that the shape parameter H be repre- 


sented as a linear function of m—an obviously poor approxima- 
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tion near separation. The author has not carried out the details 
of the Thwaites approach and prefers to defer critical discussion 
until this is done. He also hopes to take a fresh look at the prob- 
lem in the near future, at which time the perturbation approach 
and the asymmetric boundary-layer growth suggested by Dr. 
Mager will be investigated. 

Tt is gratifying to know that the University of Buffalo is con- 
tinuing its investigations of the many interesting and complex 
features of the flow in a “‘double-disk valve element.” 

Admittedly, the author dealt only with one simplified aspect 
(relatively speaking) of the more complicated general flow prob- 
lem. This is, however, the natural step-by-step process of pro- 
gressing to an understanding of the more complex flow phe- 
nomena. It would be very satisfying if the University of Buffalo, 
as a part of its pioneering efforts in the field, could conduct tests 
simulating the author’s idealized model. 

The author would like to correct some errors which appeared in 


his paper. It should be noted that Equations [13], [14], [17}, 


[18], and [19] are different in the preprint (ASME Paper no. 
56—A-18) and in the version published in the JounNAL or Ap- 
PLIED Mecuanics for March, 1957. 
constant gap h, the foregoing equations are in error in the Jour- 
NAL, whereas they are correct in the preprint if the nondimen- 


Except for the case of a 


JOURNAL OF APPLIED MECHANICS 


sional boundary-layer thickness is defined therein as 6* = 26/h, 
The correct forms of the subject equations, for 6* = 26/h,, are 
given below: 
— 1)A2U*%S** — Ki 1)kA6* 
+ Ko*Ah*U*6*|dU*/dA + [KoXS 
+ [KoA*h*’ + Kp*h*A — Kod 
-(Kof9 -- 1)k]U%6* + 4a,Ko%(r,/h, 


[2K,%9 


6* = (k/AU* 


» 
Ga'\§ 
*K, 
The numerical examples in the paper are not influenced b 
these errors 
It should be noted also that K~» is more clear 
I: I 


defined as Ko 
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given the rather clumsy names of “free energy at constant vol- 
ume” and “free energy at constant pressure.’’ A very useful 
and complete discussion of fundamental thermodynamic equa- 
tions is given. 

The main concepts of statistical mechanics are introduced in 
Chapter 5 using, as the author states, the language of quantum 
rather than of classical mechanics even when quantum effects 
are negligible. This leads to a great economy in exposition but 
presupposes a knowledge of quantum mechanics on the part of 
the reader, at least to the extent of being familiar with the eigen- 
values of energy. Chapter 6 is devoted to the usual applications: 
To the study of the specific heats of gases, crystalline solids, 
Fermi-Dirac and Einstein-Bose statistics, and radiation. Chapter 
7 takes up the study of the Third Law in Nernst’s formulation 
Chapter 8 deals with gas imperfections and ends with a ciscus- 
sion of the general theory of the equation of state from a statis- 
tical point of view. 

The remaining chapters cover the following topics: 
geneous equilibrium of a single substance (Chapter 9); 
gas mixtures and chemi- 


the hetero- 
electric 
and magnetic phenomena (Chapter 10); 
cal reactions (Chapter 11); solutions (Chapter 12); solutions of 
electrolytes and electrochemical systems (Chapter 13); and the 
thermodynamic problems of rubber and superlattices in alloys as 
well as exact solutions of the one-dimensional order-disorder 
problem form the subject of the last chapter (Chapter 14) 

The theory of “irreversible thermodynamics” is left out of 
account completely. 

The book is provided with an adequate subject index and an 
authors’ index. 

The reviewer cannot help but admire the beautiful aesthetic 
form given to the book by the printers. The choice of format, 
type, and paper, even the dust cover, are exquisite and recult in a 
book which it is a joy to read and a pleasure to own. 


Gas Dynamics 


By Klaus Oswatitsch, translated from the German 
Academic Press, Inc., New York, N. Y.. 
$12. 


Gas Dynamics. 
into English by G. Kuerti. 
1956. Cloth, 9 X 6in., xv and 610 pp.., illus. 


REVIEWED BY AscHueEerR H. SHaprro*® 


HIS is an English translation of the German volume ‘“‘Gas- 

dynamik’’ published by Springer (Vienna) in 1952, and 
reviewed previously in this Journal (vol. 21, June 1954, p. 209). 
In the latter may be found set out, in consderable detail, the 
topics and subject matter of the book. 

The English version is essentially the same as the original, 
except that the references bave been brought up to date, and 
certain improvements in presentation have been effected. Dr. 
Oswatitsch gives credit for these to the translator, Prof. Kuerti. 

The general spirit of the book is best conveyed by a passage 
from the author’s preface: 

“Tn this book the emphasis is on a clear and intuitively mean- 
ingful presentation of the physical and technical problems of gas 
dynamics, supplemented by the consideration of some of the 
fundamental experimental results. Although mathematical 
questions of absorbing interest do arise, mathematics serves 
here only as a means of formulation and of communication. 
Physical reasoning, physical results, and examples are introduced 
as soon as the topic permits it. Nevertheless, this book is not 
an engineering handbook, and the aeronautical engineer will 
rarely find the special problem that interests him worked out 
here. He will have to solve it himself or look for the solution 
among the references given, but he will find it helpful that the 
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fundamental equations and the important formulas have been 
given in many different forms and are accompanied by tables 
and diagrams.” 

The distinctive contribution of Dr. Oswatitsch which will make 
this book of enduring value is the concise yet general manner in 
which he has synthesized the many aspects of gas dynamics— 
steady and unsteady one-dimensional flows; general theorems; 
exemplary exact solutions; subsonic, transonic, supersonic, and 
hypersonic flows; three-dimensional effects, steady and unsteady; 
viscous flows; and experimental techniques. 
with depth requires a considerable 


The meaty character of 


Conciseness combined 
reliance on mathematical description. 
the resulting presentation makes for slow but nonetheless clea: 
and interesting reading, at least for those who are reasonably 
fluent in mathematics. While not generally suitable as an 
introductory text, it will be one of the most useful treatises on the 
subject for the researcher and the advanced student. 

There is no trace in the translation of the book ever having 
been written in anything but English, and Prof. Kuerti is to be 
commended for having taken the trouble to give us more than a 
literal translation 

Finally, the reviewer feels that thanks and congratulations are 
in order to the Academic Press for making accesible to the 
English-reading audience this admirable beok. 


Structural Analysis 


ANALYSIS 


N. Y 


Tue Priastic Metuops or Straucrura! 
John Wiley & Sons, Inc., New York 


iS. 
8*/, & 5*/4 in., xi and 353 pp., illus. $7.50 


REVIEWED BY Bruce G. Jounston‘* 


ROM his background of research at C 
Brown University the author has prepared i 

for textbook use) the best work of its kind that has appeared 
to date. Printed in Great Britain, the book has been caref 
prepared and is pleasing in typography. 

Although much of the book is of direct interest 
engineer who is interested in this rapidly dev 
author does not make the mistake of putting tl 
in the title. This is a book on analysis, with 
recognition of both the potentialities and 
involved in applying analysis to design. 

The first three chapters take up basi 
and simple illustrative examples of calculation of 
load of The static, 
and uniqueness theorems are stated and applied in ample il- 


The formal 


limitations 


hypotheses, theorems 
the collapse 
a continuous beam or frame. kinematic, 
lustrative examples in the main body of the book. 
proof of these theorems is included in Appendix C. 

Chapter 4 discusses general methods for plastic design. More 
than average attention is paid to the subject of “Plastic Moment 
Distribution.” 

In Chapter 5 on “Estimates of Deflections’’ 
of experimental work covering both the stress-strain diagram of 


there is a review 


steel and actual tests of steel beams and frames, all correlated 
with various methods for estimating deflections at various levels 
up to collapse loads. 

Chapter 6 provides a brief review of some of the factors that 
modify the development of the full plastic moment, including 
variations in yield stress, normal ‘orce, and shear. The practical 
design significance uf these effects is discussed. 

Chapter 7 is on the subject of “Minimum Weight Design,” 
but the author cautions that “to assert that minimum weight is 
the only important criterion in design is to disregard the various 
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other economic features which must always be considered.” This 


is typical of the thor’s recognition of the practic il limitations 


that are inherent in the design problem 

Chapter 8 on “Variable Repeated Loading”’ discusses not only 
incremental coll ipse and shakedown but the associated problem 
both to ex- 


of fatigue under cyclic plastic loading. Relation 


periment and design is discussed, and the author comes to an 
important practical conclusion where, on page 323, he states: 


“The conclusion can therefore be drawn that unless a design is 


governed by fatigue, recommended plastic design procedure, in 
which a specified load factor is provided against plastic collapse, 
will generally result in a structure which is far less likely to fail 
by incremental! collapse for alternating plasticity than by plastic 
collapse under a single overload.” 

Ine of the noteworthy aspects of this book is the very complete 
review of both experimental and developments, 
starting with the initial work in Hungary by Kazinezy, more than 


theoretical 


40 years ago, and culminating in the more recent and more 
complete series of investigations that hav: 
in Great Britain and at Brown and Lehigh 


an average of 25 refer- 


been carried out at 
Cambridge University 
There are 


These references, taken together with the 


Universities in this country. 
ences per chapter 
provided in the text, provide the research worker in 
yping field one of the best bibliographic reviews 
made available. The 


which the author has selected his references 


commentary 
this rapidly devek 
that 
partial balance witl 
is especially laudable since this field of development has been one 


i 
: 


broad and im- 


vrrent] 


has cu been 


in which similar books have sometimes tended to give the reader 
a distorted and limited background as to prior work in the field 
Each chapter is terminated by a number of appropriate 
examples for which answers are given at the end of the book. 
Appendix B of the book provides the reader with tables of 
I of British standard beams. The reader in this 


country will wish that a similar table of plastic moduli of Ameri- 


plastic moduli 


and wide flange shapes were included but he 
take comfort in the fact that these will, in the very near 
lable by the American Institute of Steel 


can standard beam 
ma 
future, be mace 
Constructior 
Developmer tic analysis and design are rapid, and one 
viditions and changes when and if a second 
the same field are 


work of Ketter, 


may expect in 


y's book or other books 17 


the 


edition of the 


recent 


very 


published or ample, 


fies the design of multispan gable frames, 


which great! l 
undoubtedly have been mentioned in the present work had 


it been available in time. 


Turbulent Shear Flow 
Tue Sravucture or TursuLeNT SHear Frow. By A. A. Townsend 
>am! Monographs on Mechanics and Applied Mathematics, 
New York, N. Y Cloth, 
, illus. $7.50 


( bridge 


Cambridge University Press, 1956. 


. and 215 wr 
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REVIEWED BY STANLEY Corrsin* 


"THIS is a detailed monograph on the difficult problem of tur- 

bulent shear Its central goal is to unify the rather di- 
verse experimental information now available on turbulent shear 
flows by providing a connecting backbone of physical interpreta- 
tion. Although not a well-organized deductive theory in the 
classical scientific sense, it is surprisingly successful in accounting 
for many of the important properties of a variety of shear flows. 
That Dr. Townsend regards his theory as preliminary, is indicated 
by the words in the preface stating that he intends to “provide 
targets for criticism instead of ammunition.”’ 


§ Professor and Chairman, Mechanical Engineering Department 
The Johns Hopkins University, Baltimore, Md. 
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The general organization of the book is indicated by its prin: ipal 


section headings: 1. Introduction; 2. The equations of motion 
in shear flow; 3 
Uniform distortion of homogeneous turbulence 


Free Turbu- 
Turbulent Wake; 


Flows without appreciable variation of mean 
velocity; 4. 
5. Free turbulence: 
Motion of the Large Eddies; 7 


flow; 6 
The 
Turbulent Flow in Pipes and Channels 
Bound- 


between 


unrestricted shear 
lence: 
8. Turbulent Jets; 9 
10. Boundary-layer flow without pressure gradient: 11 
ary-layer flow in a pressure gradient; 12. Shear flow 
rotating cylinders. 
The first four sections present general ba 

The fifth and sixth sections are preliminary to the seventh and 
eighth, and the final sections necessarily stand a little apart, al- 


though Dr. Townsend succeeds in presenting them with some 
logical connection to the free shear flows 
This is not intended to be a text! 


terial is confined largely to facts and conject 


, 80 the introductory ma- 
lres whi h will be 
of the 
a number of miscellaneous facts 


ymitted 


basic to the theoretical interpretation in the later parts 


book 
about turbulent shear flow which are 


In other words, there are 
pres umably as not 
germane to the connected theoretica! a n the present stage 
of its development 

In addition to Dr 


herent theory of turbulent shear flows 


vdimirab 


Townsend's 


tions made by this book are the followir g 


of a mathematical form for an “edd which is spatially more 
onent b) The introduction of a 


limited than a Fourier com; 
characteristic decay length, L., which turns out er 1piri 


it which can be 


Vy to De 


all 
of the same order as the integra! scales, t deter- 
mined experimentally with less effort Some 


published measurements on turbulen 


previousiy 


e in a wake with no mean 
velocity gradient, hence no production of turbulent kinetic energy 
from the mean flow kinetic energy d 


of an effective Reynolds number based upon “eddy vis 


The introduction and use 
wity’’ in- 
stead of actual viscosity (such a Reynolds number has been dis- 


cussed informally by turbulence workers in the past, but this ap 


been used in a |] I 


pears to be the first time it has actually 


work); (¢) The first logical analysis giving an 


secondary flow that arises because of edge effects in t 
shear zones that are almost two-dimensional! 

The adverse comments that I have to make are primarily for 
They 


10graph to active workers in the 


the benefit of readers with little background in turbulence 
do not reduce the value of the mor 
field 

In a number of places Dr. Townsend presents interesting con- 
jectures (most of them probably correct) without labeling them 
clearly as conjectures, and without listing the underlying condi- 
as “it can be shown’”’ are not 


tions or assumptions. Phrases suc] 


always supported with references or with hints as to the 
pre ach. 

The presentation of explicit refer 
the bibliography is uneven. For example, there seems to be no 
mention of A. N. Kolmogoroff, whose I 
basic. The Prandt] boundary-layer approximation is applied 
with no mention of Prandtl. N« teynolds is 


ces both in the text and 


idea of “local isotropy’’ is 
specific paper of 
referenced. 

Some of these difficulties were 
author, since some warning is given in the preface, 
mention of an understandsble difference of 
matters of terminology 

This remarkable research monograph, 
primer, is a necessity for any scientist or engineer who takes up 
the serious study of turbulence. It has certainly achieved Dr 
Townsend’s goal as stated in his preface, and should be the most 
authoritative book on turbulent shear flow for quite some time 


apparently recognized by the 


along with the 


opinion on specific 


though perhaps not a 


to come 





Dynamics of Machinery 


By James B. Hartman. McGraw-Hill 
Cloth, 9'/, &K 61/4 


Dynamics oF MACHINERY. 
Book Company, Inc., New York, N. Y., 1956. 
in., xvi and 283 pp., illus. $7.50. 


Reviewep sy E. H. Lee® 


HIS book is intended for advanced undergraduate and 

graduate students in mechanical engineering. It is designed 
to follow the usual first courses in mechanics and calculus, and to 
provide a transition to graduate courses in dynamics. The first 
90 pages consist of a review and discussion of basic dynamic 
theory with solution of engineering problems. There follows a 
chapter of 37 pages on mechanical vibrations which is mostly for 
systems with one degree of freedom, but deals with two degrees of 
freedom, and also presents the Holzer method for certain systems 
with many degrees of freedom. There follows a chapter of 43 
pages on balancing of machinery which in addition to the theory 
discusses modern automatic machines. A chapter of 42 pages on 
engine dynamics deals with the theory of reciprocating engines 
and torsicnal vibration analysis. The final chapters of 48 pages 
comprise mechanical transients with an introduction to the La- 
place transform method, and the dynamics of automatic control 
systems, which discusses servomechanisms making use of the 
previous chapter. An appendix presents a group of problems 
which might arise in engineering analysis; and a bibliography 
broken down into topics, answers to selected problems, and an in- 
dex complete the book. 

The reviewer feels that the strongest aspect of the book is the 
discussion of current engineering problems. The discussion of 
basic theory appears to be cramped and in several instances 
definitely misleading. For example: “A system in which the 
force is a function of displacement only is obviously a conserva- 
tive system.”’ This is clearly incorrect and, in fact, the author 
develops the correct requirements for a system to be conservative 
shortly after this statement. In this section the reviewer found 
the emphasis on the influence of forces as regards the stress they 
induce in contrast to merely their effect on equilibrium or mo- 
tion, with the associated freedom to modify their points of action, 
to be stimulating. It seems to the reviewer that if the author 
intends the student to get experience in using the Laplace trans- 
form method, he could, with profit, have introduced it before the 
next to the last chapter, and applied this type of analysis to the 
mechanical vibrations discussed earlier. 

The reviewer feels that this book provides a valuable discussion 
of applications of dynamics in mechanical engineering and an in- 
troduction to automatic control analysis, but that it should be 
used in conjunction with a more thorough book on the basic 
theory. 


Elasticity 


Exvasticity, Fracture, anp Firow With Engineering and Geological 
Applications. By J. C. Jaeger. Methuen and Company, Ltd., 
London, England (John Wiley and Sons, Inc., New York, N. Y.), 
1956. Cloth, 7'/: X 5 in., viii and 152 pp., illus. $2.50. 


REVIEWED By Wii1i1aM R. Oscoon’ 


HIS little book is admirably suited for self-study by nonspe- 
cialists in the theory of elasticity and the mechanical theories 
of flow and fracture. Only a knowledge of the strength of ma- 
terials and no mathematics beyond the differential and integral 
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calculus are required to read the book. Adequate general 
references to standard works are given. The only adverse criti- 
cism of the book worth mentioning is that relatively 
cific references are given at points where they might be helpful; 
that is, when the author states that “it can be shown that’’ or 
‘ft is known that,’’ he frequently does not refer the reader to a 
source which “shows’’ or from which it is “known.”’ 

The book consists of three chapters. The first chapter, 
Stress and Strain, begins with the conventional discussion of the 
stress at a point, first in two dimensions and then in three, fol 
lowed by Mohr’s representation of stress in three dimensions. 
The remainder of the chapter is devoted to the consideration of 
the strain at a point. A clear exposition of finite homogeneous 
strain in two dimensions and then in three is followed by Mohr’s 
representation of finite homogeneous strain without rotation 
The chapter concludes with the conventional discussion of in- 
finitesimal strain in two and then in three dimensions 

The second chapter is entitled Behaviour of Actual Materials 
It is concerned with various theories that have been formulated 
mathematically to reflect the behavior of actual materials, taking 
up first the stress-strain relations and the strain energy for a 
perfectly elastic, isotropic There follow 
anisotropic substances, natural strain, and the equations of 
Several criteria of flow and of fracture are then dis- 
cussed, the following at length: maximum shear-stress theory, 
including the internal-friction theory (S,; = |r Mohr’s 
theory of fracture; maximum distortional strain-energy theory. 
The chapter closes with an excellent section on substances with 
composite properties, involving time-dependent terms in the 
stress-strain relations. 

The title of the last chapter is Equations of Motion and Equi- 
librium. The subject is introduced by the solution of a few sim- 
ple problems illustrating the behavior of an elastic solid, an in- 
compressible viscous fluid, a perfectly plastic material, and a 
Bingham substance. The elastic equations of motion are then 
derived by the conventional method in engineering presenta- 
tions, and the special cases of plane strain and plane stress are 
considered, followed by the solution of some special, illustrative 
problems in elasticity. 
propagation and elastic waves, good in so far as they cover the 
subject, but perhaps too brief for uninitiated readers. The chap- 
ter ends with a discussion of the equations of motion of a viscous 
fluid and the solution of illustrative problems in viscosity and 
plastic flow in two dimensions. 


few spe- 


solid. sections on 


viscosity. 


T Bd), 


There come then two sections on wave 


Gas Dynamics 


ELeMeNTs OF GAsSDYNAMICS. 
Jokn Wiley & Sons, Inc., New York, N. Y., 
6 in., xv and 439 pp., illus. $11. 


Reviewep By P. Germarn® 


By H. W. Liepmann and A. Roshko 


1957. Cloth, 9 


HIS new book, which now appears in the GALCIT series 

edited by Th. von Karman and Clark B. Millikan, was first 
planned as a new edition, with revisions and extensions, of the 
well-known “Introduction to Aerodynamics of a Compressible 
Fluid” by Liepmann and Puckett. In the preface to the book the 
authors explain very clearly the reasons for abandoning the 
original project and for completely rewriting the book. They 
have decided to devote the present book to the fundamental 
theories of gas dynamics and to follow it up with another book 
dealing with the applications of gas dynamics to the field of 
modern aeronautical engineering. We shall review the main 
topics in this book in the order in which they appear in the table 
of contents. 
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wnt of com 


study of 


The first chapter contains an extensive treat 


from thermodynamics 


pts 
gas 
a sound basis 


which are required in tine 


dynamics. Evidently, this emphasis on creating 


in thermodynamics as a starting point for their book shows that 
conscious of the importance of the concepts 


gas Many 


law of mass action, the mechanics of 


the authors 


of thermodyna in modern dynamics topics 


treated here, as the 
dissociation ndensation, are not usually given in treatises 
ear that they will become 
the 


seem to have chosen to take the reader as far as possible without 


such as this titisecl very important 


in aeronautical apnlications in near future. The authors 


the use of gene raf iations and elaborate mathematical tech- 


niques. Chapter is devoted to the study of one-dimensional 


steady flow. Chapter 3 to the study of one-dimensional wave 


motuon propagation Oi shock waves, isentropic waves of hinite 


oustic waves) with applications to the shock tube 


amplitude, a 
Chapter 4 gives a similar treatment of two-dimensional steady 


flow (shock Prandtl-Meyer flow, applications to thin 
airfoil theory 


wind 


waves, 
This is followed by a study of the flow in ducts 
and tunnels and a very important chapter (Chapter 6) 
on the methods of measurement 
The general equations oi frictionless flow appear first in Chapter 
7. Chapters 8 and 9 give the most important applications to 


supersonic thin airfoil 


small-perturbation theory 


the classical 
theory, planar flows, bodies of revolution and slender body 
theory 
all the 

that this materia! 
the second volume 


In these chapters the reader will, of course, not find 


known results on the subject, but the reviewer supposes 


has probably been postponed for treatment in 
Chapter 10 emphasizes the similarity rules 
Karman’s 


Prandt!l-Glauert rule, von rule for transonic flow, 


Hayes-Tsien rule for hypersonic flow Chapter 11 is devoted 


to the study transonic flow, and Chapter 12 gives the main 
aspects of the method of « haracteristics and stresses some impor- 
tant applications. The book ends with two important chapters: 
The first one consi 


ductivity (boundary layers 


lers the effects of viscosity and thermal con- 
shock waves, shock wave-boundary 
layer interactior and the last chapter explains the principal 
concepts in the kinetic theory of gases which are useful for the 
This makes a 


understanding of th sic Concepts in the book 


good introduction tos ipe raerodynamics 


As indicated in the title, the book does not pretend to be a 


complete treatise on fluid dynamics. Some classical topics such 
lograph methods receive only scanty attention 


their 


as, for example, ho: 
The authors havs 


§ ibject matter, and the 


preferred to be selective in choice of 
reviewer fully agrees W ith the soundness 
book, and the 


success it deserves 


of their point of view. This is a very attractive 


reviewer is certain that it will meet with the 


because it gives a sound theoretical and physical background for 


work in modern gas dynamics and high-speed aeronautics. 


Lubrication 


D. D. 
$10.50 


or LuBRICATION ror Enoineers. By 
.. New York, N. Y., 1956 


THEORY AND PRACTICE 
Fuller. John Wiley & Sons. Inc 


REvIeEWED By Joun Boyp* 


Pero! ESSOR Fuller's book on the Theory and Practice of 
Lubrication for Engineers” is probably the best single text on 
It is authorita- 
list of biblio- 


Clarity of expression and many illustra- 


the subject currently available in this country. 
tive and well illustrated and contains an extensive 
graphical references 
tive examples reveal the author’s long association with the teach- 
ing profession. 

The first two chapters deal with viscous phenomena including 
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viscosity measurements, the eflect of temperature and pressure 
and flow and power-loss considerations, and so on 

Chapters 3 and 4 deal with hydrostatic lubrication as does the 
greater portion of Chapter 9 which concerns air-lubricated bear 
ings 


sor Fuller’s previous publications in the 


The subject is well handled and is largely based on Profes- 
Engineers may 


field 


feel that the subject, important as it is, may be somewhat over- 


emphasized since in the majority of cases found in industry, other 


types or principles of lubrication are generally employed 
Chapters 5 and 6 cover the hydrodynamic lubrication of simple 
nav- 


sliders and journal bearings. In treating bearings of finite 


ing various length to width ratios proportions, the author uses 


leakage factors for both simple sliders and journal bearings 


This is probably done for pedagogical reasons since, until recently, 
no accurate solutions were available for finite journal bear- 
ings, and the use of leakage factors makes it possible to handle 
both types of bearings in the same manner. Solutions for finit« 


sliders have, how ever, been available and are much more con- 
venient to use than the method of leakage factors 

Chapter 7 takes up friction and power loss in journal bearings, 
heat balance in self-contained bearings, and oil flow with various 
grooving arrangements. [Engineers will probably feel that the 
addition of charts or tables for calculating film-tempe« rature mse 
would be helpful for problems of bearing analysis 

Chapter 8 discusses typical industrial bearings including those 
lubricated by oil rings, wicks, pads, and waste. 

Various examples of air-lubricated bearings operating on hydro- 
dynamic and on hydrostatic principles are given in Chapter 9 
Compressibility effects are briefly discussed. 

Chapter 10 describes various current concepts of the dry fric- 
tion and discusses the effect of surface conditions, speed, and 
temperature 

Chapter 11 on boundary friction discusses oiliness, molecular 
jescribes a number 


effects in polar lubricants, additives, etc., and 


of typical testing machines for evaluating boundary lubricants 


The final chapter is devoted to lb aring matenais The re- 
quirements of a good bearing material are discussed and the prop- 
the 


combinations described 


erties ol some oj more common bearing alloys and 


Other materials such as porous metals, 


hard alloys, glass, plastic 8, rubber, et are briefly considered 


A e rody ham Ics 


SPEE 


AERODYNAMIC COMPONENTS OF AIRCRA aT Hicu 
Speed Aerodynamics and Je opulsion c VII 
4. F. Donovan and H. R r | 

Princeton, N. J., 1957. 

illus. $17.50 

REVIEWED By Josern H. CLaARK# 


‘THE high level of activit; 
have 
The 


high-speed aerodynamics and jet propulsion was conceived to 


and rapid progress of the 
the 


Princeton series of twelve volumes de aling with 


postwar 


years created a diluvial period in aeronautical 


sciences. 


effect an organization and consolidation of the essential elements 
of the large literature which has recently appeared in these fields 
Volume VII, the latest to be published, is the second of the three 
sequential volumes which are collectively intended to present a 
complete theoretical and experimental coverage of external aero- 
dynamics. Together with the first part of Volume VIII, the 
present Volume VII is designed to offer that body of aerodynamic 
knowledge of greatest use in the design of high-speed aircraft 
It deals with wings in both steady and unsteady motion, bodies, 
interference effects, propellers, diffusers, and nozzles. Although 
organically a part of the subject of the present volume, the treat- 
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ment of performance, stability, control, and aeroelastic effects is 
deferred to the first part of the subsequent volume because of 
space limitations. 

The volume opens with a long section on the aerodynamics of 
wings at high speeds by R. T. Jones and Doris Cohen of the 
NACA. Chapter 1 begins with the analytical formulation of 
the action of the wing, containing some interesting observations. 
The incompressible theory of the two-dimensional thin airfoil is 
then presented, together with some useful related tables. Chapter 
2 deals with three-dimensional! subsonic linearized lifting surface 
theory and includes the reversibility, reciprocal, and combined 
flow relations. Chapter 3 deals with the aerodynamics of the 
thin wing at supersonic speeds and is notable for its treatment of 
the plane-waves method of Jones and a very useful tabulation of 
conical flow functions. An excellent bibliography accompanies 
the section. 

Though necessarily compressed, this is an incisive and authori- 
tative exposition of linear wing theory. Appearing throughout in 
judicious balance are the elements of physical discussion, theoreti- 
cal principles, mathematical development, interpretation, ac- 
counting for nonlinear effects, and comparison with experiments. 
Although required to cover some ground already trod in Volume 
VI, the authors have successfully endeavored to fortify and 
complement the prior treatment. 

The very brief section on the aerodynamics of bodies at high 
speeds is contributed by C. E. Brown of the NACA. It treats 
slender bodies of general cross section, including bodies with 
shoulders and open noses. Comparisons with experiment are 
presented, together with an engineering critique of the significance 
of the results in the light of viscous crossflow and nonlinear 
effects. Also included are brief treatments of base and skin fric- 


tion drag. No consideration is given to bodies of optimum shape, 
to second-order theory and other nonlinear methods, or to any of 


the numerous hypersonic approximations. Few references are 
provided. 

The next section, by C. Ferrari of Politecnico di Torino, is a 
long one dealing with interference between aircraft components. 
The interference between wing and horizontal stabilizer at sub- 
sonic speeds is considered in the first chapter. The coverage in- 
cludes some information on vortex sheet roll-up and the effect of 
the wake of a flapped or stalled wing. The next chapter on wing- 
body interference at subsonic speeds is divided between the 
Multhopp procedure and the Ward theory. Following a treat- 
ment of subsonic propeller-wing-tail interference, the interference 
of wing on tail at supersonic speeds is considered with use of lifting 
surface and lifting line theory. The final chapter on wing-body 
interference at supersonic speeds includes a valuable discussion of 
quick estimates. 

Although the style is sometimes quaint in translation, the sec- 
tion is clearly written, well organized, and not especially com- 
pressed. This is essentially a collection of material which is, in 
the main, well established by now but which is otherwise scattered 
throughout the literature; the formidable task of outlining these 
laborious calculations appears successfully met. In harmony 
with the objective of the volume, the emphasis is on methods ap- 
propriate to practical design and on the reliability of the com- 
puted results therefor. The section should therefore be es- 
pecially welcomed by practicing aerodynamicists. No considera- 
tion is given to important recent developments in the design of 
low drag wing-body arrangements through establishment of 
favorable interference. Presumably, the declassification of much 
of this research fell too close to the publication deadline. 

The brief section on propellers for high-speed flight is con- 
tributed by C. B. Smith, of Pratt and Whitney. The high-speed 
propeller is conventionally envisioned as a system of high-aspect- 
ratio retating airfoils except that the blade sections now operate 
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at supersonic speeds, the concept of limiting tip speed being, of 
course, discarded. The section is concerned with propeller 
efficiencies, optimum pitch distribution, and the other effects of 
geometry. One reference to the topic is provided. 

The section on diffusers and nozzles is written by J. C. Evvard 
of the NACA. The first chapter deals with problems of fluid 
mechanical diffusion with emphasis on the aircraft inlet. Follow- 
ing an interesting treatment of boundary-layer separation is a 
discussion of the various devices to overcome the basi¢ supersonic 
starting problem. Also included is a discussion of buzz phe- 
nomena, diffuser drag, and engine matching. The second brief 
chapter treats exit-nozzle thrust, the ejectog, and exit-jet phe- 
nomena. Appropriate to the topic and the fact that underlying 
analytical methods are presented elsewhere in the series, em- 
phasis is placed on establishing a clear physical understanding of 
the phenomena, the nature of the various losses present, and 
means for their minimization 

I. E. Garrick of NACA and M.I.T. has prepared the section 
on nonsteady wing characteristics. Following some introductory 
material on the solutions to the linearized boundary-value 
problems considered, there is treated the two-dimensional! airfoil 
in unsteady incompressible flow, in subsonic oscillating flow, in 
unsteady supersonic flow, and in linearized unsteady sonic flow. 
Some of the methods for treating the three-dimensional subsonic 
and supersonic problems are then sketched. Abounding in 
citations of the extensive accompanying references and bibliog- 
raphy, the article is a recondite theoretical treatment of an 
abstruse subject which provides the basis for the consideration 
of aeroelastic problems and of dynamic response in flight 

The final section by C. W. Frick of the NACA treats the experi- 
mental aerodynamics of wings at transonic and supersonic speeds 
Considering in succession lift, drag, pitching moments, and the 
wake, the article provides systematic comparisons between the 
results of theory and experiment. It suggests where the theory 
can be used with confidence and where it fails or requires qualifi- 
cation. For instance, in the latter category, it is shown that 
semiempirical adjustments of the theoretical results can, on 
occasion, renderthem accurate. The article includes some imagi- 
native and creative examples in which the governing parameters 
of phenomena are deduced from theoretical results in limiting 
cases. Unfortunately, the writing is unclear in a few places 
and ‘one or two figures do not seem to illustrate what they are 
represented to illustrate. This useful section provides the basis 
for intelligent application of the results of small-disturbance 
wing theory 

The present volume, like the preceding one of the series, is 
composed not of tightly integrated chapters but rather of a 
number of monographs which are loosely integrated into the 
whole by an occasional remark or cross reference. Each author 
develops his topic in a way which appears suitable to him. 
Whereas the articles are, in general, of high caliber, they differ 
in level, orientation, and degree of compression. Aspects of the 
slender-body theory, for example, appear in six different sections 
of Volumes VI and VII. Although a certain amount of over- 
lapping is unavoidable and not without its advantages, one won- 
ders whether a single complete and expansive coverage of this 
topic would not have been both more valuable and more economi- 
cal. The Princeton series invites comparison with the series on 
Aerodynamic Theory edited by W. F. Durand a score of years 
prior. It has been remarked that these books comprised a 
better integrated, more definitive effort. But it is perhaps also 
true that the newer series, precisely because it contains articles 
which, though repetitious at times, are self-contained, tends to 
be more accessible for specific purposes and therefore more 
readily put to use 

The preceding remarks notwithstanding, the essential facts are 
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February 1, 1956. Edited by Alfred M. Freudenthal. Academic 
Press, Inc., New York, N. Y., 1956. Cloth, 9 x xiii and 
456 pp., illus. $1 


6 in. 


W. N. Fivpier"™ 


T’HIS book contains 19 invited papers presented at an inter- 
yn fatigue in aircraft structures sponsored 
Research and Development Command, USAF, and 
Columbia Universit All papers are printed in English and in- 
edited form. The volume is divided into three 
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and Prevention of 


Fatigue Failure 


rather 


Fatigue Strength; 
Taken together 


and 


these papers cover the field of fatigue 


thoroughly from basic metallurgical observations and theories of 


the origin of fatigue to practical aspects of design practice to 
minimize fatigue failure in aircraft structures 

A number of significant contributions are to be found in each 
section—especially in the section on physical theories of fatigue 

Perhaps one of the most spectacular new observations report 
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The authors contributing to the volume were the followi 
Part I1—Physical Theories of Fatigues W. A. Wood (Australia), 
P. J. E. Forsyth (England), N. Thompson (England), R. F. Han- 
stock (England), M. Hempel (Germany). Part IJ]—Prediction of 
Fatigue Life and Fatigue Strength: C. E. Philiips (England), W 
Weibull (Ss A. M. Freudenthal (U.S.A.), R. A. Heller 
US.A.), I (Germany), P. D. Brooks (U.5.A.), H. 7 
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A considerable wealth of material is assembled and it in 

A description, in Chapter 1, of Canadian research reactors by 
Hurst and Ward, special emphasis on the NRX design 
characteristics and operating experience. 

A review in Chapter 2 by Weinberg and Huffman of the U.S 


with 


research reactors, and in particular of the MTR, CP-5, and water 
boiler type. 
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A coverage by Blokhintsev and Feinberg in Chapter 3 of the 
U.S.8.R. uranium-graphite pile, heavy and light-water research 
reactors and of their first industrial power station. 

A report in Chapter 4 by Gueron, et al., about the European 
research facilities and some of their applications. 

A review in Chapter 5 by Fenning of the eight British critical 
and test reactors. 

A description in Chapters 6-11 of the more important power 
reactors. The pressurized-water reactor is first discussed in de- 
tail by Simpson, Shaw, Mandil, and Palladino. Next comes the 
boiling-water reactor covered by Dietrich, Lichtenberger, and 
Zinn, who review the operating experience from Borax III; then 
the aqueous homogeneous two-region breeder reactor described 
by Briggs and Swartout; the gas-cooled graphite-moderated reac- 
tor only touched upon by Hinton; the sodium-graphite nuclear 
plants described by Starr, including the SRE and larger plants of 
that type; and finally, fast reactors, in general, discussed by Zinn 
with particular attention to important design problems. 


The book ends with a worthwhile catalog of all the world reac- 
tors built or planned by April, 1956. 


Thermodynamics 


THERMODYNAMICS AND STATISTICAL MECHANICS. 
merfeld. Edited by F. Bopp and J. Meixner. 
Kestin. Academic Press, Inc., New York, N. 
6 X 9 in., xviii and 401 pp. $7. 


By Arnold Som- 
Translated by J. 
Y., 1956. Cloth, 


ReEviEWED By James A. Fayr™ 


HIS volume is the fifth of the series, ‘‘Lectures on Theoretical 

Physics,’”’ by A. Sommerfeld. It covers a brief development 
of thermodynamics, statistical mechanics, and kinetic theory of 
gases. Written in the style of a textbook, including problems and 
solutions, it is intended primarily for physics students. A wide 
variety of applications in all these fields is considered in as concise 
a manner as possible. 

Chapters 1 and 2 are devoted to the laws of thermodynamics 
and their applications. Chapter 1 covers the first and second 
laws, including thermodynamic equilibrium and a brief discussion 
of the third law of thermodynamics. The treatment of the first 
two laws is perhaps the least effective part of this volume, lacking 
somewhat in clarity and rigor. The discussion of the thermody- 
namic potentials and the Maxwell relations is exceedingly well 
done. The applications considered in Chapter 2 include a dis- 
cussion of dilute solutions, phase equilibrium, electrochemical 
potentials, ferro and paramagnetism, and black-body radiation. 
In considering the latter, the author applies enlightening dimen- 
sional arguments. The treatment throughout is quite complete 
and concise. 

Chapters 3 and 5 are devoted to the elementary and exact 
kinetic theory of gases, respectively. The former chapter, in ad- 
dition to the usual development of the Maxwellian velocity dis- 
tribution and the mean free path, also contains interesting discus- 
sions of Brownian motion and paramagnetic substances. The 
latter chapter begins with the derivation of the Maxwell-Boltz- 
mann equation, and develops a solution for the case of rigid- 
sphere molecules by means of the moment method. It concludes 
with a derivation and discussion of electrical conductivity in 
solids. 

Chapter 4 develops statistical mechanics using the combinato- 
rial method. The author considers many applications, among 
which are the specific heats of gases and solids and degenerate 
gases (including the electron gas in metals). Quantum statistics 
are nicely introduced and explained simply in the several applica- 
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tions. In particular, the treatment of black-body radiation fol- 
lowing Debye’s original suggestion, and a particularly clear ac- 
count of fluctuation theory should be mentioned as indicative of 
the interesting insight which is brought to bear by the author 

The general purpose of this book, which is to cover these related 
subjects in as concise a manner as possible while still including the 
more interesting applications to physical phenomena, precludes a 
thorough and lcisurei; treatment which might be possible in any 
of the three principa! -ubjects considered. A considerable saving 
in space results from a well-ccrrelated ‘treatment of these related 
subjects with a resulting gain for the reader who becomes more 
aware of the mutual relationship among the three fields. It is 
not likely that this volume would be adequate as an introduction 
to any of the subjects, but is more suitable for those who have 
some knowledge of this material. 

This volume is distinguished from the many in its field by 
virtue of the concise and, in many cases, original treatment of 
the material by the author, which perhaps stems from his ex- 
perience as a lecturer. In addition, there are careful references 
to the original literature as well as amusing anecdotes, such as 
the reason for J. C. Maxwell’s use of the pen name dp/dT. 
There are many points of interest, especially to teachers in these 
fields. 

This volume was completed and published with the aid of the 
editors, F. Bopp and J. Meixner, following Sommerfeld’s death 
The translation by J. Kestin, of Brown University, is uniformly 
good throughout, and there is an adequate index included. There 
are also 8 pages of problems and 37 pages of ‘‘Hints for the solu- 
tion of problems.” 


Fluid Dynamics 


Corcoran, J. B 
New York, N. Y 


MomentTuM TRANSFER IN Fivips. By Wm. H. 
Opfell, and B. H. Sage. Academic Press, Inc 
1956. xi + 394 pp. $9. 


ReviIeEweD by LLoyp TREFETHEN™ 


HE authors’ purpose was “‘to present a small portion of this 
field [fluid dynamics] of special interest to chemical engi- 
neers.” They aimed at providing “‘sufficient background .. . to 
give the reader a reasonable understanding of the nature of local 
fluid motions which are of primary importance in thermal and ma- 
terial transport.”” The resulting book is an extensive review of 
such laminar and turbulent shear flows and boundary layers, in- 
terspersed with detailed derivations of the basic equations (usu- 
ally in several co-ordinate systems) and of illustrative solutions 
The coverage is indicated by the chapter titles: “Introduction 
to momentum transfer’; “Some simple properties of turbulent 
flow’’; “Some macroscopic characteristics of turbulent flow” 
“Velocity distribution and friction factors for turbulent flow’’; 
“General equations of fluid motion’; “Some properties of tur- 
bulence’’; “Boundary layer’; and by the appendixes: ‘A deri- 
vation of Bernoulli’s equation”’; 
the statistical theory of turbulence’’; 
factors, dimensions’; and “Analysis of potential flow across a 


“An introduction to tensors and 
“Constants and conversion 


cylinder.” 

This book achieves its purpose. 
who has already completed an introductory course in fluid dynam- 
ics with the special background information needed for the 
study of thermal and material transport. The presentation of 
much recent work makes it useful also as a reference sourre. 

The book would be more useful to chemical engineers if there 
had been incorporated in it some of the ideas and data on the 
diffusion of heat and material as well as momentum. (For ex- 


It would provide the student 
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ample, the Reynolds heat-momentum analogy is not mentioned, 


although mixing lengths and eddy viscosity are discussed at 
length Also, adoption of vector or tensor notation would have 
reduced the complexity of nomenclature and derivations. Al- 
though considerable space has been devoted to several elementary 
concepts, the reviewer has the impression that these instances 
reflect problems of student understanding which the authors have 


encountered 
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mechanics. Section of structures, and Section 34 on 
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Engineering Materials Science 
Edited by 


York, N. Y 
$12 


Tae Scren ENGINEERING MATERIALS. 
Goldmas John Wiley & Sons, In New 
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LEVIEWED BY J. GURLAND 


*HIS series ol 


ym tine Impact of Solid State Science on Engineer- 


8 lectures was presented at the 1954 Carnegie 

Conference 
ing Educatior It is an outgrowth of the concern of the American 
Society fc eering Education and of the National Science 
the 


irriculum. 


Foundation wi integration of solid-state science into the 


engineering As one of the first books of this type 

offered to engir eering students, it is approached with great ex- 

pec tatior 
The subject ol solid-state phy sics is introduced by two « hapters 


on solid-s ate ory DY Harvey Brooks, and a chapter on atomic 
Bardeen, W. Bitler, and J. E. 


mainder of the book deals with the applications of theory to 


theory by J Goldman The re- 


specific probk ms related to metals and alloys, surfaces, magnetic 
pre yperties, semiconductors, and nonmetalli materials such as 


Most of the 


leading part in the developments that 


cement, polymers, and glass contributors are well 
known, having played 
For instance, the section on metals and alloys has 


H. Jones, H. W. Paxton, E. R 


they describe 
papers by R. Smoluchowski, 
Parker, and T. A. Read 


The authors are able to marshal an impressive array ol theories 


dealing with many of the physical properties of materials. Con- 


siderable space is given to the two outstanding practical achieve- 


ments of solid semiconductors and magnetic ma- 


The subject tre 


State science: 


terials. and concise 
The editor has made 


separate papers, although 


atment, in general, 


valiant effort to 
still remair 


there 


tions and 


lefined concepts. The book should be of gre 
l 


to persons engaged in research in mechanics, metallurgy 


physics, who desire a summary of the present status of solid-state 


science, and of its potential contribution to their own fields 


However, as a textbook it is less satisfactory by not being 


adapted to the needs of undergraduate students. The gap be- 
tween the theories of solid-state physics and the behavior of en- 
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gineering materials has not yet been bridged, except at a very few 


points, and it requires a gre at deai ol documentation to establisi 
a link between 
The 
book on solid-state physics and that of the periodic review papers 
The book does not 


the logical develop- 


theory and practice, whit h 38 not provided here 


scope of the artu les is somewhere in between that of a text- 


which appear in “Progress in Metal Physics 


attain the advantages of either one, namely, 


ment and rigorous derivation of the principal equations or the 


treatment of advanced topics Also, because it is a collect 


separate papers, the contents of the various sections ars 
necessity, disconnected and often presented at very diff 


levels 
In spite of its shortcomings as a textbook, it is recommended as 
indergraduate and graduate 


a superior reference work for both 


engineering students and their teachers 
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| IIS book 18 a collection oO! a senes ol twelve resents 


lectures | 
sourse of the same title given by the University 
1955. Eight of 


engineers from industry and two were members of the faculty of 


at a summer 


of Michigan, in the lecturers were practicing 


the College of Engineering 


The book suffers, in general, from a lack of uniformit 


depth and range of treatment of material. Several of the 


ters are merely lecture notes devoid o explanatory m 


usually found in a technical text 
the 
“Treatment of 


Two of lectures are worthy of special note. Lecture 9, 


by 0. J 


presents a considerable number of S-N diagrams covering a wid 


Metallurgy and Fabrication,” Horge 
range of materials and material treatments. 
Lecture 11, 


is particularly 


Use of Appearance of Failed Part,’’ by C 


instructive in the manner of analyzing the 


Lipson, 
fail- 
ure surface in order to determine the conditions under which 
failure occurred 
This book contains several valuable additions to the subject 
of failure of machine parts However, those looking for a com- 
plete and comprehensive text on the subject will need to rely on 


other standard texts in the field 
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Reviewep By J. R. Moszynsxz'* 


TH authors have 


t to present the rapid developments in aviation which 


indertaken what is probably the first at- 


have iaken place in the past two decades and the many proble ms 
associated h them, in a manner understandable to a compara- 
ive layman, and yet comprehensive enough to make it of interest 
to those familiar with various aspects of aeronautics 

The book gives equal prominence to advances made in this 
country al d the United Kingdom, and contains a considerable 


amount of information hitherto not available to the general 
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public, partly because of its classified nature and partly because it 
has appeared only in highly technical publications. 

The first chapter gives a concise history of aviation from the 
point of view of speed from the Wright Brothers to modern 
supersonic research aircraft, and outlines briefly the problems 
which were encountered and overcome on the way. 

Chapters 2 and 3 give a very clear explanation of the funda- 
mentals of flight and phenomena associated with transonic and 
supersonic speeds. 

Subsequent chapters describe the requirements posed by high- 
speed flight on the propulsive plant, materials, and aircraft struc- 
tures both from the point of view of existing applications and 
limitations, and the needs for future developments. Questions of 
comfort of pilot and possible passengers are discussed fully as 
well as the former’s limitations at very high speeds. 

The chapter devoted to experimental research deals with 
several types of wind tunnels both subsonic and supersonic and 
the methods of measurement normally employed, together with 
flow-visualization methods, and includes some striking photo- 
graphs of shock formations. Hypersonic wind tunnels, shock 
tubes, and full-scale flight tests are also described. 

The last chapters are devoted to flight aids such as radar, land- 
ing aids, boundary-layer control, etc., and to guided missiles, -s- 
spectively. The latter chapter outlines some very recent develop- 
ments including a brief description of the artificial-earth-satellite 
project. 

The vast amount of material contained in the book is presented 
in a concise and competent manner with a large number of excellent 
illustrations. 


Shell Theory 


ELEMENTARE ScHaLmenstTatTik. By Alf Pfliger. Zweite erweiterte 
Auflage der Einfthrung in die Schalenstatik. Springer-Verlag, 
Berlin, Gottingen, Heidelberg, 1957. Cloth, 9*/s X 6*/s in., vii 
and 112 pp., illus. DM 19.50. 


Reviewep By 8. R. BopNer”™ 


"T"HE double purpose of this book, as stated by the author, is to 

serve as a textbook for students in an introductory course on 
shell theory and as a reference guide for practical engineers en- 
gaged in shell structure construction. In the reviewer's opinion, 
the author has done well toward achieving his purpose in the one- 
hundred-odd pages the book contains. (This book is a second, 
enlarged edition of Zinftihrung in die Schalenstatik by the author, 
published in 1948.) 

The two main features of the book are: (a) a clear presentation 
of the basic assumptions and approximations and derivation of the 
equations of shell theory, and (b) a large number of illustrative 
problems of practical interest. 

Whereas the book would be useful to the beginning student in 
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shell theory, it does not contain sufficient material for a full 
course on the topic. Most of the material in the book dates to 
pre-1940. Especially missing and technically important are the 
subjects of shell buckling, nonlinear bending of shells, the theory 
of shallow shells, and asymmetric bending of shells. To have in- 
cluded these and other topics, however, would probably have 
deviated from the title and modest aim of the book. 

The contents of the book are: 1 Introduction; 2 Membrane 
Theory of Shells of Revolution; 3 Bending Theory of Axially 
Symmetrically Loaded Shells of Revolution; 4 Membrane 
Theory of Cylindrical Shells; 5 General Membrane Theory of 
Shells; 6 Properties of Stress States; 7 The Appen- 
dix is a very useful catalog of membrane-theory solutions for a 
large variety of shells and loadings. 


Appendix. 
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Derects AND Fai_ures or Metats. By E. P. Polushkin. Elsevier 
Publishing Co., Publisher; D. Van Nostrand Co., Inc., Distributor 
in U.S.A. and Caneda. Cleaves-Hume Press Ltd., London, Dis- 
tributor in British Commonwealth except Canada. Cloth 9 & 6'/s 


in., xvi and 399. $12.50. 


Reviewen By P. E. Krte™ 


VER the years it has been difficult to get engineers and 
metallurgists to publicize defe products and al- 
loys. All have been of the opinion, however, 
fects can be most informative provided all ci: 
rounding the defect and the failure caused by it, are 
The author has done an excellent job in uncovering the many 
examples he uses, and this is commendable particularly when one 
considers the difficulty in obtaining such data. The most valua- 
ble feature of this work to be emphasized is that it has been pos- 
sible to analyze each major defect and failure group in a standard- 
Definition and characteris- 


ts in thei 
that a st idly of de- 
umstances sur- 


available 


ized form composed of six items: (a 
tics, (b) origin, causes, (c) means of discovery, (d) occurrence, (e¢ 
detrimental effects, and (f) prevention. 

The major defects and failures covered 
porosity, piping, impurities, decarburization, scaling, residual 
stresses, fatigue, flakes, heat-triatment failures, embrittlement, 
cracks, shape and surface defects, wear, and corrosion. There are 
295 figures which adequately cover the illustration of the subjects 
discussed. 

Because of the wide coverage of this work, it should be a part of 
all research and development libraries. Those involved in the 
production and processing of metals could obtain many sugges- 
tions from it in the solution of their manufacturing problems. It 
is an excellent reference for engineering students and students in 


are: segregation, 


the physical sciences. 

A unique feature of each chapter is a complete bibliography 
accompanied by a guide list to this literature broken down ac- 
cording to the major subject headings involved 
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